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Young Duality and Schmidt-pair for Linear Systems”

B. Mourllion! and A. Birouche!

Abstract— This paper studies the concepts of reachability,
observability, controllability and constructibility focusing on
the principle of duality with time reversal. This work takes
into account linear time-varying systems in continuous time. A
discussion is proposed about the Legendre transforms of energy
functions and the significance of Schmidt-pairs.

I. INTRODUCTION

The notion of duality is ubiquitous in control theory

and is very helpful in the definition of some quantities
such as reachability, observability, controllability and
constructibility, for instance [6], [5], [7], [8]. Despite its
common use, the duality principle often appears in an ad
hoc way (mostly used by transposing matrices), without
being presented as a general powerful tool. This sometimes
leads to ambiguities about what should be called dual (or
adjoint). For example, considering the following state-space
representation (A, B,C, D) of a system X, the state-space
of the so-called adjoint system X* is (AT,CT, BT, DT)
or (—AT,—CT,BT,DT7) depending on the authors. A
fundamental treatment of the notion of duality was given by
Fuhrmann [4] in the context of polynomial models using the
first expression of ¥*. Ten years later, van der Schaft [11]
gave an intrinsic definition of the adjoint system and a
characterization in terms of the system’s external behaviour
using the second expression of X*. In this paper, the latter
form will be considered. As underlined by Antoulas [,
p-76]: “One may think of the dual system >* as the system
3. but with the role of the inputs and outputs interchanged,
or with the flow of causality reversed and time running
backward”.
After having restated known results, focusing on time
reversal and the reachability, observability, controllability
and constructibility operators and their adjoints (defined
with respect to the standard inner product), the aim of this
paper is to show that energy functions are also adjoint but
in the sense of Young. Indeed, these functions are Legendre
transforms of one another. Moreover, it will be established
that it exists specific energy functions which are equal to
their adjoint considering Schmidt-pair inputs.

The paper is organized as follows. Operators and their
adjoints are reviewed in Section II and, in Section III, the
adjoint of a continuous-time linear time-varying system is
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naturally derived. Then, in Section IV, the notion of Young
duality of reachability and observability energy function of a
system and of its adjoint is presented. At last, in Section , for
time-invariant systems, energetic relation and an expression
of Schmidt-pairs is proposed.

Notations

Let 3 be a continuous-time linear time-varying (CT-LTV)
system with the following possible state-space realization S:

{:'c(t) = A(t)z(t) + B(t)u(t)
y(t) = C)a(t) + D(t)u(t)
A(t) B(t)

with { Cl)y D) ] € R Hp)x(ntm) and o € LI (tg, t1),
x € Lg(to,tl) and y € Lg(to,tl).

Three different objects have to be distinguished:
_S(Am B(t)
C(t) | D(t)

e X: S, the system X for which S is one possible state-

space representation.

o In the time-invariant case, the associated transfer func-

tion is C(s] — A)"'B+ D = G(s) =S.

Stability and minimality of the state-space are assumed
throughout the paper. The state solution is given by z(t) =
O(t,to)x(to) + [, ®(t,7)B(r)u(r)dr where ®(t,7) is
the state transition matrix which verifies: E@(t T) =
A)O(t, 1), Z&(t,7) = —D(t,7)A(T) and 71 (t1,10) =
®(to,t1). The state transition matrix can be defined by
®(t,7) = X(t)X1(7) where X(t) is a fundamental matrix
(i.e. a regular matrix solution of X (t) = A(t)X (t)).

) the state-space itself.

II. OPERATORS AND THEIR ADJOINTS

This Section recalls the reachability, observability, con-
trollability and constructibility operators and their adjoints
defined with respect to the standard inner product (-, -)
(since Lo spaces are Hilbert spaces). If W: H; — Hy
is an application between two Hilbert spaces, then the
adjoint operator ¥* is the application Hy — H; such
that (x1, ¥*(22))y, = (Y(z1), 22)p,, Y2i € H; and
i€ {1,2}.

Definition 1: The reachability operator is defined by

\I/R L2 (to,tl) — R”
ty

u / (t1,7)B(T)u(r)dr
to

Remark 1: The state at time ¢; can be written: z(¢1) =
D(ty, to)z(to) + (11 Uru(t)).

ey
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DU R = LB(to,t1)
a = B P(a) = = Ux(a) = =BT () (to, t)a
(6)
Proof: The proof follows the same scheme as previ-
ously. [ |

Proposition 1: The adjoint reachability operator associ-
ated with X is the linear operator

nUR: R = LY(t,t)
a +— BT(t)®T(t1,t)a
Proof: Ya € R™ and Yu € L (to,11):

2

/t1 aT<I>(t1, T)B(T)u(r)dr

to

/ftl u' (1) {BT(T)(I)T(tl,T)a} dr
= (u

< ’» to \IIRU>]R"

ty
> to \IjRa>L§n(to,t1)

|

Definition 2: The observability operator is
ié‘l’@: R" — Lg(toﬂfl) (3)

a +— Ct)P(t to)a

Remark 2: The output at time t; of the autonomous
system can be written y(t1) = {2 Vo (ty).
Proposition 2: The adjoint observability operator is
;(1)\116 L‘g(to,tl) — Rnt
1
4
&7 (7, 10)CT (ryu(r)dr Y
t
Proof: The proof follows the same scheme as previ-
ously. [ |
Since m(tl) e (I)(thto) (to) + tl\IIRu and ‘I)(to,tl)
&~ L(ty,t9) the following quantity is obtained: x(to)
D(tg, t1)x(t1) — <I>(to,t1) Uru and noting that

—®(to, t1); Vru —®(to, t1) ftol ®(t1, 7)B(r)u(r)dr
0 @(to, 7)B(r)u(r)dr
ru

u

the following definition can be proposed.
Definition 3: The controllability operator is

SWe: L (to,t1) — R
U h¥e(u) = 2¥R()
tlo O (tg, 7)B(T)u(r)dr
The adjoint controllability operator is

&)

Proposition 3:

Definition 4: The constructibility operator is

SUN R = LB(to,t1)

a = PUx(a) = —{1T0(a) = —C(1)B(t,t1)a
)

Proposition 4: The adjoint constructibility operator is
DU Lh(to,t1) — R®
u = “‘I/N( ) =1 05(u)

:/ &7 (7, 11)CT (F)u(r)dr

t1

®)
Proof: The proof follows the same scheme as previ-
ously. [ |

The definitions of the eight operators are summarized in
TABLE 1. It can be noted that the bounds of two integrals
have been switched by adding minus signs in order to exhibit
a strong symmetry between the different quantities. This
symmetry will be used in the next Section to carry out
substitutions.

A last operator which maps the past inputs of the system
to the future outputs is introduced as follow.

Definition 5: The Hankel operator is defined by

I': LY (—00,0) — L5(0,00)
U O\IJoo _oUru
/ C(t )B(T)u(r)dr
©))

Proposition 5: The adjoint Hankel operator is

I'*: L5(0,00) — L5 (—00,0)

y =0 Yoy
—/ BT (t)®" (7, t)CT(1)y(r)dr
- (10)
Proof: The proof follows the same scheme as previ-
ously. [ ]

III. ADJOINT SYSTEM AND GRAMIANS
A. Adjoint system

In this Section, the definition of adjoint system is derived
from a term by term identification step. The reader may
refer to [11] for a more formal approach.

_Proposition 6: 1f X (t) is a regular solution of
X(t) = A()X(t) then Z(t) = X-T(t) is a regular
solution of Z(t) = —AT(t)Z(t).

Proof: Using the fact that X (¢)X ~1(¢) = I, it can be
written & (X (1) X1 (1) = SEEXTH(0) + X (1) X1 (0),
(1)

s0, the time derivative of the inverse matrix is X~
C1y dX(#) v — _
—X () O -1y = XL A1),

||

From a fundamental matrix X, considering the definition

of the state transition matrix ®(¢,7) = X (¢)X(7), one has
O T(t, 1) =X"TH)X (1) = Z(t)Z(7).

Using the results of the previous Section, the quantity
tl\I/fg (resp tI\I! ) can be obtained from the quantity t” Ur
(resp. to W) through the following substitution ©:

0: A — AT (0o T2 (e hHT)
B — —CT
C — BT
D — DT
t() — 3]
T, — to

This set of substitutions naturally leads to the following
definition.

1324



TABLE I

Summary of operators and their adjoints

Operator Adjoint operator
) T
Reachability | u +% L/ ®(t1, ") B(r)u(r)dr | a &  BT(t)®7(t1,t)a
¢
¥ . e 0 LT T
Observability | a +%  C(t)®(t, to)a u 7/ D' (1,t0)C" (T)u(r)dr
t
o (1%} U L
Controllability | u 5 / ®(to, 7)B(T)u(r)dr | a —BT(t)® (to, t)a
t
YN ; 5% oo T
Constructibility | a =  —C(t)®(¢, t1)a u —/ ' (7,t1)C" (T)u(r)dr
tq

Definition 6: The adjoint system of the system X is
—AT(t) | -CT(t)
S0 = <
BT(t) | D'(t)
Remark 3: Some authors %we this denotation to the fol-
AT(t) | CT(@t)
Bi(t) | D'(t)
conjugate or paraconjugate denoted X~ (see, for instance,
[12, p. 67]).
Remark 4: Four substitutions are needed to obtain iden-

tity: o* = Id.
A(t) | B(t) o
( cwpw ) L oy )
At) | =B(t) C (1)
L1

( —o0) ‘ D) it — ‘DT @ t can be
underlined that S: ¥ = X**: S°° = 0%(S). Indeed, ¥ and
3** have the same Gramians and the same Hankel operator.
Moreover, in the time-invariant case, they have the same
transfer function and the same convolution operator.

Therefore, it can be written

BYO{S} = RUR{Y} 5 L UR{E} = [ Po{Z"}

lowing system ( and call the other one

—AT ) | =CT() °

Y

B UAASY = P37} BUE{S) = U {E"}

Proposition 7 ([11]): Let a system with, respectively, x, u
and y the state, the input and the output and 7, i and ~ the
respective adjoint state, input and output. They satisfy the
following instantaneous condition:

d
anT(t)w(t) =" (Du(t) — uT(t)y(t) (12)
Proof:  The proof is straightforward, considering the
system and its adjoint. [ ]
Remark 5 ([1, p]32]) [1, p.76] If the system is au-
tonomous then LnT(t)z(t) = 0 which means that

nT(t)x(t)znT<to> ( 0) Vt > to.

B. Gramians

Definition 7: The finite reachability Gramian is
WR (to, t) = \I/R o to \IJ*

_ / (¢, 7)B(r)BT (18T (¢, 7)dr
to
Remark 6: It can be written |§(1]\I/;”z

(@(to), 1y VR ©1 VR
ié\p** O\I’R

13)

x(to HLm(to t1)
( )>]R" = X WR(to,tl)l’ where

Definition 8: The finite observability Gramian

W(g(t,tl) £ 21\11’(50?\1/(9 (14)

LT (7,4)CT (1) O(1) @, t)dr
Remark 7: Tt can be written [|3} W oz (to HLP o) =

< ( ), i;\l/* I\I/ol‘ to >R" =X W@(to,tl)

Definition 9: The finite controllability Gramian
We(t,ty) £ §'WcoWg

" Tt (s)

= ®(t,7)B(t)B' (1)®' (¢, 7)dr

Definition 10: Thé finite constructibility Gramian
WN(to,t) é %0\1/7\/ O%O\I/N’

' (16)

_ / T (r,1)CT(r)C(7) D (7, t)dr

t
The different Gramioans are linked as follows

Wolto, t1) = @ (t1,t0)War(to, t1)®(t1, to)

and

Wr(to, t1) = (1, to)We(to, 1)@ (t1, to).

As the state transition matrix ¢ is always regular in
the continuous time case, the matrices Wrg(to,%1) and
We(to, t1) (resp. Wo(to, t1) and Was (o, t1)) are congruent.

Consider the following change of basis x = Tz (where
the superscript “~” denotes the quantity in the new basis).
TABLE II summarizes the change of basis of operators, their
adjoints and the “contragredient transformation” [9] of the
Gramians.

IV. ENERGY FUNCTIONS AND YOUNG DUALITY

This Section presents the input and output energy func-
tions and establishes a duality relation (in the sense of
Young) between them.

A. Optimal input energy

Definition 11: The optimal input energy Jop is the solu-
tion of the following optimisation problem:

. 1 1 [ 4
Jopt = ueLg}%tnO,tl) J(u) = B Hu”L;”(to,tl) =3 /to u (T)u(r)dr
2 (to)=z0

z(t1)=z1

subject to &(t) = Ax(t) + Bu(t).
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TABLE I

Change of basis: operator, adjoint and Gramian

Operator Adjoint operator Gramian
Reachability | U =T 1Ug | Uk = VT T | W =T 1WrTT
Observability | U = U T xp* = T‘R 5 | Wo=T"WoT
Controllability | Ue = T 10, q/* \p*T—T We =T WeT—T
Constructibility | Wpr = U T \1: A= TCF\I/J*\[ Wi =T TWaT

Proposition 8: The optimal input energy can be expressed
with the reachability gramian or the controlability gramian
as follow

Jopt = 2 (21 — @(t1,t0)w0) Wi (to, t1)(z1 — ®(t1,%0)T0)

= (.’)30 — @(to,fl)xl)Tng(tmtl)(.’lﬁo — (b(t(),h).’)?l)
Proof The solution in open loop is to minimize
Hu||L;n(t0,t1) subject to i; Uru(t)] = x(t1) — P(t1, to)x(to).
Using the pseudo-inverse leads to the result. [ ]
Two remarkable cases can be highlighted:

l\')H

« Starting from an initial state zg and steering the system
to the origin 1 = 0 leads to:

1 _
Jopt = ix-(l)-WC 1(t07t1)$0

« Starting from the origin oy = 0 and steering the system
to the state x; leads to

1 _
Jopt = §$IWR1 (to, t1)$1

B. Output energy

When the system is autonomous (u(t) = 0 Vt € [tg, t1]),
the output energy is given by:

JW)=3% [ yT(r)y(r)dr
% -(I)—W (thtl)
Moreover, zo = ®(to,t1)x1, thus

J(Q)Z%JUI‘I’ (to, t1)Wo(to,t1)®(to, t1)x1
:%x-{WN(to, tl)l‘l

C. Energy functions and Young duality

From the optimal input energy and the output energy, one
can define energy functions (depending of the state or the
co-state) as follow.

Definition 12: The reachability energy function of system
Y in time [to;t1] is defined by

1

LR T =

( ) wELY (tg,t1) 2
z(t)=0
z(t1)=x

Definition 13: The observability energy function of the
system X in time [to;¢1] is defined by

Lo) 2§ [y @irdr = LT Wolto )

Noting that the two previous functlons can be written
1
Vo, (WrofiWy) 'z) and

as follows Ly (z) =
R"L

t1 1
min 7/ u' (T)u(r)dr = ixngl(to,tl)x
to

Lo(z) = 3 (z, 1 ¥ 0} ¥ox),, . By substituting the op-
erator according to equations (11), the following definitions
can be written.

Definition 14: The reachability energy function of the
adjoint system X* in time [to;¢1] is defined by

. 1M 1 N
Ch)2 min = / W ()u(r)dr = STWa L (to, t1)n
;LELg(tO,tl) 2 0 2
n(t1)=0
n(tg)=n

Definition 15: The observability energy function of the
adjoint system X* in time [to;¢;] is defined by
I
Ibn) 2 5 [ AT en(r)ar = 50 Wt )y
These functlons are linked together through the Legendre
transform.

Definition 16: The Legendre transform Et of a convex
function E is

Et(n) = maxn'z — E(z)

Definition 17 ([3, p.64]): Two functions which are
Legendre transforms of one another are called dual in the
sense of Young.

Proposition 9: Lg(n) (resp. L;ra(n)) is the dual function
(in the sense of Young) of Lz (x) (resp. Lo(x)).

Proof: From the definition of the Legendre transform,
consider L,(n) = max, 'z — Lg(z). The maximum is
obtained for = V, Ly (z) = Wg ' (to, t1)z.

Substituting x leads to Lg(n) = n'z —
0 Wr(to, t1)Wx ' (to, t1) Wr (to, t1)n = 30" Wr(to, t1)n.
u

V. SCHMIDT-PAIR PROPERTIES
In this Section, some results are derived for the specific
case where the matrices A, B,C and D are time-invariant.
A. Adjoint System and Gramian
Let 3 be the following CT-LTI

z(t) = Ax(t)+ Bu(t)

y(t) = Cz(t) + Du(t)
Remark 8: Let Gg(s) = C(sI — A)"'B + D be the
transfer function of system X; the transfer function of the
adjoint system then is:

Gy () £ G5 (s) = GL(—s) = G (—5).
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In other words, the paraconjugate of the system’s transfer
function is the transfer function of the adjoint system.

The state transition matrix is given by ®(¢,7) =
exp(A(t — 7)) and the impulse response is g¢(t) =
C exp(At)B.

The (asymptotic) reachability Gramian P, observability
Gramian Q, controllability Gramian C and constructibility
Gramian A are respectively given by:

P =Wg(—o0,t) = / exp(AT)BB" exp(ATT)dr,
0

Q = Wol(t,o0) = / exp(AT7)CTC exp(AT)dr,
0

C=Wel(t,—o0) = — / exp(A7) BB exp(ATr)dr
0
and
N = Wyr(oo,t) = —/ exp(AT7)CTC exp(AT)dr.
0

They are solutions of the following respective Lyapunov
equations:

AP +PAT + BBT =0,
AC +CA" — BBT =0,

ATQ+ QA+ CTC =0,
ATN + NA-CTC =0.

B. Hankel singular values and Schmidt pairs

Definition 18: Considering I' the Hankel operator of a

minimal representation, a vector pair (u;, j1;) verifying
= irui
o

is called o;-Schmidt pair. The Hankel singular values o;
are strictly positive since the state-space representation is
assumed to be minimal.

Remark 9: The o;-Schmidt pair (u;,v;), satisfying by
definition T'u; = o;u;, also satisfies I pu; = o;u;.

Proposition 10: Let (u;,u;) be a o;-Schmidt-pair, then
the state x; and the co-state n; verify:

{ lexi = Wg(—00,0)Wn(0,00)z;,
2 _
o =

Wo (0, 00)Wg(—00,0)n;.
Proof: The proof is straightforward by expressing the
state and the co-state according to each other:

1
2= OWpu, = — _dwgo Yukp = ;WR(—OO,O)TH
g %
and
oo * 1 o0 * [e'e) 1
= o¥oki = — Voo gVori = ;WO(OaOO)xi
1

K2

C. Energy of a Schmidt-pair

Proposition 11: Let (u;, ;) be a o;-Schmidt-pair and x
and 7 the respective associated state and co-state.

« For neéative time, the co-energy Ej(n(t)) =
inT(t)—n(t) is the Legendre transform of the energy
o

—1

Ei(z(t)) = LzT(1) (P) x(t) and their values are

oi
equal.

e For positive time, the co-energy 5; (n(t) =

—1
inT(t) <Q> n(t) is the Legendre transform of
g

i
the energy &(xz(t)) = 1aT(t)—x(t) and their values
o

are equal.

Proof: ~ The first part of the proof is the same
as the proof of proposition 9: according to the defi-
nition of the Legendre transform, consider E: (n(t) =
max (s n(t) x(t) — E;((t)). The maximum is obtained for

PN~
1) = Ve Eele) = (2] (o), s, Bl a(e) =
P . .
107 (t)—n(t). The equality of F and E' can be proved using
[oF)
proposition 10. Indeed, according to this proposition the state
and co-state verify xz; = —m);, which is the condition to

. . . @ .
obtain the maximum in the Legendre transformation. [ ]

D. Expression of Schmidt-pair

Proposition 12: Let (u;, p;) be a o;-Schmidt-pair and z;
be an eigenvector associated to the eigenvalue o? of the
matrix PQ then

ui(t) =
pi(t) =
with a; € R* a scaling factor.

Proposition 13: The eigenvectors x; of the matrix PQ are
orthogonal according to the matrix P~! and Q:

a;BTe=A"Qx; t<0

a;0,Cetr; t>0

Vi#j xPlz;=0 and z]Qzx; =0
Proof: Assume o; # o, by defintion

Qr; —o?Plz; = 0
ijfajzpflxj = 0

Premultipling the first equation by x;r and second by x;r and
performing the difference leads to (07 — 07)z] P~ z; = 0.
Thus ij.P’lxl- = 0 and substituting it in the first equations
leads to x}Qxi =0.

If 0; = oj, the eigenspace is orthogonal to the other
ones. It is always possible to find an orthogonal basis of
this subspace. Thus, after this small tuning, the condition
o; # 0; can be replaced by i # j. ]

Moreover, it is possible to scale the eigenvectors in order
to obtain the following relationships:

51'3'

T 7)7119.
7 J 9
5”

T _
z; Q; = 0

A7)
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Then, setting the scale factor «; of the proposition 12 to
o = %, the Schmidt-pair can be expressed as

ui(t) = Ble=AtP~lg, t<0
i (t) CeMQ 1y, t>0

and the families {u; }1<;<n and {; }1<i<y, are orthonormal:

(18)

(Wi uj) g ooy = i
(is i) pp0,00) = Oig-

The state and co-state’s expressions are summarized in the
following table:

t<0 t>0
x(t) Pe~Atp—ly, ey, = 0;eMQ 1y,
T T
n(t) | ety = oie” NPy Qe o1y,

and they are linked as follow

t<0
x(t) = - Pn(t)

o

“+0o0
Fig. 1. 0;-Schmidt-pair’s representation with the associated state and
co-state

Proposition 14: Let (u;, p;) be a o;-Schmidt-pair and x;
and n; the respective associated state and co-state. The
following relations hold

vVt <0 Vi 0
LT P @] = 0w | ST 02e0] = —o2ul W)
%{H(t)m(tn = oju] (t)ui(t) %{n%)@*ln(m = —pi (B (t)

Proof: The result can be obtain by a straightforward
computation. The use of proposition 10 leads to

£(t) = —Pi(t) and n(t) = %Qm(t)

oF}

thus
N (H)x(t) = oz ()P ra(t) = %mT(t)Qx(t)

From equation (12),

%WT(t)w(t) = oifuf ()ui(t) — ] (¢)ps (1))

and the proof is obtained. [ ]
FIGURE 1 summarizes the relations between the reacha-
bility, observability and Hankel operators with the infinite
reachability and observability Gramians considering the o;-
Schmidt-pair.

VI. CONCLUSION

This paper has reviewed the notion of duality for linear
time-varying systems. Three different notions of duality are
involved, namely the duality “x” defined with respect to the
standard inner product of Hilbert spaces for the operators,
the paraconjugate “~” for the transfer matrices and the
duality in the sens of Young “{” for the energy functions.
To summarize, the reachability, observability, controllability
and constructibility operators of a system and its adjoint are
linked with respect to the standard inner product. on the
other hand, the reachability, observability, controllability and
constructibility energy functions are linked with respect to
the Legendre transform. The following table summarizes the
different quantities involved and their dualities.

Transfer State- Energy
System function s Operator functi
pace unction
by G(s) S, S v L
r G~ (s) Se, §eeee v Lt
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