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Optimal control of inventory-production systems in presence of
perturbations on the inventory level

Davide Giglio and Silvia Siri

Abstract— A set of optimal control strategies is determined in
this paper for a class of inventory-production systems, in order
to optimize the production process in presence of perturbations
on the inventory level. The inventory-production system has to
satisfy a time-varying external demand, which is assumed to be
a piecewise constant function of time; the optimization involves
both production speed and the time instants at which the speed
is changed. The inventory level, which is the state of the system,
is supposed to be subject to some perturbations such that, at
some time instants, it can be lower or higher than expected.
Starting from the optimal (open-loop) solution found by the
authors in a previous work, in this paper the optimal production
speed is determined as an optimal (closed-loop) control strategy,
which is a function of the system state. Such strategy minimizes
the extra-cost that is paid by the system in consequence of a
perturbation.

I. INTRODUCTION

In this paper a manufacturing system is considered as
a single-stage process in which raw parts are transformed
into processed parts; the decisions regard the pattern of the
production rate, in order to meet a deterministic external
demand expressed as a positive piecewise constant function
which changes value at asynchronous time instants. This
system can be related to the class of lot sizing models, in
which the main decisions concern when and how much to
produce in order to minimize setup, production, and holding
costs [1], [2]. The first research work on lot sizing models
was developed in the fifties [3], for the uncapacitated case
and, since then, this class of models have been studied by
researchers both in the operations research field and in the
optimal control community [4]. Analyzing the different ap-
proaches present in the literature on lot sizing problems, both
continuous-time [5], [6] and discrete-time [7], [8] models can
be found, together with few works in which the time intervals
in the planning horizon have different lengths [9]. The main
peculiarity of the inventory-production model adopted in
this paper stands in considering the external demand and
the production effort as piecewise constant functions whose
values change in correspondence with asynchronous time
instants. The decisions concern not only the values of the
production rate over time, but also the time instants at which
these values change.

The objective of this paper is to find optimal control
strategies for the considered class of inventory-production
systems. In the literature, different approaches exist for the
optimal control of manufacturing systems. An important
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research field in this area regards failure-prone production
systems represented with fluid models in a continuous-
time framework [10]-[12], where failure/repair stochastic
processes are considered. Other approaches of optimal con-
trol of production systems can be found in the area of
scheduling models, corresponding to discrete-event systems
whose dynamics is driven by specific events (such as the
arrivals of jobs) that are asynchronous in time [13]-[16].
As in this latter research field, also in the model adopted
in this paper asynchronous time instants characterize the
dynamics of the system; however the production system is
here considered at a more aggregate level.

The class of inventory-production systems considered in
this paper has been dealt with in [17] by the same authors. In
that work, a planning problem for determining the optimal
pattern of the production rate has been formulated, some
properties of the optimal solution of the problem have been
proven, and an algorithm providing the optimal solution in
polynomial time has been proposed. Objective of the present
work is to exploit the results provided in [17], in order to find
a set of optimal (closed-loop) control strategies as functions
of the system state. Closed-loop strategies are useful or even
necessary when the system is affected by perturbations. It
is here supposed that the system state (that is, the inventory
level) is measured at some generic time instants; after these
measurements, it can be verified that the parts contained in
the inventory are less or more than expected, because of
a perturbation occurred before (such as a demand different
from the expected one for some time periods or malfunctions
to the power system or the machines, leading to a production
effort different from the expected one). The optimal control
strategies are defined with reference to the optimal path of the
production rate (that is, without any perturbations), in order
to minimize the extra-cost paid by the system in consequence
of a perturbation.

This paper is organized as follows. In the next section, the
optimization problem for the considered class of systems is
stated and the optimal solution is provided. Some consider-
ations about the perturbations which may affect the system
are made in Section III, whereas in Section IV the optimal
control strategies are provided in connection with the two
cases in which the inventory contains less or more parts than
expected. Some conclusions are drawn in Section V.

II. OPTIMIZATION OF A CLASS OF
INVENTORY-PRODUCTION SYSTEMS

The considered model of inventory-production system, the
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structural properties of any optimal solution are concisely
reported in this section. The reader can find more details
and the formal proofs of the theorems in [17].

A. The system model

In the considered inventory-production system a produc-
tion resource transforms raw parts into processed parts, that
can be stored in an inventory, in order to be delivered outside
according to a positive external demand to be satisfied. z(t),
u(t) and e(t) denote the inventory level, the production speed
(or rate), and the external demand, respectively, at time t.

The external demand is assumed to be a piecewise constant
function of time defined in the interval [0, T: in particular,
er >0, k =1,...,Q, is the rate of products required in
time interval [fx_1,0;) and O, k = 1,...,Q — 1, is the
asynchronous time instant at which this rate changes, with
6o = 0 and 8y = T. Analogously, the producton speed
is modeled as a piece-wise constant function of ¢; in this
connection, 0 < up < U, h=1,..., P, is the speed within
time interval [7,_1,73), U is the maximum allowed speed,
and 7, h =1,..., P — 1, is the asynchronous time instant
in which this rate changes, with 790 = 0 and 7p = 7. The
state of the system is represented by the inventory level x(t),
which has a piecewise linear pattern.

For this class of inventory-production systems, a finite-
horizon optimization problem is stated, whose objective is
to find the optimal production speed over time in order to
minimize setup, production, and holding costs. The decision
variables are the time instants 7, h = 1,..., P — 1, the
production efforts up, h = 1,..., P, and the number of
“discontinuity points” P.

B. The optimization problem

The setup, production and holding costs are, respectively,
given by o
Cs = Zh:_o OYh 1)

Cp =¥ 35—y un(Th = Th-1) )
OH = (pfOT.CC(t) dt = (p|:£COT + Zle %’UJ}I(T}I — Th71)2

h—
+ 25:2 Zp:ll up(Tp — Tp—1)(Th — Th—1)
— S der (O — Op1)?

= 0 Y4 el — 04-1) (0 — 01|
3)

being o the setup cost to be paid when the production
resource passes from an idle to a working state, i the
unitary processing cost, ¢ the unitary holding cost, and
2(0) = zp > 0 the initial inventory level. In (1), yp is
a binary variable whose value is equal to 1 if a setup is
required at 7, h = 0,..., P — 1 (it is assumed that the
resource is initially idle and no setup is required at the end
of the production process).

In order to impose that the inventory is non negative at
each time instant, it is sufficient to verify this condition in
the asynchronous time instants 7,, h = 1,..., P, and 6y,
k=1,...,Q, where the slope of the inventory changes. In

order to write the expression of the inventory level in these
time instants, it is necessary to introduce a set of binary
variables py,  defining for any pair (h,k), h = 0,..., P,
and k£ = 0,...,Q, the relative position between 7, and 0
(specifically, py, . is equal to O if 7, < 6), and 1 otherwise).

The optimization problem for the considered inventory-
production system is defined as follows.

Problem 1: Given the initial inventory level zo > 0, the
maximum production speed U, the time horizon 7', and the
external demand expressed by 0y, k =0,...,Q, with 65 =0
and g =T, and eg, k=1,...,Q, find

min Cs+Cp+Cqy )

yn, h=0,...,P—1
Phks h=1,..,P—1, k=1,...,Q—1

being Cs, Cp, and Cy provided by (1), (2), and (3),
respectively, with 7o =0, 7p =T, por =0,k =0,...,Q,
Ph,0 = 1, h = 1,...,P, PPk = 1, k = 1,...,Q — 1,
pn =0, h=1,..., P, subject to

To + ZZ:I Up(Tp — Tp—1) — ZkQ:1 phker(Ox — Or—1)

— S (Phk—1 — puk)er(Th — Or—1) = 0,

h=1,....,P (5
2o+ Sp_y (1= prg)un(mh — he1)
+ 50 (pnk — phe1 ) un (O — Tho1)

— S ey —04-1) >0, k=1,...,Q (6
Th > Th—1, h=1,...,P 7
0<u <U, h=1,...,P (8)
h=1,...,P—1
Th_9k+T(1_ph,k)>Oa k= ::Q_l (9)
h=1,...,P—1
Ok — T +Tpnx > 0, k—l: ..:Q—l (10)
|up, — upy1| >0, h=1,...,P -1 (1
up +U(1—yo) >0 (12)
—u1+Uyo >0 (13)
up + Uyp, > 0, h=1,...,P -1 (14)
—up+ Ul —yp) >0, h=1,...,P—-1 (15)
P €Ny (16)
h=1,...,P—1
Pk €40, 1}, k=1,...0-1 17
yn € 10,1}, h=0,....,P—1 (I18)

In Problem 1, constraints (5) and (6) impose the non-
negativity of the inventory level, constraints (7) impose that
the time instants in which the production effort changes are
sequential, whereas constraints (8) fix the lower and upper
bounds for the production effort. Moreover, constraints (9)
and (10) ensure the correct values to binary variables py, 1.,
constraints (11) impose that consecutive production rates
are different, and, finally, constraints (12)-(15) impose the
correct values for binary variables y,.

1211



C. The optimal solution

Problem 1 has a parametric structure, since P belongs to
the set of decision variables, and it includes non linearities
and combinatorial aspects. Anyway, it is possible to prove
some results allowing to find analytically the optimal solution
of the problem.

A first result on the optimal solution of Problem 1 states
that the number of parts to be produced in [0,7] is np =
max{0, ZAQ:1 erx(0r — 0k—1) — x0}; as a matter of fact, in
this problem, there is no advantage in producing more parts
than those which are necessary to satisfy exactly the external
demand and it is not possible to produce less parts then
the necessary since the external demand must be completely
satisfied (no negative inventory is allowed). Then, the optimal
number of parts to be produced is always equal to the total
demand minus the initial inventory; of course, no parts are
produced in case the initial inventory is higher than the total
demand.

Another important result concerns the presence of idle
periods in an optimal solution. It can be proven that, in any
optimal solution, there is one idle period at most; when the
idle period is present, it is at the beginning of the considered
time horizon. This statement can be explained by showing
that an idle period in the middle of the production process
would lead to higher holding and setup costs. It is also
possible to write an analytical expression for the time instant
71 at which the idle period (if present) ends; this result is
achieved by considering that the idle period, if present, lasts
as much as possible, i.e. 7; is the farthest (from 0) time
instant for which the solution remains feasible.

As regards the production, it can be shown that, in any
optimal solution of Problem 1, the production speed in the
working period is either equal to e, or U. This is due to
the fact that the optimal pattern of the production speed
follows the pattern of the external demand, except when
it is necessary to produce parts in advance, because of the
maximum limit on the production speed. Then, if e, > U,
the production speed is equal to U; otherwise, if e, < U, the
production speed can be either equal to ey, if it is necessary
only to satisfy the present demand, or equal to U, if it must
satisfy some future demands.

On the basis of such considerations, the optimal values
of production speed are provided by the following theorems,
in which & (“residual stock™), £ =0,...,Q, represents the
portion of the initial inventory level which is still available
at time instant 6y, having satisfied the external demands
until that time instant, and X, (“safety stock”) represents the
number of parts that the production resource must guarantee
at 0, in order to satisfy the future demands, from 6, onwards.

Theorem 1: The optimal production speed in the generic
interval of the working period, namely [f;_1,6y), for any
ke {1, .. ,Q} such that ({1 < 0) V (€—1 = Xk—1), is
equal to:

e in case (X;_1 =0) A (Xi =0):

Upy1 = €k (19)

and 7, = 6;_; is the time instant at which the pro-
duction speed changes to e (when k > 2) or the time
instant at which the production starts (when k = 1);
e incase (Xp—1 =0)A(0 < Xi < (U—ex)(0k—0k-1)):
{ Upt1 = €k
Uh+2 = U
and 7, = 61 is the time instant at which the pro-
duction speed changes to e; (when k > 2) or the time
instant at which the production starts (when k& = 1),
whereas 73,41 = 6, — U)f’“e " is the time instant at which
the production speed changes to U;
e in case (X;—1 > 0) orin case (X, = (U — ex) (0 —
91@—1)):

in [0x—1,Tht1)

in [Th+179k) (20)

Upt1 =U (21

and 7, = 0j_1 is the time instant at which the
production speed changes to U (when k£ > 2 and
if (Xk = (U - ek)(ek - 91@—1)) A (ek_l < U);
otherwise no change of production speeds occurs within
the considered interval) or the time instant at which the
production starts (when k£ = 1).

being h € {0,..., P — 1} the number of production speed

changes occurring before 1.

Theorem 2: The optimal production speed in the time
interval in which the idle period (if present) ends, namely
[Or—1,0k), with k& € {1,...,Q} such that [({s—1 > 0) A
(Xp—1 < &) A&k < 0)] V [(Xk—1 < &h—1) A (Xk >
&k) A (& > 0)], is equal to:

e incase (§ < 0) A (Xk—1 =0) A (X} =0):

Uy = 0

{ U9 = €

and 7p = 01 + g’;—;l is the time instant at which the
production starts;

o incase (& < 0) A (Xp—1 =0)A(Xy > 0) A (22 <

—_Ek): U—ey

€k

in [Hk_l,n)

in [71,0,) (22)

Uy = 0 in [ek_l,Tl)
U9 = € in [Tl,Tg) (23)
us = U in [Tg,@k)

and 71 = 01 + 5’;—;1 is the time instant at which the

production starts, whereas 7 = 6, — U)f is the time

instant at which the production speed changes to U;

e incase (& < 0) A (Xk—1 =0)A(Xg > 0)A (U)Ekek >
_e—i’“) or in case (Xp—1 < &—1) A (& < 0) A (Xg—1 >
0) or in case (& > 0):

Uy = 0

{ U = U

and 71 = 0 — % is the time instant at which the
production starts.

These theorems allow determining in practice the optimal

values of the decision variables of Problem 1. As a matter of

fact, an optimal solution to Problem 1 can be obtained by,

first of all, computing the residual stocks &, kK =0,...,Q
(through the forward relation &, = {t—1 — ex (0 — Ok—1),

in [ek_l,Tl)

in [71,00) (24)
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with & = z() and the safety stocks Xy, & = 0,...,Q
(through the backward relation X1 = {0, Xy + (e —
U)(0r —0x—1)}, with X¢ = 0) and, secondly, implementing
an algorithm that applies the results reported in Theorems 1
and 2, providing the optimal values of the decision variables
P, Th» h = 1,...,P — 1, Up, h = 1,...,P, Yhs h =
0,....,P—1,and ppp, h=1,...,P-1,k=1,...,Q -1
(such an algorithm can be found in [17]).

D. Example — Part 1

Consider an inventory-production system characterized by
a maximum speed U = 20 parts/hour and an initial inventory
level o = 17 parts. The external demand e(t) is the piece-
wise constant function illustrated in Fig. 1.

70
60 -
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40+
30+ ] 24 7
20 192 m
10 3.25
| |

00 3 8 9
t [hour]

Example — External demand e(t).

T
60

30

e(t) [parts/hour]

!
17 18 21

Fig. 1.

The optimal production rate, obtained by solving Prob-
lem 1 through the results discussed in the previous sub-
section, is illustrated in Fig. 2. When such an optimal rate
is employed, the pattern of the inventory level is shown in
Fig. 3. The intervals with x(¢) > 0 are those in which it is
necessary to produce parts in advance, in order to satisfy
future external demands whose rates are greater than the
maximum speed U.
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Fig. 2. Example — Optimal production rate u° (t).
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ITI. PERTURBATIONS ON THE SYSTEM STATE

The optimal open-loop solution provided in the previous
section is determined on the basis of data that are known

at the beginning (for the entire planning horizon). However,
for an on-line application, a close-loop solution would be
surely preferable. As known, during the application of the
optimal plan, it can happen that some perturbations occur
to the system, making the off-line plan no more optimal or
even no more feasible. For these reasons, it would be useful
to determine optimal control strategies as functions of the
current system state, that could be applied in presence of
system behaviors affected by unmodelled perturbations to
the system dynamics or to the model parameters.

First of all, it is necessary to make precise assumptions as
regards the considered types of perturbations and the instants
at which the system state is observed and the strategy is
applied. The inventory level (system state) is supposed to
be periodically measured and, after these measures, it can
happen that the inventory level is different from the expected
one. In particular, two cases must be distinguished:

o the inventory level is lower than the expected one
(negative perturbation); this can be due to a malfunction
in the production process (for which the machines have
worked at a lower production effort or some finite
products have been discarded, being faulty) or to an
external demand that has resulted to be greater than
the estimated one and then a higher quantity of finite
products have been withdrawn from the inventory;

o the inventory level is greater than the expected one
(positive perturbation); this can be due to a wrong
setting of the production effort of the machines (for
which the machines have worked at a higher production
rate) or to an external demand lower than the estimated
one, causing a surplus of finite products in the inventory.

The determination of the closed-loop strategies must be
made considering the same cost terms adopted for the plan-
ning activity, i.e. setup, production, and holding costs, but in
this case it is also necessary to introduce another cost term
related to the case in which the demand is not completely
satisfied, because the system perturbations (in particular, the
negative perturbations) can provoke a shortage period, in
which the external demand is not completely satisfied. The
shortage cost is then defined as

T

Cu- =¢~ / max {0, —z(t)} dt (25)
0

being ¢~ the unitary shortage cost per time unit. It is

assumed ¢~ sufficiently large so that the system is forced,

even in the perturbed case, to satisfy the external demand.

The optimal control strategies which minimize setup,
production, holding and shortage costs can be defined with
reference to the optimal path of the inventory level, which
is obtained by applying the optimal production speeds deter-
mined by solving Problem 1.

More specifically, when a negative perturbation occurs
(i.e., the inventory level is lower than expected), the optimal
control strategy is the one which allows the system state to
return to the optimal path as soon as possible. This can be
easily proven by considering that, in this case, the shortage
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cost is surely paid (immediately, if the inventory level when
the perturbation occurs is negative, or later, if the level is
positive). Then, since the shortage cost has been supposed
dominant with respect to the other costs, it is necessary to
minimize the area provided by the integral in (25); this can
be done by reaching the optimal path as soon as possible,
taking into account the physical constraints of the system
(first of all, the maximum production effort).

Also when a positive perturbation occurs, the optimal
control strategy is the one which allows the system state
returning to the optimal path as soon as possible, in order to
minimize the extra-holding cost due to the unexpected higher
number of parts in the inventory. However, in this case, it
is necessary to take into account that a setup cost is paid
if the machine is switched off in order to reach the optimal
path as soon as possible. Then, two different strategies can be
evaluated: either switching the machine off or continuing the
production at a lower effort; the latter case is characterized
by a higher extra-holding cost with respect to the extra-
holding cost that is paid in the former case, but also the
setup cost is paid in the former case. The best between the
two strategies depends on the magnitude of the perturbation
(other than, obviously, on the values of the parameters which
characterize the system). It is worth noting that the latter
is always advantageous if no technological constraint exists
about the lowest speed that the production resource can keep
without problems.

All these considerations are formalized in the next section
where the closed-loop strategies, in case of negative and
positive perturbations, are defined.

IV. OPTIMAL CONTROL STRATEGIES

Let u°(t) and z°(t), 0 < ¢t < T, be, respectively, the
optimal path of the production speed (piece-wise constant
function of t) and the optimal path of the inventory level
(piece-wise linear function of ), which are obtained by using
the results provided by Theorems 1 and 2. In particular,
x°(t) represents the actual level of the inventory when
no perturbation affects the system. However, when some
perturbations occur, the actual level of the inventory may
differ from z°(¢). In this connection, consider a generic
time instant ¢* € [0,7) at which the level of inventory
is measured, and let xz* be the measurement. Moreover,
assume that a perturbation has occurred somewhere in [0, t*),
such that it results «* # x°(¢*); in other words, the parts
contained in the inventory are less or more than expected.

The objective of this section is to determine, when a
perturbation occurs, a piece-wise constant function of ¢
representing the new optimal path of the production speed,
namely uP(¢,t*,2*), t > t*, which minimizes the costs of
the system. Function uP(¢,t*, z*) is a closed-loop strategy,
which is function of the actual system state at ¢*, namely
2*. The function

ﬁ@fwﬂzﬂ+/QﬂmfwﬂM—/6@MnQ®

t* t*
is the optimal perturbed path of the inventory level (piece-
wise linear function of ¢), from ¢* on.

t t

A. Negative perturbation

In case the measurement x* at ¢* is such that it results
x* < x°(t*), then the parts contained in the inventory are
less than expected. The closed-loop strategy is the following:

o if p(t*,2%) < T:

U tr <t < P(t*,z*)
Pt 5 2*) = 27
P = oy ey 1ot O
o if g(t*, %) = T
Pt a*)=U t"<t<T (28)

where time instant ¢(t*,z*) can be obtained by executing
the following algorithm:

1. d=a°(t*) —a*

2 he{l,....,P} : 77, <tr<7p
3: hS=h

4: ¢ =1t*

5: while d > 0 and h < P do
& b=d—(U—u)(r —9)
7: if 6 <0 then

8 6=+ i

9: else .

10: =15

11: h=h+1

12: end if

13: d=2¢

14: end while

15: ¢(t*,z*) = ¢

16: h® =

¢(t*,x*) is the time instant at which the strategy brings
the perturbed path back to the optimal path, that is, the time
instant at which the effects of the perturbation come to an
end. It is apparent that, from ¢(¢*,2*) on, the system can
continue with u°(t).

The extra-cost paid in consequence of such a type of
perturbation is the difference between a negative-inventory
cost and a positive-inventory gain (if any), that is

B(t*,a*)
Cox = 0~ / max {O, —zP(t, t*,x*)} dt
t*

- (29)
d(t" ™)

- (p/ [zo(t) — max {O,xp(t,t*,:c*)}] dt
¢

*

The+2 = Oks 43

= The

¢ Theys

1 Oneio

Fig. 4. Example of negative perturbation.

An analytical expression of such an extra-cost can be al-
ways determined on the basis of geometrical considerations.
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As an example, with reference to the negative perturbation
d = z°(t*) — x* illustrated in Fig. 4, the extra cost is

1
Cex = 5 SD_ (d =+ 6hs)(Ths — t*)

1 . 1 . 5hs+12
- 5 s 5 s s - S - -
+290(h+h+1)(7h+1 Th)+290 U —erms
1 Spsyo? 1 Spsyo?
oo hs 42 fogm hs 42
2 U_eks+3 2 U_Uhs+3
( )+1 6h5+12
— Ths — Ths — —_
P\Ths+2 hs+1 Z@U_eksﬂ
1 Speyo?
Yoo hs+42

2 U - €ks+3
(30)

where 6hs =d - (U — ’u,hs)(Ths — t*), 6hs+1 = 6hs —
(U —ups41)(Ths41 — Ths ), and Ops 1 = Opsy2 (the negative-
inventory cost is proportional to the dark-gray area in Fig. 4,
whereas the positive-inventory gain is proportional to the
light-gray area).

The analytical expression of the extra-cost for the general
case can be determined as well; however, it requires a
“notational effort” which is out of the scope of the present
paper. In any case, note that, in order to determine the closed-
loop strategy it is only necessary to know the optimal paths
u®(t) and z°(t), t* < ¢ < T, whereas to compute the extra-
cost also the external demand ex, k = k°,...,Q, with k°
such that 0,s_1 < t* < s, has to be taken into account.

B. Positive perturbation

In case the measurement x* at ¢* is such that it results
x* > x°(t*), then the parts contained in the inventory are
more than expected. In this case, the closed-loop strategy is
the following:

o if ¢(t*,2*) < T and pA > o:
0 tr <t < P(t*,z*)
P(t, 1%, a*) =
#0002 ={ Ly oy s eer
o if ¢p(t*,2*) < T and ¢ (t*,2*) < T and pA < o:
€ <t < Pe(tr,z*)
P(t, %, a*) =
U (7 , L ) { uo(t) ¢E(t*,$*)§t§T
o if ¢p(t*,2%) < T and ¢ (t*,2*) =T and pA < o:

(€19

(32)

WPttt x)=¢ t"<t<T (33)
o if $(t*,2%) = T
WP, 2 =0 t*<t<T 34)

where time instant ¢(t*,2*) (resp., ¢.(t*,x*)) can be ob-
tained by executing the following algorithm:
I d=ax* —z°(t*)
2 he{l,....,P} : 77, <tr<7p
3 hS=h
4: ¢ =1t*
5: while d > 0 and h < P do
6 § =d—us (17 — ) (resp., § = d— (uj —€)(15 — ¢))
7 if 6 <0 then

8: ¢ =0+ 5 (esp. o =0+ )
9: else

10: p=15
11: h=h+1
12: end if

13: d=19§

14: end while

15: Qb(t*vx*) = ¢ (resp., (be(t*vx*) =¢)

16: h® = h (resp., hf = h)

and A is the difference between the additional inventory
that is incurred by the system when producing at speed €
from ¢* to ¢.(t*,z*) and the additional inventory which is
incurred by the system when stopping the production from t*
to ¢(t*,2*). A can be determined on the basis of geometric
considerations. In the most general case, when h® > h® + 1,
h® > he+1, and h® < P, its value is

A a_2 ab b%e
2¢  Upe  2upe?
n 1( n be n )( b )
g\ e T Cune J\The T The 1 T T (35)
he—1 o2
hg
+ Z Slei —cim)(ri = Ti1) + Q(UT—E)

i=he+1

where a, b, and ¢;, j = h®, ..., hS — 1, take the following

values
a =€ (The_l — t*) (36)
he—1
b=d-— ’LLhS(Ths — t*) - Z ui(Ti - Ti—l) (37)
i=hs+1
Che = 0 — (Upe — €) (Thc — The—1 — b ) (38)
Upe

b
¢; =06— (upe —€) (Thc — The—1 — uhe)

h®—1

= > (wi—e)(ni—mio1)

i=h5+1

j=ho+1,... h—1
(39)

with d = 2* — 2°(t*) and § = a + ubTi Instead, in the case
h® = h¢, h® < P, the value of A is

1, €

2 Upe (’U,hc — 6)
(40)

Finally, in the case h® = h® = h¢, h® < P, the value of A

is simply

A:la2 Uhe

b
2 e(upe —€) ta

Upe — €

A=lp €

2 Ups (uhs — E) (41)

(such three considered cases are not exhaustive; however,
the other existing intermediate cases can be derived from
the most general case).

If ¢(t*,2*) < T and @A > o, the extra cost paid in
consequence of such a type of perturbation is a positive-
inventory cost plus a setup cost; otherwise, the extra cost is
only the positive-inventory cost. Thus
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o if ¢(t*,2*) < T and pA > o:

¢(t*1x*)
Cox = 0 + <p/ [xp(t, £, 1) — xo(t)} dt (42)
t

*

o if (¢p(t*,2*) < T and pA < o) or ¢(t*,z*) =T

¢€(t*7m*)
Co = 0 / [Pt 07, 0%) = ao(0)]dr @)
t

*

(note that, when ¢(t*,2*) =T, also ¢.(t*,2*) =T)

The—1 ¥ /‘ \ P rDe  Thoyo =0Opeqs
The = ek\ = The = Th?
Ths+1 9k5+1 Oks +2
Fig. 5. Example of positive perturbation.

As in the case of negative perturbations, also in this case
it is always possible to determine an analytical expression
of the extra-cost, on the basis of geometrical considerations.
As an example, with reference to the positive perturbation
d = z* — z°(t*) illustrated in Fig. 5, the extra cost is:

« when stopping the production from ¢* to ¢(t*,z*):
1
ch =0+ 5 Sﬁ(d + (ShS)(Ths — t*)

1
+ 5 QO((ShS + 6h5+1)(Ths+1 — Ths)

1 1 A

+ D) P(Onst1 + A1) (Oks 41 — The1) + B %) kil
(44)
where 0ps = d — ups(The — ), Ohogr = Ops —

Uhs+1(ThS+1 — Ths), and Akerl = 5hs+1 — U(9k3+1 —
Ths+1) (the extra positive-inventory cost is proportional
to the dark-gray area in Fig. 5);

o when producing at speed e from t* to ¢, (t*,x*):

Cox = % (d 4 Ops ) (Ths — t*)

+ % @(Ons + Opst1)(Thet1 — Ths)

+ %9"(5hs+1 + As 1) (Oks 41 — Thet1)

+ % O(Ahs 11 4+ Aer2) Ops o — Opeg1) + % @Aks+22
(45)

where in this case 0ps = d—(ups —€)(Ths —t*), dpsy1 =
Ons — (Uns41 — €)(The41 — The )y Akeg1 = Opegr — (U —
6) (9k3+1 —Therl), and >\ks+2 = Akerl — (U—G) (9k5+2 —
Ors+1) (the extra positive-inventory cost is proportional
to the sum of the dark-gray area and the light-gray area
in Fig. 5).

Then, in the example of positive perturbation illustrated in
Fig. 5, the machine is stopped if the light-gray area weighted
by the unitary positive-inventory cost ¢ is greater than or
equal to the setup cost o. Since in this example h® = h{ =
h®+ 2, then, in accordance with (40), the machine is stopped
when

1 s
— @a2 L + @ab [
2 6(Uhs+2 — 6) Ups42 — € (46)
1 €
+ — pb? >0
2 v ’U,hs_;’_z(’u/hs_l’_z - 6)

in which @ = €(Ths11 — t*) and b = d — ups(7hs — t*) —
Ups+1 (Ths+1 — Ths).

Remark 1: In writing the closed-loop strategies (31)
and (32), it has been implicitly assumed that there is a
technological constraint on the lowest speed that the pro-
duction resource can keep without problems (e.g., without
having unexpected shutdowns), and that such speed is equal
to €; in other words, with respect to the generic interval
[Th—1,Tn), it is either up = 0 or € < up < U. Without such
technological constraint, it can be shown that a production
speed sufficiently low so that pA < o always exists (as a
matter of fact, A — 0 when the production rate tends to 0),
and then it is always convenient to not stop the resource and
avoid the payment of the setup cost. However, in order to
exploit the results in [17], it is implicitly assumed that also
the positive external demand is greater than or equal to e.

C. Example — Part I1

Consider again the inventory-production system illustrated
Subsection II-D. Assume that the inventory is measured at
t* = 5.8 hours and that the level measures z* = —10.
A negative perturbation (which has occurred somewhere in
the interval [0, 5.8)) is detected and then an optimal control
strategy can be defined in order to minimize the extra-cost
due to the perturbation. By using the results included in
Subsection IV-A, it turns out ¢ (5.8, —10) = 9.077; then

20 tr <t <9.077
u(t) 9.077 <t <21
and the new optimal path of the production speed is illus-
trated in Fig. 6. In Fig. 7, the optimal perturbed path of

the inventory level, in the interval [5, 10], which is obtained
when using uP(¢,5.8, —10), is reported.

aP(t,5.8, —10) { @7

70
60 - b
50 B
40 b
30 B
20k - : 20 20

I 3.95
(e .
0 5.8 9.077
t [hour]

Fig. 6. New optimal path of the production speed, in case of a negative
perturbation at t* = 5.8, at which * = —10 < z°(t*) = 0.

uP(t,t*, 2*) [parts/hour]

13.896 21

Assume now that a different perturbation has occurred, so
that it results * = 10 at t* = 5.8 (positive perturbation). In
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t* =5.8 o(t*,2*) =9.4
' N/
2
Fig. 7.  Perturbed (solid line) and optimal (dashed line) paths of the

inventory level, in case of a negative perturbation at t* = 5.8, at which
z* = —10 < z°(t*) = 0 (only the interval [5, 10] is depicted).

this case, in order to define the optimal control strategy, it
is necessary to take into consideration the setup cost o, the
unitary holding cost ¢, and the lowest speed €; such values
are assumed to be equal to 1 (euros), 2 (euros/part/hour),
and 2 (parts/hour), respectively. In this case, by using the
results included in Subsection IV-B, it turns out A = 0.914
and then A > o. Since, ¢(5.8,10) = 6.670, the optimal
control strategy is

t* <t<6.670

4
6.670 <t <21 “48)

uP(t,5.8,10) = { 0
u®(t)
and the new optimal path of the production speed is illus-
trated in Fig. 8. In Fig. 9, the optimal perturbed path of the
inventory level, in the interval [5, 8], which is obtained when
using uP(t,5.8,10), is reported.

%‘ 70 T Ll
g 60 - B
E S0r b
S 40 B
:&\ s0r 11.5 2 20 ]
i;: 20k e . .5 \ 0
£ 10 T | | 3.25 7
Bl ‘
0 58 ¢ & 9 13.896 21
2%
° % t [hour]
Fig. 8. New optimal path of the production speed, in case of a positive

perturbation at t* = 5.8, at which * = 10 > z°(t*) = 0.

t* =58  G(t*,2*) = 6.670 ¢ (t*,2*) = 6.839

Fig. 9. Perturbed (solid and dot-dashed lines) and optimal (dashed line)
paths of the inventory level, in case of a positive perturbation at t* = 5.8,
at which * = 10 > «°(¢t*) = 0 (only the interval [5, 8] is depicted). The
solid line refers to the case in which the machine is switched off, whereas
the dot-dashed line to the case with production speed set to € = 2 parts/hour.

V. CONCLUSIONS

In this paper a class of inventory-production systems is
considered, with the objective of finding optimal control
strategies to be applied when the system is affected by
perturbations on the inventory level. In particular, the consid-
ered model represents a manufacturing process in which the
external demand has a piecewise constant pattern changing
rate at asynchronous time instants; the state variable is the

inventory level and the control variable is the production rate,
again with a piecewise constant path. In the paper, optimal
(closed-loop) control strategies are found with reference to
an optimal path (found by solving a parametric, nonlinear,
combinatorial optimization problem), in order to minimize
the extra-cost due to the system perturbations.

It is worth finally noting that the methodology proposed
in this paper to find the optimal control strategies can be also
applied to different models of inventory-production systems,
in which the inventory level grows and decreases linearly
with time, such as the models characterized by a non-
negative external demand and/or by the presence of a con-
straint on the minimum production speed. The determination
of the optimal open-loop solution for such different models
are currently under investigation.
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