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Abstract— We consider an iterative method for the numer-
ical solution of Lyapunov equations of infinite-dimensional
control systems governed by an heat equation. Inspired by
the ’alternating direction implicit (ADI)’ iteration, which has
been successfully applied to the solution of matrix Lyapunov
equations, we present a method to determine approximations
of the Gramian operator corresponding to the heat equation
system. This method provides approximations of finite rank and
is shown to be convergent in the nuclear norm.

I. INTRODUCTION

The Lyapunov equation is fundamental in the theory of
linear time-invariant input-output systems. Besides testing for
stability and controllability of a given system, the solutions
of Lyapunov equations give rise to the optimal input energy
that is required to steer the system to a prescribed state [1,
Chap. 3]. A further field where Lyapunov equations arise
is in model reduction by balanced truncation [2, Chap. 7],
i.e., the approximation of linear time-invariant input-output
systems by systems of considerably lower order. Lyapunov
equations also occur in linearizations of algebraic Riccati
equations, which arise in linear-quadratic optimal control;
such linearizations occur when Newton’s method is applied
to solve algebraic Riccati equation numerically [3].

Its wide applicability has led to a variety of efficient nu-
merical methods for the solution of Lyapunov equations for
finite-dimensional linear time-invariant systems (in this case,
the variable to be found is the so-called Gramian matrix P ∈
Rn,n), which are also applicable to systems of considerable
large state space dimension. To mention only a few methods,
Lyapunov equations for finite-dimensional linear systems can
be solved via Bartels-Stewart method [4], Hammarling’s
method [5], alternating direction implicit (ADI) iteration
[6], Smith’s method [7], Krylov subspace method [8], [9],
and sign function method [10] (see [2, Chap. 6] for an
overview). Especially the latter four mentioned methods have
in common that, in the case where the input dimension is
much smaller than the state space dimension, they typically
provide so-called low-rank approximative solutions. That is,
instead of the full Gramian matrix, a factor S ∈ Rn×k with
k ≪ n and P ≈ SST is computed iteratively. An essential
advantage of approximative solutions of low rank is that they
are memory-saving; only k · n instead of n2 entries have to
be stored.
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In this article, we present that the ADI iteration can as
well be used to determine Gramian operators of infinite-
dimensional linear time-invariant control systems. The latter
class typically occurs when partial differential equations with
distributed or boundary control are considered. Convergence
of the ADI method in several norms will be discussed. If
the input space is moreover finite-dimensional, then the ADI
method will provide a sequence of approximants all having
finite rank. We will place particular emphasis on the heat
equation with boundary control. ADI iteration for this class
will consist of the solution of a sequence of Helmholtz
equations. These can been solved by using adaptive finite-
element methods. For further details on the proofs we refer
to the forthcoming publication [11].

II. NOTATION

Throughout the paper R>0, R≥0, C+, C− and Cn,m

respectively denote the sets of positive real, nonnegative real,
complex numbers with positive real part, complex numbers
with negative real part, and the space of n × m complex
matrices. N stands for the set of positive integers and by z
we mean the complex conjugate of z ∈ C.

We use the notation from [12] for Lebesgue Lp(Ω) and
Sobolev spaces Hk(Ω).

Throughout this work, integrals of functions with values in
Hilbert space are understood in the sense of Bochner. For a
brief overview on abstract integration theory we refer to [13,
pp. 621] and the bibliography therein. For p ∈ [1,∞], some
interval I and some separable Hilbert space X , Lp(I,X)
denotes the Lebesgue space of measurable functions f : I →
X with the property that ∥f(·)∥X ∈ Lp(I).
B(X,Y ) is the space of bounded and linear operators T :

X → Y , and we abbreviate B(X) := B(X,X). The identity
mapping on X is denoted by IX and the zero operator from
X to Y by 0X,Y .

The graph norm of a linear operator T : D(T ) ⊂ X → Y
is defined via ∥x∥2D(T ) = ∥x∥2X+∥Tx∥2Y . If D(T ) associated
with the graph norm ∥ · ∥D(T ) is complete, then T is called
closed.

A vector v ∈ X is in a canonical way identified as
an operator v ∈ B(C, X) via λ 7→ λv. For a Hilbert space
X and m ∈ N, the product space Xm is equipped with
the canonical inner product. For another Hilbert space Y
and operators T1, . . . , Tm ∈ B(X,Y ), the operator column
matrix

T =
[
T1 · · · Tm

]
defines an operator T ∈ B(Xm, Y ) in a straightforward
manner.
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The adjoint of T ∈ B(X,Y ) is denoted by T ∗ ∈ B(Y,X)
and the dual by T ′ ∈ B(Y ′, X ′) where Y ′ and X ′ denote
the dual spaces to Y and X . The adjoint of a densely
defined operator T : D(T ) ⊂ X → Y , is defined on
T ∗ : D(T ∗) ⊂ Y → X , where D(T ∗) consists of all
y ∈ Y with the property that there exists some z ∈ X
with ⟨Tx, y⟩Y = ⟨x, z⟩X for all x ∈ D(T ) (in this case,
we define T ∗y = z). The dual of a densely defined operator
T : D(T ) ⊂ X → Y , is defined on T ′ : D(T ′) ⊂ Y ′ → X ′,
where D(T ′) consists of all y ∈ Y with the property that that
the mapping D(T ) → C, z 7→ ⟨Tz, x⟩X has an extension
to an element in X ′. For y ∈ D(T ′), the element T ′y is
defined via ⟨T ′y, x⟩X′,X = ⟨y, Tx⟩Y ′,Y for all x ∈ D(T ).
Note that T ∗ and T ′ coincide if both X and Y are considered
to be pivot spaces. For further details concerning duals and
adjoints, we refer to [14, pp. 49].

A densely defined operator P : D(P ) ⊂ X → X is called
self-adjoint, if P = P ∗ (this also includes that D(P ) =
D(P ∗)). A self-adjoint operator P is nonnegative (P ≥ 0) if
⟨x, Px⟩X ≥ 0 for all x ∈ D(P ). The notions of negativity,
positivity and nonpositivity of an operator can be defined in
straightforward manner. This induces a partial order on the
set of self-adjoint operators: For two self-adjoint operators
P1 : D(P1) ⊂ X → X , P2 : D(P2) ⊂ X → X we say that
P1 ≥ P2, if P1 − P2 ≥ 0.

Compact operators are known to admit a singular value
decomposition

Tx =
∞∑
i=1

σi ⟨x, ui⟩X · vi, (1)

where the sequence of singular values (σi)i is monotonically
decreasing and tends to zero, and (ui)i, (vi)i are orthonormal
systems in X and Y , respectively [15, pp. 203].

A compact operator T ∈ K(X) is called of p-th Schatten
class operator, if the sequence consisting of its singular
values fulfill

∑∞
i=1 σ

p
i < ∞. In this case we write T ∈

Sp(X,Y ). Elements of Sp(X,Y ) are provided with the
∥T∥Sp(X,Y ) = (

∑∞
k=1 σ

p
i )

1/p. Operators of first Schat-
ten class are called nuclear and those of second Schatten
class are called Hilbert-Schmidt. We abbreviate Sp(X) :=
Sp(X,X). For more details on the Schatten class, we refer
to [16, pp. 126]. Nuclear operators have a well-defined trace.
That is

tr(T ) =
∞∑
i=1

⟨ei, T ei⟩ , (2)

where (ei) is an (arbitrary) orthonormal basis of X [15, pp.
206].

III. INFINITE-DIMENSIONAL SYSTEMS AND OPERATOR
LYAPUNOV EQUATIONS

For Hilbert spaces X and U , a linear time-invariant control
system

ẋ(t) = Ax(t) +Bu(t), (3)

where A : D(A) ⊂ X → X is closed and B ∈
B(U,D(A∗)′). In the following we collect some special
properties which are needed throughout this article.

Definition 1 (Semigroups, generators, stability) Let X be
a Hilbert space. An operator-valued function T (·) : R≥0 →
B(X) is called strongly continuous semigroup, if T (0) =
IX , T (t+ s) = T (t) · T (s) for all t, s ∈ R≥0, and

lim
t→0,t>0

T (t)x = x for all x ∈ X.

A strongly continuous semigroup T (·) is called weakly
stable, if for all x1, x2 ∈ X holds

lim
t→∞

⟨x1, T (t)x2⟩X = 0,

strongly stable, if for all x ∈ X holds

lim
t→∞

∥T (t)x∥X = 0,

and exponentially stable, if there exists some M ∈ R≥0,
ω ∈ R>0 such that

∥T (t)∥B(X) ≤ M · e−ωt for all t ∈ R≥0.

The operator A : D(A) ⊂ X → X defined by

Ax = lim
t→0,t>0

1
t (T (t)x− x),

D(A) =

{
x ∈ X

∣∣∣∣ lim
t→0,t>0

1
t (T (t)x− x) ∈ X

}
is called generator of the semigroup T (·).

Remark 2 If T (·) is a strongly continuous semigroup gen-
erated by A, then the adjoint semigroup T ∗(·) is strongly
continuous, as well. Its generator is given by A∗. Exponential
stability of T (·) implies exponential stability of T ∗(·); weak
stability of T (·) implies weak stability of T ∗(·). However,
strong stability of T ∗(·) can, in general, not be inferred from
strong stability of T (·).

For various physically motivated control systems (in par-
ticular partial differential equations with boundary control),
it is reasonable that the input operator maps to the larger
space D(A∗)′ ⊃ X . Though this naming is a bit misleading,
the input operator is called bounded, if its range is contained
in X , and unbounded, otherwise. Subsequently we introduce
a property of the input operator which, roughly speaking,
means that (3) has a well-defined and continuous state
trajectory for any square integrable input.

A strongly continuous semigroup T (·) on X extends
to a strongly continuous semigroup on D(A∗)′ [17,
Prop. 2.10.4]. Therefore, the operator product T (t)B can
be understood as an element in B(U,D(A∗)′), and we can
formulate the following definition.

Definition 3 (Admissible control operator) Let U,X be
Hilbert spaces, let T (·) be a strongly continuous semigroup
on X , and let B ∈ B(U,D(A∗)′). Then we call B an
admissible control operator for T (·), if for some (and then
also any) t ∈ R>0, there holds for all u ∈ L2(R≥0, U)

Φtu :=

∫ t

0

T (t− τ)Bu(τ)dτ ∈ X. (4)
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The control operator B is called infinite-time admissible, if
for all u ∈ L2(R≥0, U)

Φ∞u :=

∫ ∞

0

T (τ)Bu(τ)dτ ∈ X. (5)

The pair (A,B) consisting of a closed operator A : D(A) ⊂
X → X and B ∈ B(U,D(A∗)′) is called (infinite-time)
admissible on X , U , if A generates a strongly continuous
semigroup T (·) on X , and B is (infinite-time) admissible for
T (·).

The operator Φt applied to u ∈ L2(R≥0, U) has to be
understood as the state at time t of the system (3) with trivial
initial condition x(0) = x0. Further, for u ∈ L2(R≥0, U), the
expression Φ∞u corresponds to the state x(0) of the system
ẋ(t) = Ax(t)+Bu(−t). The operator Φ∞ (Φt) is therefore
called controllability map (at time t). An application of
the closed-graph theorem consequences that (infinite-time)
admissibility implies that these mappings are bounded, i.e.,
Φt ∈ B(L2(R≥0, U), X) (Φ∞ ∈ B(L2(R≥0, U), X)).

Definition 4 Let (A,B) be admissible on X , U . Then the
Gramian of (A,B) at time t > 0 is given by

Pt = ΦtΦ
∗
t ∈ B(X).

If (A,B) is moreover infinite-time admissible, then the
Gramian of (A,B) is defined to be

P = Φ∞Φ∗
∞ ∈ B(X).

The operators P, Pt are obviously self-adjoint and nonnega-
tive. In the following we present their relation to the operator
Lyapunov equation.

Theorem 5 [18, Thm. 3.1], see also [17, Thm. 5.1.1], [19,
Thm. 10.4.3]. Let U,X be Hilbert spaces and let A :
D(A) ⊂ X → X be the generator of the strongly continuous
semigroup T (·) on X . Let B ∈ B(U,D(A∗)′). Then the
following four statements are equivalent:
a) (A,B) is infinite-time admissible on X , U .
b) There exists some operator P ∈ B(X), such that for all

x ∈ D(A) holds

lim
t→∞

∥∥∥∥Px−
∫ t

0

T (t)BB′T ∗(t)x

∥∥∥∥
X

= 0. (6)

c) There exists some nonnegative and self-adjoint Q ∈
B(X), such that

2Re ⟨Qx,A∗x⟩X + ∥B′x∥2U ≤ 0 for all x ∈ D(A∗).
(7)

d) There exists some nonnegative and self-adjoint Π ∈
B(X), such that

2Re ⟨Πx,A∗x⟩X + ∥B′x∥2U = 0 for all x ∈ D(A∗).
(8)

Moreover, if (A,B) is infinite-time admissible on X , U , then
the following statements are true:

(I) P defined in (6) is the Gramian of (A,B).

(II) P is the smallest nonnegative and self-adjoint solution
of (7) (and hence also of (8)). In other words, P ≥ 0,
P fulfills (7), and if, for 0 ≥ Π = Π∗ ∈ B(X) holds
(7), then P ≤ Π.

(III) For all x ∈ X holds

lim
t→∞

⟨T ∗(t)x, PT ∗(t)x⟩X = 0. (9)

(IV) If 0 ≤ Π = Π∗ ∈ B(X) fulfills (8) and

lim
t→∞

⟨T ∗(t)x,ΠT ∗(t)x⟩X = 0, (10)

then P = Q. In particular, if T ∗(·) is strongly stable
(or even exponentially stable), then Π = P is the only
nonnegative and self-adjoint solution of (8).

(V) If kerP = {0}, then T (·) is weakly stable.

Remark 6 a) If B is admissible for an exponentially stable
semigroup T (·), then B is infinite-time admissible [18,
p. 6]. Indeed, we will assume exponential stability in most
of our results.

b) Any B ∈ B(U,X) is admissible.

In the case where A is negative and self-adjoint and
B′A−1B exists with

B′A−1B ∈ S1(U,X), (11)

it can be shown that the Gramian is nuclear. We can
furthermore give an explicit expression for the nuclear norm
of P ;

Theorem 7 [11, Prop. 3.6] Assume that A : D(A) ⊂ X →
X is self-adjoint, negative, and it has compact resolvent.
Let B : U → D(A)′ such that (11) holds true. Then the
following holds true:
a) A generates an exponentially stable semigroup T (·) on

X .
b) B is admissible for T (·).
c) The Gramian P of (A,B) is nuclear with, in particular,

∥P∥S1(X) = −1
2 · tr(B′A−1B). (12)

Remark 8 Note that, under the assumptions of the above
theorem and the additional assumption that the input space
U is finite-dimensional (i.e., w.l.o.g., U = Cm), the latter
expression is moreover the nuclear norm of the Gramian.
In this case, nuclearity of the Gramian P is therefore
a consequences of only the existence of B′A−1B ∈ Cm,m.

To go from abstraction to concretion, consider the heat
equation

∂x

∂t
(ξ, t) = ∆x(ξ, t), (ξ, t) ∈ Ω× R≥0 (13a)

evolving on a bounded domain Ω ⊂ Rd with piecewise twice
differentiable boundary ∂Ω, compare [12], apply the Robin
boundary condition

ν(ξ)T∇x(ξ, t) + αx(ξ, t) = u(t), (13b)
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for any (ξ, t) ∈ ∂Ω×R≥0, where ν(ξ) denotes the outward
normal to ∂Ω in ξ ∈ ∂Ω, α ∈ R>0. The scalar function
u ∈ L2(R≥0) is supposed to be the input of the system.

To rewrite this as a system (3), set x(t) := x(·, t) ∈
L2(Ω) := X and U = C. Using the results from [20], the
operators A and B are given by

D(A) = {x ∈ H1(Ω) |∆x ∈ L2(Ω),

νT∇x+ αx = 0 on ∂Ω},

Ax = ∆x for all x ∈ D(A),

⟨Bu, z⟩D(A∗)′,D(A∗) = u ·
∫
∂Ω

z(ξ)dσξ,

(14)
where by dσξ we denote the surface measure on ∂Ω. A is
self-adjoint and negative, since, the Gauss’s theorem leads
to

⟨x,Ax⟩X = −∥∇x∥2L2(Ω,Rd) for all x ∈ D(A).

By the Rellich-Kondrachov Theorem [12, Thm. 6.3], H1(Ω)
is compactly embedded in L2(Ω). Therefore, A has compact
resolvent. Since, furthermore, the boundary integral continu-
ously depends on ∥∇x∥L2(Ω,Rd), we may infer the existence
of c > 0, such that

∥∇x∥L2(Ω,Rd) ≤ c · |u|
∫
∂Ω

z(ξ)dσξ for all x ∈ D(A).

This gives rise to the existence of B′A−1B, whence, by
Proposition 7, the system is infinite-time admissible and has
nuclear Gramian with

∥P∥S2(X) = −B′A−1B

2
.

Using [21, Thm. 2.9], the expression xh = A−1B ∈ H1(Ω)
is the solution of the Laplace equation with Robin boundary
condition ν(ξ)T∇xh(ξ) + αxh(ξ) = −1. The nuclear norm
of the Gramian therefore reads

∥P∥S1(X) = −1

2
·
∫
∂Ω

xh(ξ)dσξ. (15)

IV. ALTERNATING DIRECTION IMPLICIT (ADI)
ITERATION FOR OPERATOR LYAPUNOV EQUATIONS

In Algorithm 1 we formulate the ADI iteration for the
determination of Gramian operators. This algorithm exactly
reads as in the matrix case [22, p. 43]; it involves so-called
shift parameters pi ∈ C, which have to be chosen a priori. In
the finite-dimensional case, they are known to determine the
velocity of convergence [22, pp. 43]. Their choice in the case
of operator Lyapunov equations will be briefly discussed.

Remark 9 a) In the case of finite-dimensional input space
U = Cm, we have Si ∈ B(Cm·i, X). This means that,
Pi = S∗

i Si has finite rank and Si has a representation by
means of an m · i-tuple of elements of the state space
X . These elements are obtained by solving equations
of type (piI + A)w = z. In practice, A is usually
a differential operator, and each step of ADI iteration

Algorithm 1 ADI iteration for operator Lyapunov equations.
Input: The generator A of an exponentially stable semigroup
T (·), an admissible control operator B ∈ B(U,D(A∗)′), and
shift parameters p1, . . . , pimax ∈ C−
Output: S = Simax ∈ B(U imax , X), such that SS∗ ≈ P ,
where P is the Gramian of (A,B).

1: V1 = (A+ p1I)
−1B

2: S1 =
√
−2Re(p1) · V1

3: for i = 2, 3, . . . , imax do
4: Vi = Vi−1 − (pi + pi−1) · (A+ piI)

−1Vi−1

5: Si = [Si−1 ,
√

−2Re(pi) · Vi ]
6: end for

consists of a (numerical) solution of the corresponding
differential equation.

b) The number imax has to be determined during the al-
gorithm by using a suitable stopping criterion. Due to
Pi − Pi−1 = ViV

∗
i , we have for each ∥ · ∥ ∈ {∥ · ∥B(X),

∥ · ∥Sp(X)} that

∥Pi − Pi−1∥ = ∥ViV
∗
i ∥ = ∥V ∗

i Vi∥.

A suitable criterion for termination of the ADI iteration
is therefore to check whether the norm of the operator
V ∗
i Vi ∈ B(U) (which is a matrix, if U = Cm) goes

below a given absolute or relative threshold.

The convergence result is presented below.

Theorem 10 [11, Thm. 4.2] Let U,X be Hilbert spaces and
operators A : D(A) ⊂ X → X be the generator of an ex-
ponentially stable semigroup T (·) and B ∈ B(U,D(A∗)′)
be an admissible control operator for T (·). Let P ∈ B(X)
be the Gramian of (A,B) and, for some J ∈ N, let (pi)i
be a J-cyclic (that is, pJ+i = pi for all i ∈ N) sequence in
C−. Then Algorithm 1 is feasible and the operator sequence
(Pi)i = (SiS

∗
i )i is strongly convergent to P , i.e.,

lim
i→∞

Pix = Px for all x ∈ X.

Moreover, the following holds true:
a) If the Gramian P is compact, then

lim
i→∞

∥P − Pi∥B(X) = 0.

b) If, for some p ∈ [1,∞), the Gramian P is of p-th Schatten
class, then

lim
i→∞

∥P − Pi∥Sp(X) = 0.

Remark 11 Strong stability implies that the spectrum of
A is contained in C− [17, Cor. 2.3.3]. The iteration in
Algorithm 1 is therefore feasible, if the shift parameters all
have negative real part.

Remark 12 (Shift parameters) In the finite-dimensional
case, the shift parameters are chosen by means of the
spectrum of A, such that fast convergence may be achieved
(see [22, pp. 43] for an overview). For systems governed by
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partial differential equation, we propose a shift parameter
choice by applying these existing approaches to a sufficiently
accurate spatial discretization of the system.

Having a system being of the class considered in Proposi-
tion 7, we can give an explicit expression for the nuclear
norm of the difference between the Gramian and the opera-
tors obtained in the ADI iteration.

Proposition 13 Let the assumptions of Proposition 7 be
valid. Let P be the Gramian of (A,B) and let shift pa-
rameters p1, . . . , pi ∈ C− be given. Then, in the notation of
Algorithm 1, there holds

∥P −Pi∥S1(X) = 2

i∑
k=1

Re(pi) ·tr(V ∗
k Vk)−

1

2
·tr(B′A−1B).

(16)

In particular, if U = Cm, then B′A−1B,S∗
kSk ∈ Cm,m

are Hermitian matrices; for systems with single input, the
expressions B′A−1B, S∗

kSk are real numbers.
Now we consider again the system (13) governed by the

heat equation, i.e., the operators A and B are of the form
(14). Using [21, Thm. 2.9], we can infer that for f ∈ X =
L2(Ω) and p ∈ C−, the expression x = (A+ pI)−1f is the
solution of p ·x(ξ)+∆x(ξ) = f(ξ) with boundary condition
ν(ξ)T∇x(ξ)+αx(ξ) = 0. Further, the expression y = (A+
pI)−1B is given by the solution of p ·y(ξ)+∆y(ξ) = 0 with
boundary condition ν(ξ)T∇v1(ξ)+αv1(ξ) = −1. Therefore,
ADI iteration for the heat equation consists of the solution of
a sequence of Helmholtz equations. By a substitution qi =
−pi of the shift parameters, we are led to the ADI algorithm
in the following form:

Algorithm 2 ADI iteration for heat equation with one-
dimensional Robin boundary control (13).
Input: Bounded domain Ω ⊂ Rd with piecewise C2 bound-
ary ∂Ω, negatives of the shift parameters q1, . . . , qimax ∈
R>0

Output: S = Simax ∈ B(Rimax , X), such that SS∗ ≈ P ,
where P is the Gramian of (A,B) (with A,B as in (14)).

1: Solve

q1 · v1(ξ)−∆v1(ξ) = 0, ξ ∈ Ω,

ν(ξ)T∇v1(ξ) + αv1(ξ) = 1, ξ ∈ ∂Ω

for v1 ∈ L2(Ω).
2: Define S1 =

√
2q1 · v1 ∈ B(C, L2(Ω))

3: for i = 2, 3, . . . , imax do
4: Solve

qi · v̂(ξ)−∆v̂(ξ) = vi−1(ξ), ξ ∈ Ω,

ν(ξ)T∇v̂(ξ) + αv̂(ξ) = 0, ξ ∈ ∂Ω

for v̂ ∈ L2(Ω).
5: Set vi = vi−1 − (qi + qi−1) · v̂
6: Si = [Si−1 ,

√
2qi · vi ] ∈ B(Ri, L2(Ω))

7: end for

Remark 14 a) If the shift parameters are chosen to be real
(which is reasonable due to σ(A) ⊂ R and the findings
in Remark 12), then all equations that have to be solved
in Algorithm 2 are real as well.

b) The Helmholtz equations occurring in Algorithm 2 can
be solved by using (adaptive) finite elements. Note that,
if the grid is not changed during iteration, then Algo-
rithm 2 will be arithmetically equivalent to the approach
of discretizing the heat equation with respect to space,
and an accordant application of the matrix version of the
ADI method to the spatially discretized finite-dimensional
system. For an error analysis of inexact solutions of the
equations in the ADI iteration, we refer to [11, Sec. 5]

Applying the error expression (16) to the system (13), we
obtain that, in the notation of Algorithm 2 and Pi = SiS

∗
i ,

there holds

∥P−Pi∥S1(X) =
1

2
·
∫
∂Ω

xh(ξ)dσξ−2

i∑
k=1

qk ·
∫
Ω

|vk(ξ)|2dξ,

(17)
where x ∈ H1(Ω) solves the Laplace equation with Robin
boundary condition ν(ξ)T∇xh(ξ) + αxh(ξ) = 1.

A. Numerical Results

Consider the heat equation with single Robin boundary
control (13) on the L-shaped domain Ω = (0, 1)2 \ (0.5, 1)2,
and α = 1. Using (15) and the fact that the function
xh ≡ −1 solves the Laplace equation with ν(ξ)T∇xh(ξ) +
xh(ξ) = −1, the nuclear norm of the Gramians is given
by ∥P∥S1(X) = 2. Now we apply Algorithm 2, where, in
each iteration, we perform a finite-element discretization.
This discretization is done using a Cartesian mesh consisting
of square elements with maximal diameter h. On this mesh
we define a subspace Vh ⊂ H1(Ω) using piecewise bilinear
finite elements. The calculations are done using the toolkit
DOpElib [23] based upon the C++-library deal.II,
see [24], [25]. In order to assert that the approximation error
during the solution of the discrete PDE is below a given
tolerance TOL > 0 we employ a standard residual based
L2-error estimator η, see, e.g., [26]. Thus we can allow for
refinement of the discretization if the error is too large, i.e.,
η > TOL and for optional coarsening of the discretization
once the error is too small, i.e., η < 0.1TOL. Note, that this
means that the different approximations are not obtained with
the same discretization and thus the software needs to work
with solutions given on different meshes which is done in
the library DOpElib.

As a test case we consider the behavior of ∥Pi∥S1(X) for
a fixed mesh and an adaptive coarsening and refinement ad-
justed to tolerance 10−4. The results are depicted in Figure I.
The shift parameters where chosen by applying the method
of WACHSPRESS [27] on the basis of the lowest hundred
eigenvalues of the Robin Laplacian on the unit square, which
are given by π2(i2 + j2) where i, j = 1, . . . , 10.

As is shown in Table I including the possibility to coarsen
the mesh allows an almost identical approximation of the
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TABLE I
CONVERGENCE OF THE ADI-ITERATIONS WITH FIXED MESH (LEFT) AND ADJUSTED TO TOLERANCE 10−4 (RIGHT)

Iter. (i) unknowns ∥P̃i∥S1(X) ∥ṽi∥ unknowns ∥P̃i∥S1(X) ∥ṽi∥
0 49665 1.21309 0.030728 49665 1.21309 0.030728
1 49665 1.62615 0.00910443 49665 1.62615 0.00910443
2 49665 1.74612 0.00121557 3201 1.74606 0.00121501
3 49665 1.79888 0.000267274 3201 1.79899 0.000268148
4 49665 1.82545 6.76124e-05 3201 1.82592 6.85014e-05
5 49665 1.841 2.18725e-05 225 1.8459 2.81147e-05
6 49665 1.85054 7.57344e-06 225 1.85887 1.02857e-05
7 49665 1.85676 2.61384e-06 225 1.86706 3.44507e-06
8 49665 1.86073 1.22589e-06 225 1.87312 1.87149e-06
9 49665 1.86353 7.09549e-07 225 1.87935 1.57927e-06
10 49665 1.94405 0.00203958 65 1.95994 0.00204132
11 49665 1.97195 0.000614905 833 1.98789 0.00061603
12 49665 1.97869 6.83044e-05 833 1.99473 6.93052e-05
13 49665 1.98125 1.29659e-05 833 1.99748 1.39308e-05
14 49665 1.98244 3.0429e-06 833 1.99903 3.94527e-06
...

...
...

...
...

...
...

Gramian with severely fewer unknowns needed in the calcu-
lation.
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