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Abstract— Recently, control approaches for human-like be-
haviour have been attracting considerable attention in the
field of surgery robotics. To this respect, precise dynamic
models of the human arm are required to give the surgeon the
physical feeling of working with a human assistant rather than
a machine, which will result in a safer physical interaction.
Musculo-skeletal systems of several species, including human
muscles, have been successfully modelled by fractional differ-
ential equations. This study presents fractional order closed-
loop identification for estimating the dynamics of the human
arm. In particular, fractional and integer order models are
identified in the frequency domain from real experiments with

human subjects, using continuous random force as input and
position in angle as output. The results show that more general
dynamic models, i.e., fractional order models, allow adequate
frequency responses to be attained but with a smaller number
of parameters. A comparison with different dynamic models
of the human arm reported in the literature is also given to
demonstrate the validity of the proposed models.

I. INTRODUCTION

When developing control architectures for surgery

robotics, it is often necessary to use a model of the human

operator. Controlling a robot to behave like a musculo-

skeletal system lowers the dynamic discontinuity between

the surgeon’s arm and the robotic arm, which in turn gives

the surgeon the physical feeling of working with a human

assistant rather than a machine. Furthermore, this contributes

to a safer physical interaction, to an increase in surgeon

comfort and ergonomics, and at the outset wins over the

traditional scepticism surgeons have to robotic intervention

in the operating room. Refer e.g. to [19], [2], [12], [13] for

remarkable opportunities offered by integrating human and

robot into a single system.

In what concerns human arm models, and while they are

in reality non-linear, time-varying systems, it is commonly

accepted to consider third order integer dynamic models for

comparison and validation purposes, in which the human arm

was considered as a mechanical system consisting of five

elements — one mass, two springs and two dampers [6],

[4], [18], [3]. Other more complex models for the human

arm were also proposed, applying different methods for the

identification (see e.g. [1], [10], [9], [24]).

*Inés Tejado would like to thank the Portuguese Fundação para a Ciência
e a Tecnologia (FCT) for the grant with reference SFRH/BPD/81106/2011.
This work was also supported by national funding through FCT, under
project Pest/OE/EME/LA0022/2011 — LAETA/IDMEC/CSI.
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Some recent works highlight a fractal structure of muscles,

which often leads to fractional dynamics; this alone justifies

the approach based on the use of a non integer (or fractal)

model to characterise its dynamic behaviour. A fractional

structure model, due to its infinite dimension nature, is

particularly adapted to model complex systems with few

parameters and to obtain an adequate exploitable model [7].

To this respect, muscles of several species, including human

muscles, have been successfully modelled by fractional dif-

ferential equations (see e.g. [17], [16], [15], [5]). However,

up to now fractional identification methods have not been

applied to human arm dynamics.

Given this motivation, the aim of this paper is twofold:

1) Measure, record and characterise the dynamic of the

human arm under muscle co-contraction by extending

the method performed in [6] to fractional order models,

with the measured force at the hand as model input and

the measured elbow angle —instead of the position—

as output.

2) Offer a comparative study with current models reported

in the literature.

It is worth remarking that it is the first step to achieve the

final objective of this work, viz., to control the position of

the end of a surgery robot.

The remainder of this paper is organised as follows. Sec-

tion II summarizes the fractional order identification method

used in this work, Levy’s method. Section III describes

the experiments and processing performed to estimate the

frequency response of the human arm. In Section IV, the

dynamic arm models identified are presented, including a

comparison with other models reported in the literature.

Finally, Section V draws the conclusions of this paper.

II. FRACTIONAL ORDER IDENTIFICATION

The identification of a fractional model directly from a

time response is reviewed in [8]; a survey of methods for

both time and frequency responses can be found in [22].

In this paper, as explained below in detail in section III-B,

a frequency response was obtained first, and models were

then identified using Levy’s method. This method fits, to a

frequency response G(jωp), p = 1, . . . , f , a commensurable

fractional model of order α with frequency response given

by

Ĝ(jωp) =

∑m

k=0 bk(jωp)
kα

1 +
∑n

k=1 ak(jωp)kα
=

N(jωp)

D(jωp)
. (1)

Notice that, without loss of generality, we have made

a0 = 1. The adjustment might be done minimising
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, but it is easier to minimise instead

|E|2 = (GD −N)2 =

=
[(

ℜ[G] + jℑ[G]
)(

ℜ[D] + jℑ[D]
)

−
(

ℜ[N ] + jℑ[N ]
)]2

=
[(

ℜ[G]ℜ[D]−ℑ[G]ℑ[D]−ℜ[N ]
)

+ j
(

ℜ[G]ℑ[D] + ℑ[G]ℜ[D]−ℑ[N ]
)]2

=
(

ℜ[G]ℜ[D]−ℑ[G]ℑ[D]−ℜ[N ]
)2

+
(

ℜ[G]ℑ[D] + ℑ[G]ℜ[D]−ℑ[N ]
)2

, (2)

where ℜ[−] and ℑ[−] denote real and imaginary parts,

respectively. |E|2 is then differentiated with respect to coef-

ficients bi, i = 0, 1, . . . ,m and ai, i = 1, 2, . . . , n, and the

derivative is equalled to zero. This is done for all frequencies,

resulting in a system of equations given by
[

A B

C D

] [

b

a

]

=

[

e

g

]

(3)

A =

f
∑

p=1

pA (4)

pAl,c = −ℜ
[

(jωp)
lα
]

ℜ [(jωp)
cα]−ℑ

[

(jωp)
lα
]

ℑ [(jω)cα] ,

l = 0 . . .m ∧ c = 0 . . .m (5)

B =

f
∑

p=1

pB (6)

pBl,c = ℜ
[

(jωp)
lα
]

ℜ [(jω)cα]ℜ [G(jωp)]

+ ℑ
[

(jωp)
lα
]

ℜ [(jωp)
cα]ℑ [G(jωp)]

−ℜ
[

(jωp)
lα
]

ℑ [(jω)cα]ℑ [G(jω)]

+ ℑ
[

(jωp)
lα
]

ℑ [(jωp)
cα]ℜ [G(jωp)] ,

l = 0 . . .m ∧ c = 1 . . . n (7)

C =

f
∑

p=1

pC (8)

pCl,c = −ℜ
[

(jωp)
lα
]

ℜ [(jω)cα]ℜ [G(jωp)]

+ ℑ
[

(jωp)
lα
]

ℜ [(jωp)
cα]ℑ [G(jωp)]

−ℜ
[

(jωp)
lα
]

ℑ [(jω)cα]ℑ [G(jωp)]

−ℑ
[

(jωp)
lα
]

ℑ [(jωp)
cα]ℜ [G(jωp)] ,

l = 1 . . . n ∧ c = 0 . . .m (9)

D =

f
∑

p=1

pD (10)

pDl,c =
(

ℜ [G(jωp)]
2
+ ℑ [G(jωp)]

2
)

(

ℜ
[

(jωp)
lα
]

ℜ [(jωp)
cα] + ℑ

[

(jωp)
lα
]

ℑ [(jωp)
cα]

)

,

l = 1 . . . n ∧ c = 1 . . . n (11)

e =

f
∑

p=1

pe (12)

Fig. 1. Experimental set-up used for collecting experimental data of human
arm dynamics: frontal view (left) and top view (right)

pel,1 = −ℜ
[

(jωp)
lα
]

ℜ [G(jωp)]−ℑ
[

(jωp)
lα
]

ℑ [G(jωp)] ,

l = 0 . . .m (13)

g =

f
∑

p=1

pg (14)

pgl,1 = −ℜ
[

(jωp)
lα
]

(

ℜ [G(jωp)]
2
+ ℑ [G(jωp)]

2
)

,

l = 1 . . . n (15)

b = [b0 · · · bm]
T

(16)

a = [a1 · · · an]
T

(17)

If the appropriate order α is not known, and since includ-

ing it explicitly among the parameters to minimise would

lead to a nonlinear problem, it is expedient to find models

for several different values of α and keep the best [22]. For

alternative formulations and possible improvements of this

identification method, see [21], [22].

III. METHODS

This section addresses the two-stage method proposed in

this preliminary study to identify the dynamics of the human

arm. Firstly, details of the subjects, equipments and trials are

given and, then, the subsequent data processing to estimate

the frequency response of the arm is explained.

A. Description of the experiments

Up to now, two healthy males without any known

musculo-skeletal injuries of the higher limbs volunteered to

participate in this study with prior consent, using their right

arm.

Experiments were performed using a Kollmorgen direct

drive motor D061M-23-1310 model in current control mode,

which was able to produce 5.3 Nm continuous torque and

16.9 Nm peak torque. For safety reasons, the motor rotation

angle had a limited range of action of 0.9 rad in both direc-

tions around the zero-point. The motor current was controlled

using an advanced Kollmorgen drives (AKD) controller with

a 16-bit analog input used for the current reference input

and an encoder output emulator for the measured angle. An

aluminium horizontal link was attached to the rotatory center

of the motor, with a handle and a laser pointer mounted at its

end. The laser was used to point the position of the arm-link

group on a screen which was in front of the motor; at the

beginning of each trial, the pointer was aligned with the zero

position marked in the screen. To measure forces applied by

3453



the subjects in the Y axis, a JR3 12-degree-of-freedom DSP-

based force sensor, connected to a PCI-BUS dual receiver

board, was placed at the handle aligned accordingly with

the scheme in Fig. 3. The JR3 measured linear forces and

moments along with linear and angular accelerations. Its

output was a 16-bit digital signal that could be associated

with a digital filter directly implemented into the JR3 DSP

sensor. For data acquisition, an Intel I7 computer with XPC-

Target operating system running at 2 kHz frequency was

used. This target computer had a MF624 Humusoft analog-

digital PCI board for digital-analog communications and a

JR3 PCI-BUS dual receiver board.

Let us consider the motor–link–sensor dynamics as fol-

lows:

Mθ̈ + C(θ̇, θ) = τ, (18)

where M and C are the mass matrix and the friction term

dynamics, respectively, and the applied torque τ is

τ = KTorqueIC , (19)

being KTorque and IC the motor torque constant and current

input, respectively. In (18), it is desirable to eliminate all the

motor-link-sensor dynamics in order to be able to measure

only the human arm dynamics. To this end, the applied motor

torque was

τ = τDyn + τExternal, (20)

in which τDyn refers to a dynamic compensation given by

τDyn = M̂ θ̈ + F = M̂ θ̈ + Ĉθ̇ + B̂ sign(θ̇), (21)

where M̂ is the estimated mass matrix and F , the friction

model. It is worth remarking that compensation (21) is as

good as the estimation of M̂ and F . For this experiment,

a simple Coulomb friction model revealed sufficient, since

the motor in question is a direct drive motor without the

drawbacks of gear backlash. Moreover, to increase the force

control robustness, a PID controller was added as presented

in the block scheme in Fig. 3. In fact, this control imple-

mentation guaranteed sufficient bandwidth to capture all the

dynamic properties of the human arm.

During each experiment, subjects were kneeling on one

side of the motor, grabbing the handle with an angle for the

elbow of about 90◦ as shown in Fig. 1. Although the elbow

and wrists were not supported, they were asked not only to

maintain a firm grip on the handle but also not to move their

trunk, shoulder and elbow. Likewise, during each trial the

subjects were required to keep the laser pointer at zero-point

under muscle co-contraction.

In order to avoid subject fatigue, the duration of each trial

was 40 s. Human anticipatory reflexes make modelling the

arm dynamics difficult, as it is hard to keep the arm passive

to force disturbances. Fortunately, the more random the force

disturbance is, the less likely it will trigger the arm’s reflexes

[6]. For this reason, the current study used inputs generated

by a sum of sinusoids with frequencies in the [0.12, 15] Hz

range, and limited to not exceed 5 N, to render them

unpredictable by the subjects under experiment and allow

us to obtain frequency responses in the mentioned range.

Fig. 2. Example of signals involved in one experiment: (a) Reference force
(b) Measured force (c) Elbow angle

Y

X
Sensor

MotorK I

IM

ID IC+

Motor Inner-Loop

+

ref = 0

error Human Arm

Fapplied

Fmeasured

 
,

Dyn

 
Dyn = M̂ + Ĉ + B̂ sign( )

Dynamic plus Coulomb 
Friction Compensation

+

+
PID

+Fref K
1

torqueL

Fig. 3. Closed-loop block scheme for identification of human arm
dynamics. Fref , Fapplied and Fmeasured are the input, applied (by
the subject) and measured (by the sensor) forces, respectively (indeed, it
is assumed that Fapplied = Fmeasured); θref , θ and θerror are the
reference, measured and error angles, respectively (θref = 0, i.e., subjects
are required to maintain the link at zero-point); L is the link length (for
this experiment, L = 0.35 m); KI and Ktorque are the motor current
control gain and torque constant, respectively; and ID , IM and IC are the
reference, measured and applied currents of the motor, respectively

Fig. 2 shows an example of signals involved in one of the

experiments. The force measured by the mentioned sensor

was practically identical to the force input. It was assumed

that the bandwidth for the human arm is approximated to

10 Hz, fact which justifies the selection of 15 Hz bandwidth

for the force input.

Both the force applied by the subject, Fapplied(t), and the

elbow angle, θ(t), were recorded with a sampling frequency

of 2 kHz. Fig. 3 shows a block scheme of the experimental

set-up, with which the desired dynamic human arm transfer

function was determined as

Garm(s) =
θ(s)

Fmeasured(s)
. (22)

B. Data processing

In order to identify the dynamics of the human arm from

our experiments by Levy’s method, the estimation of the

corresponding frequency response is needed. To do so, an

approach for estimating transfer functions of linear systems

from spectral analysis will be used. Spectral estimation

was applied to human arm modelling in [6], [11], [23]. In
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particular, the measured human experiment frequency re-

sponse is computed by using Welch’s method —by means of

the MATLAB function tfestimate— with 18 Blackmanharris-

windowed segments (length of the window equal to 5000),

18000 samples and 25% overlap in order to attain smooth

frequency responses. Previously, the output was filtered by a

zero-phase forward and reverse FIR equal ripple digital filter

—applied with MATLAB function filtfilt— designed with

pass-band and stop-band frequencies of 15 Hz and 18 Hz,

respectively, and a passband ripple of 1 dB with 80 dB of

stop-band attenuation.

It should be noticed that the variations of Levy’s method

mentioned at the end of section II — the use of weights to

correct an excessive influence of high-frequency data [25],

[22], or the use of iterations to minimise
∣

∣G− N
D

∣

∣

2
rather

than |GD −N |2 [22], [14] — have been attempted, without

improvement in results.

IV. RESULTS

In this section, the dynamic models for the human arm re-

sulting of the identification are presented and also compared

with the other models reported in the literature.

A. Dynamic models

Let us consider a general model, corresponding to fre-

quency response (1); its (fractional) transfer function of

commensurable order α as follows:

Ĝ(s) =

∑m

k=0 bks
kα

1 +
∑n

k=1 aks
kα

. (23)

Each model was identified to accurately reflect the

mean value of the measured frequency responses in the

[0.12, 15] Hz range by means of Levy’s method in Matlab

(with levy function [20]) for fractional and integer order

models up to third order in accordance with [6]. Commen-

surable orders of fractional models were found sweeping the

α ∈]0, 2[ range, where models are stable, with a 0.1 step, and

keeping the best result. In order to evaluate the goodness-of-

fit of the obtained models, the following performance indices

were calculated:

1) Mean square error (MSE) per sampling frequency,

defined as

MSE =

∑N

j=1(gj − ĝj)
2

N
, (24)

where gj and ĝj are the experimental and estimated

frequency responses, respectively, and N is the number

of frequency samples.

2) Mean absolute deviation (MAD) as

MAD =

∑N

j=1 |gj − ĝj |

N
. (25)

3) Coefficient of determination (R2 ∈ (0, 1)) defined as

R2 = 1−

∑N

j=1(gj − ĝj)
2

∑N

j=1(gj − ḡ)2
, (26)

where ḡ is the mean of the experimental response. This

parameter gives an idea of how successful the fit is in

explaining the variation of the data: the closer to 1, the

better the fit.

The best results were obtained for the following fractional

and integer order models:

ĜIO(s) =
b2s

2 + b1s+ b0
a3s3 + a2s2 + a1s+ 1

= (27)

=
5.32·10−7s2 + 1.86·10−5s+ 0.005

8.75·10−6s3 + 7.81·10−4s2 + 0.034s+ 1
,

ĜFO,I(s) =
b1s

α1 + b0
a2s2α1 + a1sα1 + 1

=

=
6.375·10−6s1.4 + 0.0037

3.121·10−5s2.8 + 0.0103s1.4 + 1
, (28)

ĜFO,II(s) =
b0

a2s2α2 + a1sα2 + 1
=

=
0.0035

3.296·10−4s2.2 + 0.0184s1.1 + 1
. (29)

Two of the identified models were of fractional order, with

an order less than 3, whereas the integer model was of third

order. At this point, it is important to remark that these

models have a similar structure that the widely used in the

literature [6], which justifies the work developed up to now.

A comparison of the frequency responses of the identified

models is illustrated in Fig. 4. It can be seen that the proposed

arm models produce frequency responses that closely match

the experimental ones, especially in [3, 15] Hz range (for

high frequencies). This fact may suggest the need for further

study at low frequencies. Likewise, Fig. 5 shows their time

responses. It can be seen that all models adequately follow

the input —the measured force in this case—, but the integer

model (27) seems to have often oscillations with a too high

amplitude. Note that the experimental angle represented in

this figure was obtained as the mean of the collected from

both examining subjects.

A summary of the identification results is given in Table I.

From them, it can be stated that only slight differences

can be found between the obtained models in terms of the

performance indices, particularly for models (27) and (28).

On the contrary, the main and significant difference arises

from the number of parameters necessary to determine the

model. Actually, it is shown that fractional order models

allow adequate frequency responses to be attained, but with

less parameters; while integer models, with less parameters,

have unacceptable performances. To this respect, additional

integer order models with 3 and 4 parameters were also

included in Table I —referred to as model A (two poles)

and B (two poles and one zero), respectively—. Due to this

fact, henceforth we considered the dynamics of the human

arm given by the following transfer function:

Ĝarm(s) =
6.375·10−6s1.4 + 0.0037

3.121·10−5s2.8 + 0.0103s1.4 + 1
. (30)

B. Comparison with other studies

As mentioned previously, several papers focused on the

identification of the human arm dynamics in the frequency
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Fig. 4. Frequency responses of the identified fractional order (FO) models (28) and (29) and the integer order (IO) model (27). The dotted lines correspond
to the experimental responses of the human arm

Fig. 5. Time responses of the identified fractional order (FO) models (28)
and (29) and the integer order (IO) model (27) (11−16 s of the experiment).
The dotted line corresponds to the mean of the elbow angles measured for
Subject 1 and 2

TABLE I

SUMMARY OF THE IDENTIFICATION RESULTS

Model α MSE (×10−7) MAD (×10−4) R2 # param

(27) 1 2.70 3.52 0.94 5

(28) 1.4 5.14 5.01 0.89 4

(29) 1.1 8.4 6.37 0.82 3

A 1 11.52 6.71 0.8 3

B 1 11.59 6.72 0.8 4

domain assume that the human arm can be conceptualized

as a mechanical model consisting of five elements: one mass

(M ), which represents the inertia of the arm, two springs

(with constants k1 and k2) and two dampers (with damping

coefficients d1 and d2), where each damper-spring group

represents the hand grasp and the arm stiffness (see [6] and

references therein for a recent review). Thus, the transfer

functions of these models were expressed as

Ĝarm(s) =
b2s

2 + b1s+ b0
a3s3 + a2s2 + a1s+ 1

, (31)

where

b2 = M/(k1k2), (32)

b1 = (d1 + d2)/(k1k2), (33)

b0 = (k1 + k2)/(k1k2), (34)

a3 = d1M/(k1k2), (35)

a2 = (d1d2 + k1M)/(k1k2), (36)

a1 = (k1d2 + k2d1)/(k1k2). (37)

Fig. 6 compares the frequency responses of different

reported models with the one proposed in this study; their

parameters and an estimation of their bandwidth —denoted

as BW—, measured at the frequency where gain is −3 dB,

can be found in Table II. Although the experimental methods

differ significantly, it is important to highlight that the

structure of all models is comparable. As can be seen, the

estimated BW of our model differs from all others because of

the different configuration, discussed in section III-A. Notice

that of all models ours is the one with a smaller number of

parameters to determine.

V. CONCLUSION

This study has presented integer and fractional order

models for the human arm dynamics obtained from real

experiments in the frequency domain. The structures of

these models agree with results in the specialized literature.

However, it was shown that fractional order models may

allow adequate frequency responses to be attained but with

less number of parameters.

The importance of this preliminary work is not only to

have measured, recorded and characterized the dynamic of
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TABLE II

ARM MODELS FROM THE LITERATURE

Parameters for model (31) BW

a3

(

×10−7
)

a2

(

×10−5
)

a1

(

×10−2
)

b2

(

×10−7
)

b1

(

×10−6
)

b0

(

×10−3
)

α (Hz)

Diaz [4] 7.19 225.4 7.01 6.093 22.32 10.42 1 3.11

Speich [18] 2724 670.9 14.48 211 640.8 11.23 1 2.79

Vlugt [3] 304.4 316.9 6.28 1.71 19.58 1.431 1 3.83

Fu [6] 7.57 81.82 6.748 9.757 90.05 4.979 1 2.80

Tejado (30) − 3.121 1.032 − 6.375 3.751 1.4 8.27

Fig. 6. Comparison of the frequency responses of different dynamic models
of the human arm reported in the literature —Diaz [4], Speich [18], Vlugt
[3] and Fu [6]— and the one obtained in the current study (black dotted
line)

the human arm under co-contraction, obtaining similar results

reported in the literature, but also to have extended the

analysis to more general models, i.e., fractional order models.

Our future efforts will focus on the validation of the

current models with the experimental data of more subjects

and to design a proper controller for the surgery robot.
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