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Smooth Frequency Domain Parametric Optimization
in Loop-Shaping Control

Erkki Lantto, Vesa Holttd, Kai Zenger, Ville Tommila

Abstract—This paper presents two tools for frequency
domain parametric optimization. The first tool is an
approximation of the square of the largest singular value. This
approximation works for complex matrices and enables using
smooth constrained optimization methods, like sequential
quadratic programming, in the multi-input-multi-output
control system design. The second tool is a cost effective
controller parametrization, which is based on the Hilbert
transform. We also give a simple example to help the reader to
get started with this synthesis framework.

I. INTRODUCTION

HE tools and methods presented in this paper have
been originally developed to meet the practical
challenges in control of active magnetic bearings (AMB) in
industrial high speed machines [19]. A good introduction to
AMB in general and to the control of AMB is found in [23].
During the years, numerous approaches have been used for
AMB controller synthesis [23]. Of all those methods, mu-
synthesis has been probably the most potential general
purpose approach. As demonstrated in [9], many
characteristics of AMB control, like compliance
specification, unmodeled high frequency dynamics, and gain
variations are properly treated in the mu-framework.
However, incorporating rotational speed as a real and
repeated uncertainty correctly into the synthesis procedure
seems to be challenging [24]. In addition, real world
synthesis tasks sometimes include special requirements, like
restrictions in controller structure, requirement of a stable
controller, need to levitate a slightly modified rotor during
service, for instance. Also, utilization of measured frequency
response data effectively in the synthesis procedure is a
nontrivial problem. Such needs are difficult to deal with
using traditional synthesis methods. Therefore, parametric
optimization was adopted.
Parametric optimization has been used already for a long
time to design controllers. In [25] time domain
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specifications were formulated to a set of inequalities, and a
moving boundaries algorithm was used to find a feasible
solution. An automatic loop shaping approach for
quantitative feedback theory [14] (QFT) framework was
proposed in [11]. In [7] a similar method was proposed, and
linear programming was used in the search of optimum.
Successive quadratic programming (SQP) was used in [10]
to optimize a controller subject to multiple frequency
domain specifications. In [15] the H-infinity norm was
minimized in a multimodel problem setup. The authors
parametrized the controller using rational transfer functions
and formulated the synthesis task into a convex optimization
problem using a desired open loop transfer function. In [2] a
bundling method was presented to minimize H-infinity norm
in multimodel multi-input-multi-output (MIMO) systems
under controller structure constraints. In [3] the method was
extended for structured singular value minimization. In [2]
and [3] the largest singular value (LSV) of some frequency
response matrix is minimized over a frequency range. The
fundamental difficulty in optimizing the LSV using
parametric optimization is that the LSV is not differentiable
when two largest singular values coincide [16], which leads
to a nonsmooth optimization problem. Convergence of
nonsmooth methods may be slow near the local optimum, as
noted in [2]. Our first contribution is an approximation for
the square of LSV. This upper bound is twice continuously
differentiable and has guaranteed tolerance. Therefore, it
enables using smooth constrained optimization algorithms,
like SQP, in MIMO synthesis. Many smooth optimization
methods can guarantee fast local convergence [21].

Our second contribution is a new method for controller
parametrization. Even though parametric optimization has
been studied a lot, the parametrization itself has not got
much attention. Most of the papers concentrate on
optimizing the coefficients of a simple controller, like PID.
In case of AMB, simple PID is rarely sufficient to obtain
satisfactory results. The challenge is to parametrize a high
order controller cost effectively so that numerical problems
are avoided, and solution time remains in so short level that
the algorithm can be considered as an interactive tool.
Laguerre basis, used for example in [15], is an option
especially when the resulting controller behaves relatively
smoothly in the frequency domain. However, when rapid
maneuvers are expected in some parts of the frequency
domain, Laguerre basis is not so effective anymore. It does
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not enable concentrating the design freedom to important
frequency regions, which leads to uneconomic
parametrization when measured as a number of decision
variables and constraints. A better solution in this respect
can be obtained with the parametrization in [1], but
translating the information of the specifications and
templates to suitable pole clusters is a nontrivial problem. In
[11] and [7] the controller was parameterized by giving a
piecewise linear controller amplitude curve in a frequency
grid, and using Bode's gain-phase relations [6] to obtain the
phase curve. This approach is tempting because it enables
effective adjustment of design freedom, simply by adjusting
the density of the grid points in the frequency axis. This is
almost what is needed, but for the present class of processes
the inherent limitation to minimum phase controllers is a
serious drawback in parametrizing the amplitude-phase
curve. According to our experience, the AMB controllers
tend to be non-minimum phase. In our parametrization the
real or imaginary part of the controller is defined in a finite
frequency grid and the other part is obtained by Hilbert
transform. This parametrization allows non-minimum phase
controllers as well. Even though the relations between the
real and imaginary parts and analytic solutions for Hilbert
transforms of piecewise polynomials have been known for a
long time ([6], [13]) the authors are not aware that such
parametrization would have been used in control system
synthesis.

This paper is organized as follows. The LSV
approximation is presented in Section 2 and the
parametrization in Section 3. In Section 4 we give a simple
example and the conclusions are given in Section 5.

II. SMOOTH APPROXIMATION OF LSV

Let us consider the matrix Q(x)eC™?", which depends on

the real parameter vector x=[x, x, ... x.]'€R". We assume

that @ is twice continuously differentiable with respect to x.
Let us denote the LSV of @ by &(Q). In the following, we

present a smooth approximation for the square of the LSV,
5(0).
Let Z=0"Q, when P<M and Z=QQ" otherwise. The

eigenvalues of Z are the squares of the singular values of Q.
The characteristic polynomial of Z is of the form

P(r,x):det(rI—Z(x ) W

=" +ay, (x)rN’1 +...+aq, (x),

where N=max(P,M) and I denotes unity matrix. The
coefficients of the characteristic polynomial are real because
Z is Hermitian, and twice continuously differentiable. All
roots of P(r,") are real and nonnegative. The largest root is

& . Let us define the modified polynomial, P, as follows

P (r,x)=P(r,x)-&" ()

where ¢ is an arbitrary tolerance, eeR, € >0. Let us denote

the real roots of P, as p,(Q) and number them in descending
order (p;>p,...). Since Py( & ,x)=-¢" and lim P, (r,:) =0, it

is clear that P, has at least one real root >&>. Our
approximation of the square of LSV is the largest of those
roots (p;) and we denote it by 7(Q). In the following we
prove that this approximation is twice continuously
differentiable with respect to x and fulfills

' (Q)<n(Q)<c*(Q)+e. (3)

Write the characteristic polynomial in the form

P(r)=T1(r-o7) @

i=1

where o, are the singular values of Q. For > &~

P(r,~):<r—Ez)N1i[—E:::2;2(r—52)N. )

Thus, P, cannot have real roots >&° +&. See also Fig. 1.
Therefore, (3) must hold. From (4) it is seen that 0P/0r>0
for ¥> &, which means that P, has exactly one real root for
r>&" and this root is simple. To prove differentiability of 7,

we differentiate the equation P(7, x)=0 with respect to x;
and obtain

oPon OP _, (©6)
on ox;, Ox,

Evaluation of 0P/0n is trivial and expression for OP/0Ox; is
obtained applying the following fact [22]

odet(Y)

X

=det(Y) Trace(Yl G_YJ (7)

X
to matrix Y=nl-Z. So, the partial derivative is

on -10Z | OP
a_Xiz_gN Trace((nl—z(x)) a_x!j/g (8)

As mentioned earlier, OP/0r >0. Matrix nl-Z is invertible,
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because 77>G°. Thus, 7 is at least once continuously
differentiable with respect to x. By differentiating (6) with
respect to x; the elements of the Hessian can be obtained and
it is seen that 7 is twice continuously differentiable.

P(s)
Py(s)

Lower bound for P,:
(s-o2N-eN

e
P(s) crosses zero last time
in this interval

Fig. 1. Behaviour of P and P..

III. PARAMETRIZATION

In this section a method of parametrizing a set of stable
SISO transfer functions is presented.

It is a well known fact that the real and imaginary parts of
a stable transfer function are tightly related [6] and that the
relation is given by the Hilbert transform [13]. The Hilbert
transform, v, of function u is defined as follows [4]:

v(x)=1P T u(x) g )

where P stands for Cauchy Principal value. Consider
function f{ss), which is analytic in the right half plane (RHP).
Take point ix on the imaginary axis. If u(x)=Re(f(ix)) then
Im(f(ix))=v(x)+c, where c is a constant. On the other hand, if
u(x)=Im(f{ix)) then Re(f{ix))=-v(x)+c. This leads to the idea
of parametrizing the controller by defining either the real or
the imaginary part of the frequency response curve and
obtaining the other part using the Hilbert transform. In [13]
the Hilbert transform has been derived for continuous
piecewise linear functions and also for functions that have a
continuous and piecewise linear first derivative. We use a
similar approach in our parametrization. Conjugate
symmetry of the frequency response function can be
assumed and utilized in the derivation of the relations [6].
We do not want to assume this because the capability of
dealing with non conjugate symmetric frequency responses
is a valuable feature especially in the AMB process.

To define a parametrized set of functions {ug(x)} we
select a monotonously increasing grid of points {xg,....xsn}
and smoothing parameters {ws,...,wsn}. These 2N real
numbers define a set of piecewise linear smoothed functions,
us, which are zero in infinity, see Fig. 2.

second order spline
around all nodes — >

Fig. 2. Form of the us-finction.
Function ug can be expressed in the form

N=2
Ug (x) = z @, usr (x, Xsn s Xsn+19 Xsnr20 Wen> Wenr1> Wani2 )’ (10)

n=1

where usr(X,xL,XT,Xr,WL,Wr,Wr) 1S a smoothed triangle
function, defined in Fig. 3 and parameters ¢, are real.
Second order spline curves are introduced to obtain a
continuous first derivative. They are not crucial for the
method, but with them infinite derivatives are avoided in the
Hilbert transform of ugr.

uadratic
Parameters wy 1z must be >0 gect'on
and sufficiently small 1
so that the smoothing regions /"\
do not overlap
Ust
quadratic quadratic
section i/ linear linear \{ section
section section \ X
; W"ki 11/'1‘ \’V—L VV-L VUKE \’VK
= p R
; =R R e
o e R e I S I
H T L 3 T ~
2 / i’ 2 2 — 2
7] 2
% (x_xL +WL) 17(X_XT _WT) 7(x—x1.+w1.) (X_xk _WR)
5 4w, (xT - XL) 4wy (xT - xL) 4wy (XR - xr) 4wy (xR - xT)

Fig. 3. Smoothed triangle function usr(x,xy X1, XR,WL,WT,WR).
The Hilbert transform of ug is of the form

N-2
VS ('x) = Z ¢n VST (x’ xSn > xSn+1 > xSlHZ > WSn > WSII+1 > WSn+2 )’

n=1

(11)

where vsp is the Hilbert transform of the smoothed
triangle function ugr. Following [13] it is straightforward to
verify that

Vst (x xL’xT’xR’WL’WT’WR)
(xR_xL)q(x_szwT) (x stWL) q(x_xR:WR)(lz)

—x ) (o = x7) 7(x —x,) 7(xg —xp)

7(x;

where g is a real valued function of two real arguments:
1 2 2
q(x, w) = 4—[(x+ w) 1n|x+ w|—(x—w) 1n|x— w”, (13)
w

where In stands for the natural logarithm. It is also
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straightforward to prove that vgr is continuous, has a
continuous first derivative and xvsr(x,-) approaches a
nonzero constant for large x. Examples of ugr and vgsr are
shown in Fig. 4.

Fig. 4. Smoothed triangle function usr(x,20,30,40,3,3,3) and its Hilbert
transform vsr(x,20,30,40,3,3,3).

Corresponding to every parameter vector value there is a
unique pair, us(x) and vs(x), which define values of some
function of complex variable Hg(s) on the imaginary axis as
Hs(ix)=ug(x)+ivs(x) or Hs(ix)=-vs(x)+ius(x). From above it is
clear that Hs is linear in respect to variables ¢@,. For example,
in the former case

N

Hy (S) = Z¢11HST (S7xSn > X541 Xsns20 Wens Wei1o WSn+2) (14)

n=1

where Hgr(s,:) is a function analytic in the RHP and
which real and imaginary parts in the imaginary axis point ix
are ugr(x,:) and vsr(x,:), respectively. Values of Hg(s) in
RHP can be evaluated using Cauchy integral formula [4]. By
straightforward inspection it is verified that Hs(s) obtained
using Cauchy integral formula is indeed analytic in the RHP,
vanish at infinity and in the imaginary axis equals the values
defined by ug and vs. Function Hg(s) is not a rational transfer
function but using Runge's theorem [12] it is straightforward
to prove that Hs(s) can be approximated to an arbitrary
accuracy by a stable rational transfer function.

The nonrational transfer function Hg forms the foundation
of the controller parametrization. However, for easy
inclusion of an integrator, for example, we also allow
inclusion of a couple of arbitrary rational transfer functions,
H,, and define the set of controllers as follows

{Hs(s)+NPi{ o H, (s)|p:Kx,xeRN} (15)

where p is a vector containing all ¢, and ¢, and K is a
user defined real valued connection matrix. It can be used,
for example, to force conjugate symmetry for the frequency
response.

Evaluation of Hs in the complex plane is hard. However,
the synthesis will be done entirely using the frequency
response function. The frequency response of the controller
is of the form C(iw)=Y¥(w)x, where Y is a complex valued
row vector, whose elements can be evaluated using (11),
(12), (13) and (15). Before implementing the controller a
rational transfer function must be fitted to the frequency
response function. This is shortly discussed in Section IV.

The parametrization is made applicable to discrete time
systems using bilinear transformation which maps the left
half of the s-plane to the interior of the unit circle in the z-
plane, z = (1+s7/2)/(1-sT/2), where T is the sampling

period.

IV. EXAMPLE

In this section one way of performing smooth frequency
domain parametric optimization is outlined using simple
AMB control case as an example.

A. Process
Let us consider levitation of non rotating rigid rotor in
magnetic bearings. The transfer function from control
current reference to displacement is [18], [23]:
P(s)=B'(Ms*~B,cB!) B (16)
where /=340000, ¢=1.6x10°, M=diag([94.9 8.56]), where
diag means diagonal matrix, and

1 1 1 1
B, = ,B, = .(17)
* 10361 —-0.526 0287 —0.451

B. Problem statement

We set a performance specification for output sensitivity
function, S=(I+PC)". In addition, any design freedom is
used to maximize noise rejection. Mathematically, the task is
to design a stabilizing controller, C(s), such that

& (W (w)S(iw))<1 Vo ey, and

&(Wes (0)C (i) S(iw)/ B)<1Vw €y, {19

where B is "bound parameter", which we attempt to
minimize and s and g are the frequency regions where
the specification must hold. In the present example,
sensitivity weight, Ws, is 2 below 200 rad/s, 0.5 above 400
rad/s and changes linearly between the mentioned
frequencies. Wcs(m):max(O.Z,(a)/a)CS)z), where @cs=3000
rad/s. Frequency regions are s=[0,4000] rad/s and
Wes=[0,15000] rad/s.

In the present case we search the best decentralized stable
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controller having identical diagonal entries, i.e. a controller
of the form C(s)=diag([C(s) C(s)]). The problem statement is

minimize B subject to (18) and C € F, (19)
where F is the set of proper controllers, which give stable
closed loop and fulfill the defined structural constraints.

C. Controller parametrization

The controller grid was selected as y={-10000, -9900,...,
10000} rad/s. Because our present process has real valued
input and output signals, the controller must exhibit
conjugate symmetry. Thus, the free variable vector, x,
defines the imaginary part at nodes {100, 200,..., 9900}
rad/s, i.e. a total of 99 free variables. At negative frequencies
the imaginary part is the opposite number, and at zero
frequency, the imaginary part is zero. The roll-off rate of the
Hilbert part in the symmetric case is 40 dB/dec, which is the
same as the roll off rate set by the specifications (W¢).

D. The finite problem

With the parameterized controller the problem is now
transformed to semi-infinite problem. Next, the problem is
further reduced to finite problem by requiring that the
specifications (18) are fulfilled in finite frequency grid, wcg,
called constraint grid. In the present case, due to the
conjugate symmetry, it suffices to set the specifications for
positive frequencies only. It is important that the constraint
grid is sufficiently wide and dense compared to the
controller grid and frequency behavior of the process so that
violations of the constraints (18) outside the grid points
remain in an acceptable level. The constraint grid was
selected as wcg={40, 80,..., 12000} rad/s.

In addition to creating frequency domain grids, the
approximation of the largest singular value is introduced in
this step. Constraints (18) are translated to

n(VI/S(w)tS'(ia)))Sl Voey, "W 0)

n(We (0)C(io)S(io)/B)<1 Vo ey e

Using equations of Sections II and III these constraints
are transformed to form g(x,B)<0, where g is vector valued
function, which is twice continuously differentiable with
respect to relevant argument values. The finite problem can
be expressed in the form

minimize B subject to g(x,B)<0andxe X, (21)
where X is the set of decision variable vectors, which
gives stable closed loop. Note that the requirement of stable

diagonal controller has been already embedded in g. In the
present case intersection ysNycg contains 100 frequency

points and intersection WwisNWcg contains 300 frequency
points. So, g has a total of 400 elements.

E. Initial value and stability

In the present example we take care of constraint xe X by
selecting an initial xoeX and then ignoring constraint xeX.
In the present case this approach is justified because it is
easy to find xyeX and the constraint are such that near the
boundaries of X some element of g should get high values,
thus keeping the iterations inside X. Of course, prerequisite
for this is that the constraint grid is sufficiently dense. The
initial controller was designed using manual loop-shaping:

(0.055+20) @,

2 2\’
(S + a)init )(S + 1 '42a)inits + a)init )

C@n(s):

(22)

where @,,;=2500 rad/2. The initial controller vector, xq,
was fitted to Cy,; using least squares fit in the constraint
frequency grid.

F.  Optimization

Before going to actual optimization, we find a feasible
solution, i.e. xeX, which fulfills g(x,Bm.x)<0 for the
maximum acceptable value of the bound parameter, Biy.
This is done by solving

minimize 4 subject to g(x, B, ) < 4a. (23)

where a=max(g(x,Bmax),0). Iteration is started from x=x,,
A=1. This minimization can be terminated when A<0 is
found. Problem (23) is a standard smooth constrained
optimization problem, where tens of powerful methods are
available [5], [21]. We have selected successive quadratic
programming (SQP) as the algorithm category mainly
because of good reputation of those algorithms and existing
effective implementations. Many SQP implementations are
able to guarantee global convergence to a Karush-Kuhn-
Tucker point [17] and fast local convergence under realistic
assumptions, [21]. We used the SQP algorithm in Matlab®
Optimization Toolbox. Gradient information was provided
for the algorithm according to (8).

Next, the optimization was performed, i.e. the problem

minimize B subject to g(x,B) <0 (24)

was solved using the same algorithm as in the feasibility
stage. After 10 iterations, the algorithm converged to a final
solution with B=222.7. The algorithm was terminated when
the first order optimality conditions were fulfilled with
sufficient tolerance. During the last iterations superlinear
convergence was observed and the KKT point was certainly
obtained.
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The resulting controller, the sensitivity function and the
disturbance rejection function are shown in Fig. 5. Those
curves were computed with 1rad/s grid to reveal any
violations of the constraints also between the constraint
frequency grid points. As can be seen, the constraints are
violated only by a negligible amount. Another observation is
that the boundaries are hit practically everywhere, which
implies that the design cannot be considerably improved by
increasing density of the grids.

G. Fitting of rational transfer function

A rational transfer function, Cg;, of order 9 was fitted to
the obtained frequency response using the combination of
algorithms found in [20] and [8], i.e. algorithm in the
Matlab® Signal Processing Toolbox. It is also shown in

Fig. 5 but it is not distinguishable from the original curve.
25 T
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Fig 5. Results of the optimization.

V. CONCLUSIONS

It is clear that the method can handle multimodel
uncertainties and multiple specifications without problems.
The method extends also to structured singular value
optimization in a straightforward way. The D-scales can be
parametrized and the decision variable vector consisting of
the controller parameters and D-scale parameters can be
solved simultaneously as proposed in [3], but now using
smooth optimization methods. As noted in [3], such
approach has potential benefits compared to D-K iteration.
Note that in the formulation outlined in Section IV we did
not assume an explicit transfer function or state space model
for the plant or the weights. This leads to difficulties in
guaranteeing closed loop stability, but on the other hand,
facilitates flexible definition of the specifications and also
bringing measured frequency response data to synthesis
process directly without model identification. So far we have
successfully used frequency domain parametric optimization
in several challenging industrial AMB applications.
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