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A computationally efficient parallel coordinate descent algorithm for
MPC: implementation on a PLC

Ion Necoara and Dragos N. Clipici

Abstract—1In this paper we propose a parallel coordinate
descent algorithm for solving smooth convex optimization
problems with separable constraints that may arise e.g. in model
predictive control (MPC) for linear network systems. The basis
for the new algorithm are block coordinate descent updates,
that are computed in parallel, have low iteration complexity
and use only local information. As a result, the algorithm
is suitable for implementation on autonomous hardware with
low computational power. In the case of a strongly convex
objective function, we prove that the algorithm has linear rate
of convergence. An MPC scheme based on this algorithm is
derived, such that the computations of feasible and stabilizing
inputs are distributed and cheap, and can be done by each
subsystem in part. Some implementation issues of the new
algorithm for MPC problems are discussed, as well as it being
tested on a 4 tank laboratory setup.

I. INTRODUCTION

Model predictive control (MPC) has become a popular
advanced control technology implemented in large scale
industrial plants due to its ability to handle hard input and
state constraints. An MPC scheme consists of solving, at
each time instant, an optimization problem whose variables
are given e.g. by the inputs of the system. Once the optimal
solution is computed, only the first input is injected into the
system after which the whole procedure is repeated.

MPC strategies for large network systems can be split
into different categories. For example, in centralized control,
a single entity is responsible for the computation of all
inputs and transmitting them to controllers that are dispersed
in wide areas across the plant. In distributed control, the
interactions between subsystems are taken into account and
each subsystem takes all decisions based on local information
[21, [3], [8], [9], [13], [15]. Distributed control, where the
interactions between subsystems are only considered locally,
has been approached in [2], [3], [7]. In [8], [15], [13] the
authors considered the distributed MPC problem from the
cooperative point of view, where distributed optimization
algorithms are employed such that each controller optimizes
a centralized controller objective. In [1], [9] dual distributed
gradient algorithms based on Lagrange relaxation of the cou-
pling constraints are presented for solving MPC problems.

MPC schemes have a well-known disadvantage of being
costly when it comes to computations. More classical meth-
ods do not require powerful computational hardware and
prove to be a cheaper alternative. However, many plants
are comprised of subsystems that have strong couplings, for
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which classical controllers may not even provide stability.
Due to these isssues, research for MPC schemes for em-
bedded control has gained wider attention in the past few
years. Embedded MPC is concerned with designing a control
scheme that is suitable for autonomous hardware, e.g a
programmable logic controller (PLC) [16], a microcontroller
circuit board [18], field-programmable gate arrays (FPGAs)
[5], etc. These devices differ vastly in computational power
and memory capabilities. Therefore, there is a ever increasing
focus on obtaining faster MPC schemes by reducing problem
size through decentralization and improving the efficiency of
computations. As a result, these schemes should be suitable
for implementation on cheaper hardware, which often has
reduced computational power.

The main contribution of this paper is the development of
a parallel coordinate descent method that is computationally
efficient and suitable for MPC schemes that can be e.g.
implemented in hardware with limited memory and com-
putational power such as embedded electronic circuitry. We
propose an MPC strategy for a general network system in
which both state and input interactions between subsystems
are modeled. Stability of the MPC scheme is ensured using
an appropriate terminal cost and without terminal constraints
[6]. We develop an efficient parallel optimization algorithm
for solving the MPC problem, with low iteration complexity
and linear rate of convergence, which is deemed suitable for
parallel computation hardware. The algorithm is based on
block-coordinate updates for the optimization variables, un-
der the assumption of an objective function with coordinate-
wise Lipschitz continuous gradient and strong convexity, and
is similar to the optimization algorithm proposed in [15],
but with simpler iteration complexity and guaranteed rate of
convergence. Due to the fact that the MPC optimization prob-
lem usually is terminated before convergence, the resulting
MPC controller is a form of suboptimal control. However,
feasibility and stability of the MPC scheme is still guaranteed
via the suboptimal control theory [6], [14].

This paper is organized as follows. In Section II the model
for general network systems is introduced, and the stability
conditions of the MPC scheme are outlined. We present our
parallel optimization algorithm in Section III and prove its
convergence rate. In Section IV the algorithm is applied on
a PLC for controlling our own laboratory 4 tank process and
outline the control results.

II. MPC FOR NETWORK SYSTEMS

In this paper we consider discrete-time network sys-
tems which are comprised of M interconnected subsystems,
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whose dynamics are defined by the following linear state

space equations:

= > AYz] 4+ B4, (1)
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where x{ € R™ and u{ € R™ represent the state and
respectively the input of jth subsystem at time t, AY €
R7iXnj B e R™Xm; A is the set of indices which
contains the index ¢ and that of its neighboring subsystems.
A particular case of the system (1), that is frequently found
in literature [1], [9], [15], has the following dynamics:
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The dynamics of the entire system can be expressed as:

Tip1 = Axy + Buy,
M M
where n = E ng, m = E m;, vy € R™, u; € R™ and
i i=1

A E RTI/XTL’ é:1€ Rnxm’
For a system of type (1) or (2) we consider local input
constraints:

uleU' i=1,---,M, t>0, 3)

with U? C R™: compact, convex sets with the origin in their
interior. We also consider local stage costs and terminal costs
for each subsystem:
O (xy,uy), Li(xy) i=1,..., M.
We can now formulate the MPC problem for system (1)
over a prediction horizon of length N and a given initial
state x:

M N—1
mlnz Ozt ul) 4+ iz ) 4)
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s.t @y :Z Azl + By,
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xézmi,uiEUiizl M, t>0.

Let us define the the global terminal cost (i(x:) =
> li(xt). We assume that stability of this MPC scheme (4)
is enforced by adapting the terminal cost /; and the horizon
length N appropriately such that sufficient stability criteria
are fulfilled [4], [6], [8], [14]. Usually, stability of MPC
with quadratic stage cost and without terminal constraint
is enforced if the following criteria holds: there exists a
stabilizing feedback law x(-) and a terminal cost ¢¢(-) such
that the following property is satisfied:

le(Az + Br(x))—Lle(z) + k(z)T Re(x)
+27Qx <0 Yz e R", (5)

where the matrices () and R have a block diagonal structure
and are composed of the blocks Q' and R?, respectively.

Keeping in line with the distributed nature of our system,
the control law x(-) and the final stage cost ¢¢(-) can be
computed locally (see [8] for more details).

III. DISTRIBUTED MPC BASED ON COORDINATE
DESCENT OPTIMIZATION
We now denote the input trajectory for subsystem ¢ by:
u' = (uf], T 7U§V71)ﬂ
and the overall input trajectory for the entire system as:
1 M
u:(u L, )

By eliminating the states from the dynamics (1), MPC
problem (4) can be expressed as a large scale optimization
problem of the form [1]:

f* =min f(u',...,u’) (6)
u
stueUl Vi=1,---, M,
where the function f is smooth and convex, whilst the convex

sets U’ C RN™i are the Cartesian product of the sets U’
for N times.

A. Parallel Coordinate Descent Method

In this section we propose a block-coordinate descent
based algorithm which permits optimization problem (6)
to be solved efficiently with low computational cost per
iteration and guaranteed convergence rate. We define the

corresponding partition of the identity matrix:
I=(E',... ,EM)c RNm>xNm,

where B/ € RV™XNmi forall 4 =1, - - -
trajectory u can be represented as:

M
u= Z E*u'.
i=1
We define the partial gradient V,f(u) € R¥™ of f(u) as

Vif(u) = (E')'Vf(u).

We assume that the gradient of f is coordinate-wise Lipschitz
continuous with constants L; > 0, i.e:

|Vif(u+ E'h;) — u)|| < L [|hll
Vuc RNm7 hi c RNmi,

, M. Thus the input

where, for this paper, ||-|| denotes the standard Euclidean
norm and (-,-) denotes the standard inner product on R™.
Due to the assumption that f is coordinate-wise Lipschitz
continuous, it can be easily derived that [11]:

Li
<f(u) + (Vif () ha) + = Bl (D)
VueRN™ h; e RN™:,

f(u+ E'hy)

We now introduce the following norm for the extended
space RV™:

®)

2
[ully =

which will prove useful for estimating the rate of conver-
gence of our algorithm. Additionally, if function f is smooth
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and strongly convex with regards to [-||; with a parameter
o1, then [12]:

fw) = f(v) +(V[f(v),w

Yw,v e RV™,

g
V)t w=vlE o ©)

Note that, if f is strongly convex w.r.t the standard Euclidean
norm ||| with a parameter og, then o9 > oyLi , , where
A— maxL By taking w = v+ E’h; and v = u in (9)

max

we also get

0'1L

fu+ E'hy) > f(u) +(Vif(w), hi) +

Vue RN™ b, e RV™:

17 ]*

and combining with (7) we also deduce that o1 < 1.
Let us define the constrained coordinate update for our
algorithm:

vi(u) = arg mln <V f(a), v —u’) + % v — u"H2
u'y (u ):u+Ez( "(u) —u'

The optimality conditions for the previous optimization prob-
lem are:

(Vif(u)+L

We now present our Parallel Coordinate Descent Method,
that resembles the method in [15] but with simpler iteration
update and lower computational complexity, and is a parallel
version of the coordinate descent method from [11]:

VYi=1,...,M.

i(vi(u)—ui),vi—vi(u»z() vv' e UL (10)

Algorithm PCDM(uy)

1) For k > 0, compute in parallel v’(uy)
for:=1,...,M.
2) Udpate in parallel:

_ 1. M—1 .
w = le(uk)—l—Tuic Vi.

From (10), the convexity of f and up41 =), ﬁui(uk)
it can be easily proved that PCDM decreases the objective
function at each iteration:

f(uk+1) S f(llk) Yk 2 0. (11)

The following theorem provides the convergence rate of
the Algorithm PCDM and employs standard techniques for
proving the rate of convergence of the projected gradient
method [12]:

Theorem 1: If function f has a coordinate-wise Lipschitz
continuous gradient with constants L; and is strongly convex
with regards to ||-||; with a constant ¢y, then the following
linear rate of convergence is achieved for Algorithm PCDM:

k
20’1 1 2
(=2 - )
-5 M(HUI)) (54 stun) 1)
Proof: We introduce the following term:
M
2 T B
7"% = ”uk*u*”l = ZLZ <uk7u*7uk7u*>a

i=1

where u, is the optimal solution of (6) and u’ = (E*)Tu

For the next iterate we obtain:

(10) Mol , ,
o S D0 § G2 i) —uil
i=1

i <V1f Uy ,ui—vi(uk)>

1%
e Z —Hv uy —ukH -+

=1

(Vif(uap), v'(ug) — wj) + (Vi f(ug), ul —uj)).
By convexity of f and (7) we obtain:
T < = 20f (W) — f(w)+ (12)

(VS ) ),

We take w = u* and v = uy, in (9) and through (12) we
get:
1

*7”1%+1 + f(ugg1) —

: (13)

Frgrt b fw) - f°
1

= qp ) = 7+ ).

From the strong convexity of f in (9) we also get:

fug) =
201

We now define v = {57- € [0,1] and using the previous
inequality we obtain the following result:
01 2

F) =+ Sty () = £+ St ) +(1=y)owrt.
Using this inequahty in (13) we get:

1 1

grheat S = 1< (1= 37) (Gt o) - ).

Applying this inequality iteratively, we obtain the following
convergence result for k£ > 0:

gritpu) =< (1= 25) " (58 4 ftwo) - 1),

+ —Tk > crlrk

20‘1
1401

B. Application of Algorithm PCDM to distributed subopti-
mal MPC

In this section we discuss some technical aspects for the
implementation of our Algorithm PCDM in the case of MPC
problem (4). Usually, in the linear MPC framework, the local
stage and final cost are taken of the following quadratic form:

2 .
reo G

where ||:EH?3 = 27 Pz, the matrix Q°, P* € R™*" are posi-
tive semidefinite, whilst matrices R; € R"*™ are positive
definite. We also assume that the local constraints sets U; are
polyhedral. In this particular case, the objective function in
(4), after eliminating the dynamics, is quadratically strongly
convex, having the form:

f(u) =05 u"Qu+ (Wz +w)'u

and by replacing v = we complete the proof. |

)=l

Eat ) = o+ I i
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where Q is positive definite due to the assumption that all R’
are positive definite. Usually, for the dynamics (1) the corre-
sponding matrices Q and W obtained after eliminating the
states are dense and despite the fact that Algorithm PCDM
can perform parallel computations (i.e. each subsystem needs
to solve small local problems) we need all to all communi-
cation between subsystems. However, for the dynamics (2)
the corresponding matrices Q and W are sparse and in this
case in our Algorithm PCDM we can perform distributed
computations (i.e. the subsystems solve small local problems
in parallel and they need to communicate only with their
neighbors). Indeed, if the dynamics of the system are given
by (2), then

t
i = (A7) 2} + Z Z (A" B,
I=1jeN?

and thus the matrices Q and W have a sparse structure.
Let us define the neighborhood subsystems of a certain
subsystem i as N* = N?U{l: [ € N7,j € N}, where
Nt ={j: i€ NI}, then the matrix Q has all the block
matrices Q¥ = 0 for all j ¢ N and the matrix W has all
the block matrices W% = 0 for all j ¢ A, for any given
subsystem 4. Thus, the ith block components of V f can be
computed using only local information:

Vif(a) = Z Qu’ + Z Wizl 4w,

jeNi JEN?

(14)

Note that in the Algorithm PCDM the only parameters
that we need to compute are the Lipschitz constants L;.
However, in the MPC problem, L, does not depend on the
initial state = and can be computed locally by each subsystem
as: Lj = Amax(Q®). From the previous discussion it follows
immediately that the iterations of Algorithm PCDM can be
performed in parallel using distributed computations (see
(14)), and is suitable to be implemented on hardware with
parallel computational abilities.

Now, if the sets U? are simple (by simple we understand
that the projection on this sets is easy), then computing v*(u)
consists of projecting a vector on these sets and can be done
numerically very efficient. For example, if these sets are sim-
ple box sets, i.e U = {vi e RN™i|vi <vi<vi 1
then the complexity of computing vi(u), once V;f(u) is
available, is O(Nm;).

In turn, computing V; f(u) has complexity O(N?mm,)
for quadratic dense functions. Further, when we have sparse
Hessians (see e.g. (14)), the complexity is much lower.
In conclusion, Algorithm PCDM has usually a very low
computing cost per iteration, compared to other existing
methods, e.g. Jacobi type algorithm presented in [15], which
usually require numerical complexity O((Nm;)3+N?mm;)
per iteration in case when the local quadratic problems are
solved with an interior point solver. Finally, the number
of iterations for finding an approximate solution can be
easily predicted in our Algorithm (see Theorem 1), while in
the algorithm from [15] the authors prove only asymptotic
converge.

IV. NUMERICAL RESULTS

To demonstrate the applicability of our Algorithm PCDM,
we apply the newly developed method to the MPC problem
for our own laboratory installation consisting of four water
tanks, with tanks 2 and 3, 1 and 4, connected to each other
via outflows, whose objective is to control the level of water
in each of the four tanks. The simplified continuous nonlinear
model of the plant is well known [8]. For this plant, there are
two types of system inputs that can be considered: the pump
flows, when the ratios of the three way valves are considered
fixed, or the ratios of the three way valves, whilst having
fixed flows from the pumps. In this paper, we consider the
latter option, with the valve ratios denoted by 7, and ~;, such
that tanks 1 and 3 have inflows v,q, and (1 — 7,)qq, while
tanks 2 and 4 have inflows ;¢ and (1—7;)g,. We can obtain
a continuous state-space model by linearizing the nonlinear
model at an operating point given by hY, 70, 77, and the

maximum inflows from the pumps ¢0 = g%, ¢ = ¢"*®,
with the deviation variables 2° = h; — hY, u! = v, — 19,
2 )
u? =y — Y
1 1 aq ™"
I s 0.
de | 0 -2 L 0 | 0 B,
== T g :
dt 0 0 - ()1 o 9 N
o o o0 -% 0 e
4 S

where S is the cross section of the tanks, a; are the discharge

0
constants for each tank and 7; = ai zhi, i=1,...,4 are
the time constants for the tanks. The discharge constants a;,
with 2 = 1,...,4 and the other parameters of the model are

determined experimentally (see Table I).

Param.  Value Unit  Description

S 0.02 m? Cross-section of all tanks.

al 5.8e—5 m? Discharge constant of tank 1.
az 6.2e—5 m? Discharge constant of tank 2.
as 2e—5 m? Discharge constant of tank 3.
as 3.6e—5 m? Discharge constant of tank 4.
hz 0.19 m Linearization level of tank 1.
h% 0.13 m Linearization level of tank 2.
h% 0.23 m Linearization level of tank 3.
hy 0.09 m Linearization level of tank 4.
qre* 0.39 m,—f Maximal and constant inflow.
q; " 0.39 mTS Maximal and constant inflow.
~9 0.58 Equilibrium ratio of valve a.

7 0.54 Equilibrium ratio of valve b.

TABLE I: Quadruple tank process parameters.

We obtain the discrete time model of form (2) via the
zero-order hold method with a sample time of 5 seconds and
partitioning the plant into two subystems: the first consisting
of tanks 1 and 4 and the other of tanks 2 and 3.

For the input constraints of the MPC scheme we consider
the practical constraints of the ratios of the three way valves
four our plant, i.e u' € [0.15, 0.8] — 74, where 7 is the
linearization input. Due to the fact that our plant has overflow
sensors fitted to the tanks and an emergency shutoff program,
we do not introduce constraints for the states. For the stage
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cost we have taken the weighting matrices to be Q° = I,,,
and R' = 0.011,,,.

A. Embedded implementation on a Siemens S7-1200 PLC

The MPC scheme was implemented on the plant’s Siemens
Simatic S7-1200 PLC, in separate function block diagrams
(FBDs). The S7-1200 PLC is considered an entry-level PLC,
with 50 KB of main memory, 2 MB of load memory (mass
storage) and 2 KB of backup memory. Although the S7-1200
lacks the hardware for parallel computations and is limited
in memory and computational power, we still wish to outline
the fact that Algorithm PCDM, due to its simple iterations,
can still be implemented on it.

BFCT %FCE
“Update q" “PCDM"
EN ENO EN
“Problem Data" q - "Problem Data’.q “Problem Data" H — H
Ha — Hg “Problem Data’ L — L
“Problem Data"q — q

ENO —y

%MD238
‘Gammal”

Gammal
"Problem Data”.
qr—qr

“Problem Data"
“Current Levels’ _ x_0

%MD242

"Problem Data". Gamma2 - “Gamma2"

u_max — u_max

“Problem Data"

"Problem Data". u_min — u_min

Reset_Algorithm — Reset “Problem Data” K — K

"Problem Data".u — u_new

Fig. 1: Main function blocks for the PLC implementation.

There are two main function blocks for the algorithm
itself, see Fig. 1, one that updates ¢ in the quadratic objective
function f given the current levels of the four tanks and
one in which Algorithm PCDM is implemented for solving
problem (6). The remaining function blocks are used for con-
verting the I/O for the plant to corresponding metric values
and for implementing the PI controllers required to replicate
actual three-way valves. The elements of the problem which
occupy the most memory is the Q € R2V>*2N matrix of the
objective function f(u) and a matrix W € R2" <4 necessary
for updating ¢(z) = Wz + w. Both matrices, as well as the
linear control law matrix K, from x(xz) = Kz, such that (5)
is satisfied, are precomputed offline using Matlab and then
stored in the work memory using Data Blocks.

The components of the problem which require updating
are the input trajectory vectors u’ and the vector ¢(z) of the
objective function f(u) which is dependent on the current
state of the plant and on the current set point. The evolution
of the tank levels and input ratios of the plant are recorded in
Matlab on the plant’s PC workstation, via an OPC server and
Ethernet connection. In accordance with the imposed sample
time of 5 seconds, the cycle time of the S7-1200 PLC is also
limited to this interval.

Cycle Time Ss
Prediction Horizon N 10 20 | 30
Maximum Number of Iterations | 104 | 39 | 15

TABLE II: Available number of iterations of Alg. PCDM

Prediction Horizon N | 10 | 20 | 30
Used Memory (%) 59 | 72 | 88

TABLE III: PLC memory usage

Due to this cycle time, the limited size of the S7-1200’s
work memory and its processing speed, the number of
iterations of the Algorithm PCDM that can be computed are
also limited. In Table II the number of iterations available per
prediction horizon, included in the 5 seconds cycle time, are
presented, whereas in Table III the memory requirements for
the different prediction horizons are presented. Although the
number of computed iterations seem small, we have found
in practice that the suboptimal MPC scheme still stabilizes
the quadruple tank process and ensures set point tracking.

The results of the control process are presented in Fig. 2
for a prediction horizon N = 20: the continuous lines rep-
resent the evolution of water levels in each of the four tanks
and the inputs, while the dashed lines are their respective
set points. We choose two set points. We first let the plant
get near its first setpoint, after which we choose a new set
point which is an equilibrium point for the plant. As it can
be observed from the figure, the MPC scheme still steers the
process to the respective set points.

level(cm)

400

|

30 /

25

201

500 7000 7500 800
time(seconds)

level(cm)
40]

351

30

25-

500 7000 1500 800
time(seconds)

Fig. 2: Evolution of tank levels 1-4 (top), 2-3 (bottom).

To ensure disturbance free inflows for the tanks and main-

tain the flow ratios for each individual tank, ¢1 = 7v,¢5"*",
max max

G = Wwa™s g3 = (1 = 7a)qd™™, g2 = (1 — y)gp"™*, we
have implemented PI controllers on each of the four inlet

valves, thus replicating actual three-way valves.

B. Parallel implementation

In this section we underline the benefits of Algorithm
PCDM when it is implemented in an appropriate paral-
lel fashion. Due to the limitations in both hardware and
programming language, a proper parallel implementation of
algorithm PCDM is impossible on the S7-1200. Therefore,
we implemented for comparison, algorithm PCDM and that
of [15] for the quadruple tank MPC scheme, corresponding to
the first set point, as described in the previous section. Both
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algorithms were implemented in C programming language,
with parallelization ensured via MPI and linear algebra
operations done with CLAPACK. Algorithm [15] requires
solving, at each step, 2 QP problems in parallel, problems
which cannot be solved in closed form. For solving these
QP problems, we use the gpip routine of the QPC toolbox
[17]. There are no computational drawbacks this time, the
algorithms being implemented on a Ubuntu Linux platform,
with 2 Intel Xeon E5310 CPUs at 1.60 GHz and 4Gb of
RAM. Figure 3 outlines a comparison of the two algorithms
for solving the quadruple tank MPC problem, for different
prediction horizons N and available time 7 in seconds, such
that 7N = 150 seconds, i.e. for 7 = 0.1 we have N = 1500.
The bar values represent the total costs over 50 simulation
steps of the MPC scheme. For the same 50 simulation steps,
we outline in Table IV a comparison of the average number
of iterations achieved by both algorithms, in the time 7.
Note that our total cost is usually better than that of [15]
when the available time is short. For a time 7 > 2, both
algorithms solve the problem exactly. The times for 7 < 2
indicate the fact there is a performance loss in the MPC
scheme, expressed as percentages in the same table. Also
note that, due to its low complexity iteration, our algorithm
performs more than ten times the amount of iterations than
the algorithm from [15].

07p
06t
o5t
04t
03t
02t

01

0 0.1 02 03 05 1 2 3 5 x

Fig. 3: Evolution of the total MPC costs for 50 MPC steps
with PCDM (white) and [15] (black), for different times 7.
[15].

PCDM [15]

7(s)| N [Iter / Perf. Loss (%) |Iter / Perf. Loss (%)
0.1 [ 1500 71724 1760.18

0.2 | 750 30/ 17.59 2 /36.48

0.3 | 500 240 / 10.42 57221

0.5 | 300 1803 / 7.94 22/ 16.36

1 1150 12244 1 2.74 258 / 8.44

2 75 67470/ 0 249570

3 50 153850/ 0 8663 /0

5 30 382810/ 0 38110/ 0

TABLE IV: Number of iterations and performance loss, for
different times 7.

V. CONCLUSIONS

In this paper we have proposed a parallel optimization
algorithm to solve MPC problems for general linear systems
comprised of interconnected subsystems. The new optimiza-
tion algorithm is based on the block coordinate descent

framework but with very simple iteration complexity and
uses only local information. We have shown that for strongly
convex objective functions it has linear convergence rate. An
MPC scheme based on this optimization algorithm was de-
rived, for which every subsystem in the network can compute
feasible and stabilizing control inputs using distributed com-
putations. Implementation results show that this algorithm is
suitable both for hardware with low computational power,
such as the S7-1200 PLC, and for hardware which permits
parallel computations.
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