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Abstract— Different variants of the S-procedure provides a
very important tool in robust stability and robust performance
analysis. Concerning performance assessment this paper shows
that the design framework based on the full block S-procedure
(extended KYP lemma) contains an inherent conservativeness.
The main result of the paper is a multivariate version of the
classical S-procedure, stated for negative graph subspaces.

A new solvability condition for the Elimination lemma is also
provided.

I. INTRODUCTION AND MOTIVATION

Robust stability and robust performance analysis and syn-
thesis of control systems with parameter uncertainties and
parameter variations is one of the fundamental issues in
system theory.

In the most common framework models are augmented
with performance specifications and uncertainties. Weighting
functions are applied to the performance signals to meet
performance specifications and guarantee a tradeoff between
performances. The uncertainties are modeled by both un-
modeled dynamics and parametric uncertainties. As a result
of this construction a linear fractional transformation (LFT)
interconnection structure, which is the basis of control de-
sign, is achieved.

As a common structure, these algorithms have an analysis
phase and a synthesis phase. The analysis phase consists
of solving a set of linear matrix inequalities (LMIs) that
are obtained by using some variant of the S-procedure and
usually involves a relaxation of an infinite number of condi-
tions to a set of finite number of constraints. The synthesis
phase consists of obtaining the LTI part of the controller and
possibly the scheduling variables of the controller for qLPV
design, see, e.g., [4], [21], [7], [15], [23].

The main theoretical tools in this respect are the full-block
S-procedure, a variant of the Elimination lemma and some
variant of the classical S-procedure. KYP lemma and the
full block S-procedure (extended KYP lemma), [11], [15],
performs a separation step in the analysis: by introducing a
multiplier for the uncertainties (and scheduling variables in
LPV design) the task of finding the controller is formulated
as an inequality containing fix matrices. This inequality
will be the source of the analysis conditions by using the
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Elimination lemma, [6], [15]. The classical S-procedure,
[24], [3], [16], [10] is a relaxation method: it tries to solve
a system of quadratic inequalities via a LMI relaxation.

It is very important both from theoretical and practical
point of view in what extent these methods introduce con-
servativeness in the design. A lot of research was done in
this respect. The starting point of this paper is different. We
approach the full block S-procedure from a pure analysis,
i.e., performance assessment point of view. From this per-
spective it is shown that there is always a certain amount of
conservativeness in the classical design chain. When it comes
to the solution set of the inequalities, it will be pointed out
the intimate relationship between the full block S-procedure
and the Elimination lemma. As a result a new solvability
condition for the Elimination lemma is given.

The main result of the paper is a multivariate version of
the classical S-procedure, see the Appendix. A similar result
of this type was provided in a very special case in [9].

Section II gives an other perspective of the extended KYP
lemma and some implications concerning the Elimination
lemma. The main result of the paper, i.e., the multivariate S-
procedure, is formulated in Section IV while the intermediate
technical results concerning inclusions of maximal negative
subspace sets are listed in Section III.

II. EXTENDED KYP LEMMA AND PERFORMANCE
ASSESSMENTS

The following result is a consequence of the full block
S-procedure. This variant is the most often version used in
practice.

Lemma 1 (Extended KYP lemma): For a given compact
set ∆ we have(

I
F (δ)

)∗
Pp

(
I

F (δ)

)
< 0, ∀δ ∈∆ (1)

where F (δ) = D + Cδ(I − Aδ)−1B, if and only if there
exists a symmetric (Hermitian) multiplier P which satisfies

M-1:(
I 0
A B

)∗

P

(
I 0
A B

)
+

(
0 I
C D

)∗

Pp

(
0 I
C D

)
< 0,

M-2: (
δ
I

)∗
P

(
δ
I

)
> 0, ∀δ ∈∆.

This result is a generalization of the Finsler’s lemma (see,
e.g., [2]) and for its proof see [7]. The result is also a
consequence of the full block S-procedure, see [12]. For the
applicability of this result for unbounded domains and the
motivation of labeling this statement as an extended KYP
lemma see [19].
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It is not a condition for the lemma, but in the practical
context often the performance multiplier Pp is nonsingular
and the corresponding graph subspace is a maximal negative
subspace.

These inequalities play a crucial role in the design of
robust controllers. Much effort has been done in the lossless
parametrization of the multiplier P for a given uncertainty
set. This topic is not our concern here.

In the context of this paper we suppose that we already
performed the design step and we also have the multipliers.
Then M− 2 provides the a posteriori performance assess-
ment, i.e., the largest set ∆a for which (1) is guaranteed by
design. Observe that the lemma does not require and does
not claim that ∆a = ∆. In general we have ∆ ⊂∆a.

It turns out, however, that the set ∆p for which the actual
performance, i.e., inequality (1), holds is always larger than
this: ∆a ⊂∆p. This means that every design that is based on
Lemma 1 is necessarily conservative regardless, whether the
relaxation method used for the multiplier search was lossless
or not.

To see this, consider first the following special setting:
D = 0, A = 0, B = I and C = I . Then (1) reads as(

I
δ

)∗
Pp

(
I
δ

)
< 0,

while from M− 1, M− 2 we have

Pp − P̄ < 0,

(
I
δ

)∗
P̄

(
I
δ

)
< 0,

with

P̄ =

(
0 I
I 0

)∗
(−P )

(
0 I
I 0

)
.

It is not entirely trivial, but if the two negativity sets are
equal, then P̄ = αPp with some α > 0. But Pp is indefinite,
thus only inclusion is possible.

For the general case rewrite (1) as(
I

D + CXB

)T

Pp

(
I

D + CXB

)
< 0

where X = δ(I−Aδ). It is not hard to recognize the problem
of the Elimination lemma, see the Appendix. Details of the
solution of this inequality and the solution set is described
in [18]. It turns out that in a suitable basis X̃ depends on
the solution of a smaller inequality(

I
Z

)T

Ps

(
I
Z

)
< 0,

i.e., X̃ =

(
Z X̃12

X̃21 X̃22

)
, with X̃ij arbitrary. However, the

multiplier inequality reads as( Z̄ X̄12

X̄21 X̄22

)
I

T

P̄

( Z̄ X̄12

X̄21 X̄22

)
I

 > 0,

which always determine a smaller set, since Z̄, X̄ij are
constrained by the inequality.

At this point we have the opportunity to present a new
solvability condition for the Elimination lemma. It is known
that the solution set of the inequality(

I
C +AXB

)T

Q

(
I

C +AXB

)
< 0

is either empty or it is a set obtained as an image of the
contractive ball through a Möbius transform, see [18]. Thus,
if the problem is solvable, there always exists a compact set
formed entirely by solutions of the inequality. It follows that
Lemma 1 is applicable and we can formulate the following
result:

Lemma 2: Let Q = QT be a non-singular matrix with
inertia in(Q) = (m, 0, n) and let us consider the quadratic
matrix inequality(

Im
C +AXB

)T

Q

(
Im

C +AXB

)
< 0. (2)

This inequality has a solution if and only if there exist a
symmetric matrix P with in−(P ) ≥ m such that(

I 0
0 B

)∗

P

(
I 0
0 B

)
+

(
0 I
A C

)∗

Q

(
0 I
A C

)
< 0.

This result replaces the nonlinear condition on the inverse
of Q with another nonlinear condition for the inertia but for
a multiplier P . Potentially this relaxation can be exploited
for searching structured solutions.

We conclude this section with reformulating Lemma 1
as an inclusion property. The lemma states that inequality
(1) holds if and only if there is a multiplier P for which
∆a ⊂ ∆p and M− 1 holds. An important application of
the multivariate S-procedure provided by this paper is that
in the general setting of Lemma 1, i.e., from knowing that
for a multiplier P we have ∆a ⊂∆p we have M− 1 with
αP and some α > 0.

III. INCLUSION THEOREMS

In what follows we deal with possible non maximal
negative graph subspaces. We consider only the real val-
ued case but the assertions remain valid for the complex
case, too. Let us introduce the following notations: let
P ∈ R(m+z+n)×(m+z+n) be symmetric matrix with inertia
(m, z, n), i.e., having exactly m negative, n positive and z
zero eigenvalues, and for d ≤ m consider the set

G<d
(P ) =

{
Z ∈ R(n+z+m−d)×d :

(
Id
Z

)∗
P

(
Id
Z

)
< 0

}
.

For the maximal subspace, i.e., if d = m, we also use the
notation G<m

(P ) = G<(P ). Obviously, if d > m, then
G<d

(P ) = ∅.
To ease the notation for two symmetric matrices consider

m = min{m1,m2} and G<(P ) corresponds to this m.
Moreover, if otherwise not stated, it is supposed that d ≤ m.
In what follows it is supposed that ni 6= 0, i.e., the matrices
are indefinite.
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Lemma 3: Let us consider a symmetric matrix P with
inertia in(P ) = (m, z, n). Then for any 1 ≤ d1 < d2 ≤ m
a negative graph subspace of dimension d1 can be comple-
mented to a negative graph subspace of dimension d2.

Proof: Let us consider a fixed negative graph subspace
of dimension d1:

Z =


Id1

Z0

Z1

Z2


partitioned according to the dimensions (d1, d2 − d1,m −
d2, n+ z), and define the transformation matrix

T =


Id1

0 0 0
Z0 Id2−d1

0 0
Z1 0 Im−d2

0
Z2 0 0 In+z

 .

Then we have

ZTPZ = ZTT−TTTPTT−1Z, Z̃ = T−1Z =


Id1

0
0
0

 .

The map T defines a one to one correspondence between
the d1 dimensional negative graph subspaces of P and the
d1 dimensional negative graph subspaces of P̃ = TTPT .

Observe that

P̃ =

(
Q̃ S̃

S̃T R̃

)
with Q̃ < 0 a d1 dimensional symmetric matrix.

The subspace

W =


0

Id2−d1

W1

W2


completes Z̃ to a negative graph subspace of dimension d2
if and only if

(
Z̃ W

)T
P̃
(
Z̃ W

)
=

=


Q̃ S̃

Id2−d1

W1

W2


Id2−d1

W1

W2

T

S̃T

Id2−d1

W1

W2

T

R̃

Id2−d1

W1

W2



 < 0.

The last inequality is equivalent to Q̃ < 0 andId2−d1

W1

W2

T

(R̃− S̃T Q̃−1S̃)

Id2−d1

W1

W2

 < 0.

Since

in(P ) = in(P̃ ) = in(Q̃) + in(R̃− S̃T Q̃−1S̃)

we have in(R̃− S̃T Q̃−1S̃) = (m−d1, n, z), i.e., there exists
such a W1, W2.

Since TW = W , we have that
(
Z W

)
is a negative

subspace of dimension d2 for P , as desired.
Lemma 4: Inclusion G<d2

(P2) ⊂ G<d2
(P1) implies

G<d1
(P2) ⊂ G<d1

(P1) for all 1 ≤ d1 ≤ d2 ≤ m.
Proof: As a consequence of Lemma 3 every d1 dimen-

sional negative graph subspace Z can be obtained as

Z = XV

where X is a suitable d2 dimensional negative graph sub-
space and V is a full column rank d1 dimensional vector.

Since

X TPX < 0 ⇒ V TX TPXV < 0

for every d1 dimensional full column rank vector V , we have
ZTPZ < 0 for all d1 dimensional negative graph subspaces
Z .

Thus we have the desired result.
Remark 1: The assertion remain valid also in the case

when the strict inequalities are changed to non-strict inequal-
ities.

In order to prove the converse statement of Lemma 4 we
need some additional auxiliary results.

Lemma 5: If (
Id
V

)T

Q

(
Id
V

)
< 0 (3)

for every V ∈ R(m−d)×d then Q ≤ 0.
Proof: Let us consider a partitioning

Q =

(
E F
FT G

)
.

Then, from V = 0 one has E < 0. Thus Q can be
transformed in the form

Q = diag(|E| 11 ,MG)T Q̃ diag(|E| 11 ,MG),

where

Q̃ =

(
−Id F̃

F̃T Γ

)
,

with Γ diagonal.
With the choice Ṽ = λEij and conjugating with ej ,

where λ ∈ R, Eij has its only non-vanishing element on
the position (i, j) and ej is the jth canonical unit vector,
one has

−1 + 2λF̃ji + λ2γi < 0.

It follows that either γi = 0, F̃ji = 0 or(
−1 F̃ji

F̃ji γi

)
< 0.

It follows that Q̃ can be transformed into

Q̄ =

−Id F̄ 0
F̄T Γ̄ 0
0 0 0

 ,
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with Γ̄ < 0. Taking a Schur complement we have condition(
Id

V̄1 + Γ̄−1F̄T

)T (
−Id − F̄T Γ̄−1F̄ 0

0 Γ̄

)(
Id

V̄1 + Γ̄−1F̄T

)
< 0,

i.e., −Id − F̄T Γ̄−1F̄ < 0. Thus Q̄ ≤ 0, hence Q ≤ 0.
Remark 2: The assertion of the lemma remains valid for

the non-strict inequality, too.
Lemma 6: Let U1 and U2 be two opens sets of a topologial

space X with U2 ⊂ U1. Then U2 ⊂ U1.
Proof: U2 \ U1 = U2 ∩ U c

1 = U2 ∩ (X \ U1) = ∅
Now we are in a position to formulate the main result of

this section:
Theorem 1: Let P1, P2 ∈ R(m+n)×(m+n) be symmetric

matrices with inertia in(Pi) = (mi, zi, ni) and consider that
d < m = min{m1,m2}.

Then the following are equivalent
a.) G<d

(P2) ⊂ G<d
(P1),

b.) G<(P2) ⊂ G<(P1).
Proof: Assertion (b)⇒ (a) is Lemma 4.

To prove (a) ⇒ (b) suppose that G<d
(P2) ⊂ G<d

(P1),
i.e., there exists X0 such that X0 ∈ G<(P2) but X0 /∈
G<(P1). Let

Q =

(
Im
X0

)∗
P1

(
Im
X0

)
,

then Q is non negative definite on the subspaces(
Id
V

)
for every V ∈ R(m−d)×d. From Lemma 5 we have that
Q ≤ 0, i.e., (

Im
X0

)∗
P1

(
Im
X0

)
≤ 0.

Thus G<(P2) ⊂ G<(P1). Then, according to Lemma 6 we
have G<(P2) ⊂ G<(P1).

Remark 3: The assertion of the theorem remains valid
for the non-strict inequality, i.e., if we consider non-positive
graph subspaces instead of negative subspaces.

IV. MULTIVARIATE S-PROCEDURE

The following theorem holds.
Theorem 2: Let P1, P2 ∈ R(m+n)×(m+n) be symmetric

matrices with inertia in(Pi) = (mi, zi, ni) and consider d <
m = min{m1,m2}.

Then the following are equivalent
a.) G<d

(P2) ⊂ G<d
(P1) for some d such that 1 ≤ d ≤ m,

b.) there exists α > 0 such that

P1 − αP2 ≤ 0.
Proof: The assertion (b)⇒ (a) is trivial.

To prove (a) ⇒ (b) consider Theorem 1. It follows that
if (a) is valid for a d ≤ m, then it is also valid for d =
1. Moreover, taking the closure of the open sets, one has
the implication for non-positive graph subspaces, too. Then
we can apply the statement of the classical S-procedure, to

obtain the existence of α ≥ 0 such that P1−αP2 ≤ 0. Since
we have indefinite matrices, it follows that α > 0.

Corollary 1: If G<d
(P2) ⊂ G<d

(P1) for some d such that
1 ≤ d ≤ m then m2 ≤ m1 and n2 ≥ n1.

Proof: According to Theorem 2 we have P1 ≤ αP2.
If m2 > m1, then it were a v such that vTP2v < 0 but
vTP1v ≥ 0, a contradiction.

The inequality n2 ≥ n1 follows analogously.
This shows that if inclusion of the negative graph sub-

spaces holds, then we have

J1 ≤ J2
where Ji = diag(−Imi

, 0zi , Ini
) and Pi = MT

i JiMi with
Mi nonsingular.

Corollary 2: Let us consider the set ∆a defined by the
inequality (

δ
I

)∗
P

(
δ
I

)
> 0, ∀δ ∈∆a.

Then (
I

F (δ)

)∗
Pp

(
I

F (δ)

)
< 0, ∀δ ∈∆a

where F (δ) = D + Cδ(I −Aδ)−1B, implies that(
I 0
A B

)∗
αP

(
I 0
A B

)
+

(
0 I
C D

)∗
Pp

(
0 I
C D

)
< 0,

for some α > 0.
Proof: According to Lemma 1 we have P1 such that(

I
F (δ)

)∗
Pp

(
I

F (δ)

)
< 0

holds for all δ ∈∆P1 , moreover, ∆a ⊂∆P1 and(
I 0
A B

)∗
P1

(
I 0
A B

)
+

(
0 I
C D

)∗
Pp

(
0 I
C D

)
< 0.

According to Theorem 2 we have P̄1 ≤ αP̄ for some α > 0,
where

P̄ =

(
0 I
I 0

)∗
(−P )

(
0 I
I 0

)
.

and

P̄1 =

(
0 I
I 0

)∗
(−P1)

(
0 I
I 0

)
,

i.e., P1 ≥ αP . It follows that(
I 0
A B

)∗
αP

(
I 0
A B

)
+

(
0 I
C D

)∗
Pp

(
0 I
C D

)
< 0.

V. CONCLUSION

The paper presents the full block S-procedure (extended
KYP lemma) from a performance assessment perspective and
it shows that the design framework based on the extended
KYP lemma contains an inherent conservativeness. A new
solvability condition for the Elimination lemma is also
provided.

The main result of the paper is a multivariate version of the
classical S-procedure, stated for negative graph subspaces.
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APPENDIX

Lemma 7 (S-procedure): The following statements are
equivalent:

i.) there is an x0 such that(
1
x0

)T

P2

(
1
x0

)
< 0

and for all x ∈ Rn(
1
x

)T

P2

(
1
x

)
≤ 0 ⇒

(
1
x

)T

P1

(
1
x

)
≤ 0

ii.) there exists α ≥ 0 such that

P1 − αP2 ≤ 0.
A fundamental result of the LMI framework in the deriva-

tion of the design equations is the Elimination lemma.
The conditions of the lemma leads directly to the analysis
equations that are the starting point of any controller design.

Lemma 8 (Elimination Lemma): Let Q = QT be a non-
singular matrix with inertia in(Q) = (m, 0, n) and let us
consider the quadratic matrix inequality(

I
C +AXB

)T

Q

(
I

C +AXB

)
< 0. (4)

This inequality has a solution if and only if

B∗a

(
I
C

)T

Q

(
I
C

)
Ba < 0 (5)

and

A⊥

(
−CT

I

)T

Q−1
(
−CT

I

)
A∗⊥ > 0. (6)

Here A⊥ denotes a matrix with A⊥A = 0 and A⊥A∗⊥ > 0
while Ba denotes an arbitrary basis matrix such that BBa =
0 and that B∗aBa > 0. For a proof see, e.g., [6], [15].

The following result describes the maximal negative graph
subspaces of a symmetric matrix P , i.e., all the matrices Z
such that (

Iq
Z

)∗
P

(
Iq
Z

)
< 0, (7)

where P ∈ F(q+p)×(q+p) with inertia in(Ps) = (q, 0, p).
Theorem 3: LetM be a symmetric matrix such that there

is a nonsingular matrix M for which P = M−TJM−1,
where J = diag(−Im, In). Then all solutions of (7) are
given by

Z = TM (K) (8)

for K is an arbitrary contraction (‖K‖ < 1) in dom(TM ).
For a matrix M partitioned as

M =

(
M11 M12

M21 M22

)
(9)

the Möbius transformation TM is defined by the equation

TM (L) = (M21 +M22L)(M11 +M12L)−1 (10)

for L ∈ dom(TM ) =
{
L : ∃(M11 +M12L)−1

}
.
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Thus, the parametrization relies on describing dom(TM ).
An exhaustive description of the set

XM11,M12
= {X |M11 +M12X nonsingular }

can be done by using the generalized singular value decom-
position (GSVD), however for our purposes it is sufficient
the following result based on the more familiar singular value
decomposition (SVD).

Consider the SVD of A as A = UAΣAV
∗
A with

UA =
(
Ua Uas

)
, ΣA =

(
Σa 0
0 0as

)
, VA =

(
Va Vas

)
.

(11)

and that of B = UBΣBV
∗
B with

UB =
(
Ub Ubs

)
, ΣB =

(
Σb 0
0 0bs

)
, VB =

(
Va Vbs

)
.

(12)

With these notations one has:
Lemma 9: The matrices

X0(γ) = VB

(
0 γΣbU

∗
b Uas

0 0

)
V ∗A. (13)

make A+BX0(γ) nonsingular for every γ 6= 0.
Moreover, for γ∗ ≤ 1

||B|| the matrix X0(γ) is contraction
for all |γ| < γ∗.

More details on the construction and the proofs can be
found in [18]. A general overview on indefinite matrix
analysis can be found in [5].
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