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Low-Rank and Sparse Optimization for GPCA with Applications to
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Abstract— This paper proposes a low-rank and sparse opti-
mization approach to generalized principal component analysis
(GPCA) problems. The GPCA problem has a lot of applications
in control, system identification, signal processing, and machine
learning, however, is a kind of combinatorial problems and NP
hard in general. This paper formulates the GPCA problem as
a low-rank and sparse optimization problem, that is, matrix
rank and /p norm minimization problem, and proposes a new
algorithm based on the iterative reweighed least squares (IRLS)
algorithm. This paper applies this algorithm to the system
identification problem of switched autoregressive exogenous
(SARX) systems, where the model order of each submodel
is unknown. Numerical examples show that the proposed
algorithm can identify the switching sequence, system order
and parameters of submodels simultaneously.

I. INTRODUCTION

This paper deals with the generalized principal component
analysis (GPCA) [1], which is a problem of identifying
multiple linear subspaces from given sample points with-
out knowing which they belong to which subspace. This
problem has various applications in many fields, e.g., pattern
recognition, data compression, regression, image processing,
signal processing, machine learning, control and system
identification. However, the GPCA problem is a kind of
combinatorial problem and NP hard in general.

Several algorithm have been proposed for GPCA [1], [2],
[3]. This paper proposes a low-rank and sparse optimization
approach to GPCA because a standard PCA problem can
be formulated as a kind of the matrix rank minimization
problem similarly to the model order identification of linear
systems and because the sparse optimization can describe
some combinatorial problems. In this paper, the GPCA
problems are formulated as the problem of finding a low-
rank matrix which is a row-sparse matrix. The advantage
of utilizing the matrix rank minimization is that the true
sample points are estimated to minimize the rank of the
matrix constructed from the measured sample points with
noise, and therefore it can be used to recover the missing
sample points [4].

Though both matrix rank minimization problems and
sparse optimization problems are NP hard in general, useful
and practical algorithms have been proposed. The nuclear
norm minimization approach [5], [6], [7], [8], the iterative
reweighted least squares (IRLS) approach [9], [10], the
singular value thresholding approach [11], [12] and the null
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space based alternating optimization (NSAQO) algorithm [13],
[14] were proposed for the matrix rank minimization prob-
lem, and the /; norm heuristic, the iterative reweighed [y
norm minimization approach [15] and iterative the reweighed
least squares approach [16] were proposed for the sparse
sparse optimization. In this paper we utilize the IRLS algo-
rithms for matrix rank minimization and sparse optimization
problems because they require a low computational cost and
have a good property to recover a low rank matrix and a
sparse vector.

This paper also deals with the identification problem of
the switched autoregressive exogenous (SARX) system with
unknown submodel orders. The SARX systems can describe
a wide variety of dynamical systems such as manufacturing
systems, biological systems, hybrid systems, etc, and be
used as an approximate model of nonlinear systems. Hence
the SARX system identification is important in science and
engineering. The objective of identifying SARX systems
considered in this paper is is to simultaneously identify
the model orders and parameters of all submodels and the
switching sequence, that is, the information about which sub-
model is active at time ¢. In [17] and [18] the identification
problem is formulated as a rank minimization problem, and
the rank minimization approaches are proposed. In [19] the
identification problem is formulated as the sparse optimiza-
tion, and the [y norm minimization approach is provided.
In [20] the author proposed the iterative reweighed least
squares (IRLS) based algorithm. However, these algorithms
cannot be applied to the identification problem considered
in this paper because they require the information about the
model order of each submodel. Because the SARX system
identification problem with unknown submodel orders can
be formulated as the GPCA problem, this paper applies the
algorithm for GPCA and proposes the SARX identification
algorithm.

The contribution of this paper is to formulate the GPCA
problem as the matrix rank and the mixed Iy /I3 norm mini-
mization problem, and to provide an IRLS based algorithm
to obtain an approximate solution. We demonstrate that we
can identify a submodel of the SARX systems using the
proposed GPCA algorithm.

II. MAIN RESULT
A. Problem Formulation

This paper deals with the GPCA problem defined in [1]
as follows,
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Fig. 1.
ds = 2.

An example of GPCA withn = 3, K = 3,d; = 1, and d2 =

Problem 1 (GPCA) Given a set of sample points {x; €
R"}7 | drawn from K > 1 distinct linear subspaces {S; C
R”}f:1 of dimension d; = dim(S;), 0 < d; < n, without
knowing which points belong to which subspace:

1. find the number of subspaces K and their dimensions
{dj }gK:p

2. find a basis for each subspace S;, and

3. group the m sample points into the K subspaces.

Figure 1 illustrates an example of GPCA withn = 3, K = 3,
d; =1, and dy = d3 = 2. In order to provide an algorithm
for Problem 1, we consider the following subproblem of
GPCA,

Problem 2 Given a set of sample points {x; € R"},
drawn from K > 1 distinct linear subspaces {S; C R"}I<,
of dimension d; = dim(Sj), 0 < dj < n, without knowing
which points belong to which subspace:

1. find the subspace S; including the largest number of

sample points and its dimension d;,
2. find a basis for the subspace S;, and
3. identify the sample points in S;.

If we have an efficient algorithm for Problem 2, we can solve
GPCA by iteratively applying the algorithm to Problem 1
after removing the identified sample points from the set of
x;. Therefore this paper focuses on Problem 2 instead of
Problem 1.

Let = [1 7] € R, X = [&1 @2 ... &, €
R™ (D and v = [v1 v2 ... vy]T € R™. Assume that
S; is the subspace including the largest number of sample
points, that the number of its element is greater than d;, and
that v satisfies the following equations,

"Ul{é 1f:ci§é5’l

ifx;, €5, °
Then it holds that
rank ((I — diag(v)) X) = d;,

}T

where I and diag(v) denote the identity matrix and the
diagonal matrix with elements on the main diagonal given by

the elements of v, respectively. If we know d;, the following
sparse optimization provides a solution of Problem 2,

Minimize ||v|;,
subject to rank ((I —diag(v))X)=d; , (1)
v e {0,1}"
where || - ||;, denotes the /; norm of the vector. Since d;

is unknown, this paper proposes the following problem to
estimate v and d; simultaneously,

Minimize rank ((I — diag(v)) X) + v||v|;,

subject to v € {0, 1}™ (@

where v > 0 is given. This problem identifies the sample
points in S; by replacing the row vectors of X corresponding
to the sample points not in S; with zero column vectors.
Instead of using zero vectors, the sample points can be
identified by replacing them with proper column vectors
such that the rank of resulting X is minimized. Hence the
following problem is obtained.

Minimize rank (X + diag(v)F) + v||v||,, (3)

where v € R™ and F € R™*" D are design variables, and
I 1l;, denotes the o norm of the vector, that is, the number
of non-zero entries in the vector. Letting V' = diag(v)F,
this paper proposes an equivalent problem to (3) as follows,

Minimize rank (X + V) + v||V|;, /1, 4

where V € R™ (1) jg 4 design variable matrix, and
IVlliy 1, denotes the mixed lo/lz-norm of V/, which is
obtained by computing /> norm of each row of V and then
applying [y norm to the resulting m dimensional vector [21].
Since sample points may have additive noise in practice,
we will use X as an optimization matrix and provide the
following problem to estimate the true sample points,

Minimize rank (X + V) +v||[V 1,1, + M| X — X[ 7, (5)

where || - | denotes the Frobenius norm of the matrix, V'
and X are design variable matrices, A > 0 is given, and X,,
consists of measured sample points.

B. Low-Rank and Sparse Optimization Algorithm

This paper proposes an efficient algorithm to solve (5)
utilizing the iterative least squares (IRLS) algorithms for
the matrix rank minimization [9], [10] and for the [ norm
minimization [16].

Let us consider the matrix rank minimization problem,

Minimize rank (Z) subject to Z € @ ¢ R™ "D (6)

and the [y norm minimization problem,

Minimize ||z||;, subjectto z € & C R™. (7)

Applying the IRLS-0 algorithm proposed in [9] to (6),
we obtain a solution of the above problem by solving the
following weighted least squares problem iteratively until
converge,

Minimize tr(WZ7Z) subject to Z € Q, (8)
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where

W = (Z)aZowa+~1)"", 9)

and Z,4 is the optimal solution of (8) in the previous
iteration. Letting Z = diag(z), the IRLS algorithm for (7)
is obtained.

Next we consider the following mixed ly/l2 norm mini-
mization problem,

Minimize ||V||;,/;, subjectto V € ¥ C R™ (D (10)

From the definition of the mixed I/l norm, the above prob-
lem is equivalent to the problem of minimizing the [y norm
of D(VV'T), where D(-) denotes a vector made of diagonal
elements of the square matrix. Applying the IRLS algorithm
for the ly norm minimization to minimize |D(VVT)]|;,, we
obtain the following weighted least squares problem to solve
(10),

Minimize tr(MVVT) subject to V€ ¥,  (11)

where .

M = (diag (D(VaaViyy)) +€I) ", (12)

Voia 1s the optimal solution of (11) in the previous iteration,
and € > 0 is a small constant.

Motivated by the IRLS algorithms for the matrix rank
minimization and the mixed ly/l2 norm minimization, this
paper proposes the following weighted least squares problem
to obtain a solution of (5),

Minimize f(X,V,W, M), (13)
where
fX, VW, M) =
tr(W(X +V)T(X + V) + vtr(MVVT) + A| X — X2
(14)

This function is obtained by applying (8) and (11) with
Z =X +V to(5), and W and M are computed as (9)
and (12), respectively. Utilizing the function f, this paper
proposes the IRLS algorithm for the low-rank and sparse
optimization (5) and the subspace identification algorithm as
shown in Algorithm 1 and in Algorithm 2, respectively. In
Algorithm 1, X341 and Vi, are obtained from

0 0
87f(X’ Vie, Wi, My) = Wf(Xk+1,‘/7Wk+1,Mk+1) =0.

Hence X1 is computed as
Xp1 = AXp — VeWR) (Wi + M),
and V1 is a solution of the following Sylvester equation,
VM1V + VWi = =X 1 Wit (15)
For Vj, we use a randomly generated matrix as follows,
Vo = diag(r) X,

where 7 = [r1 ro ...r)T € {0,1}™, and {r;}7,
is a sequence of i.i.d. Bernoulli random variables with
probability of success 0.5. The optimal solution V. of
(5) satisfies that the ith element of the vector v =

Algorithm 1 IRLS algorithm for the low-rank and sparse
optimization.
Imput: X,,, Vo5,e>0,7%>0,n>1,1v>0,A>0,¢e>0,

k+—20

WO — I

repeat
Myyy — (diag (D(VVi)) +eI) ™"
X1 — arng}}nf(X, Ve, Wi, Mi11)

—1

Wit — (Xig1 + Vi) (Xe1 + Vi) +7l)
Vierr — argmin f(Xpi1, Vo Wiy, Mit1)
Vi1 < max(Ye /1, Ymin)
k—k+1

until || Xyt — Xi| 7 /(| Xl < e

Xopt — Xk

Vopt — Vk

Output: X, Vope

Algorithm 2 Subspace identification algorithm.
Input: x,, x3, ..., T, 0 >0
Let S be the empty set.
set X, « [xT 21 ... =TT
Generate V[ using Bernoulli random variables.
Obtain V,,; by executing Algorithm 1.
v — diag (D(Vop:V,E,))
for i =1 tom do
if v; < 0 then
S —Su{i}
end if
end for
Output: index set S

diag (D(VoptVop:)) is equal to 0 if and only if a; is
included in the identified subspace ;. However, Algorithm 1
minimizes ||V'[|;, /;, approximately, and any elements of the
vector v = diag (D(Vop:V,5,)) is not exactly equal to zero.
Therefore the algorithm identifies the index set using the
criterion whether the elements is less than the given threshold
6 or not.

Because we do not estimate the number of iterations to
terminate Algorithm 1, the computational complexity cannot
be calculated exactly, however, that of each iteration can be
obtained. The computing time of Algorithm 1 depends the
most on calculating Vj Vk,T, whose computational complexity
is O(m?2n). Since m is much greater than n practically, the
computing time increases in proportion to the square of the
number of sample points.

Next we move onto the convergence of the algorithm. In

order to show its convergence, we define the function J by
J (X, V,W,M,v) =
str(W(X + V)T(X +V)) +~tr(W) — log det W
—&-%ytr(MVVT) +vtr(eM + M~1)
+3AX = X7

Because W and M is positive definite, the above function
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is strictly convex in X, V, W and M if M is a diagonal
matrix. Using this function, Xg11, Vit+1, Wgy1 and My
in Algorithm 1 are described as follows,

Mk-‘rl = arg min j(Xk7Vk7Wk7M7’Yk)a
MEDWL
Xk+1 = arg min j(X7 Vk’7 ka Mk‘r-‘rla’yk%
XG-R.'"LXTL
Wiy = arg min  J(Xgy1, Vi, W, Miy1, %),
WERW,XTL
and

Vigr =arg min J(Xpg1, V, Wepr, Mig1,7%)s

VGanxn

where D™ C R™*™ denotes the set of m x m diagonal
matrices. The followings show the convergence of this algo-
rithm.

Lemma 1 If v, > Yk41 = Ymin for all k > 0, X in
Algorithm 1 satisfies

logdet X} X, < C,
and
Omin (W) > e ¢
for each k > 0, where C is the constant defined by
C = J(Xo, Vo, Wo, My), (16)

and Opmin(-) denotes the minimum singular value of the
matrix.

Lemma 2 If v > Ykt1 = Ymin for all k > 0, Vi in
Algorithm 1 satisfies

IVell7 < G,
and
Dmin(Mk+1) 2 Oil

for each k > 0, where C' is defined in (16), and Diin(+)
denotes the minimum of the diagonal elements of the matrix.

Theorem 1 If v > Y41 > Ymin for all k > 0, Xy in
Algorithm 1 satisfies
2C

2
D IXk = Xl < P

k=0
where C' is defined in (16). In particular, we have that

lkim(Xk — Xk—l) =0.

Theorem 2 If v > Vi1 = Ymin for all k > 0, Vi in
Algorithm 1 satisfies

= 20
2

Z Ve = Virall7 < i o1

k=0
where C' is defined in (16). In particular, we have that

lklm(Vk — kal) =0.
The proofs are omitted because of the limitation of space.
As mentioned in the previous section, Problem 1 is solved

by applying Algorithm 2 iteratively after removing identified
sample points.

III. SARX SYSTEM IDENTIFICATION

This section deals with the following discrete-time
switched autoregressive exogenous (SARX) system,

n(A¢) n(Ae)
ve=_ a;(\)v—j+ Y bi(A)w—j+e(A) +er, (17)
j=1 j=1

where u; € R, y; € R and e; € R denote the input, the
output, the noise at time step ¢, respectively. The parameters
{ar(i) 379, {by(i)}"") and ¢(i) are the model parameters of
the ith ARX submodel for i = 1,2,..., M, and n(i) denotes
its system order. The discrete variable A\; € {1,2,..., M}
indicates which submodels is active at time ¢. We consider
the following identification problem.

Problem 3 (SARX system identification problem) Given
input/output data {u;,y; }i=Y, identify the sequence \;, the
system order n(i) and the system parameters {a;(i) lnz(ll)

{bl(z)}ln:(? and c(i) of each submodel.

If we know the upper bound of n(i), we can apply Algo-
rithm 1 by letting

Yo Y1 cee Y
Y1 Y2 Yi+1 Nl 1)x (141
Y = ) ] ) c R +1)x(I+ ),
L YNn—1 YN—-i+1 .- YN
UQ (5 Up—1
U U1 U ce (27 c R(N—l+1)><l
| UN—1 UN-I4+1 UN-1
and

X — [Y U] 6 R(N_l+1)><(2l+1),

where | > n(i), and then the ith submodel is identified where
i appears the most frequently in {\;}. Similarly to the GPCA
problem, Problem 3 is solved by applying Algorithm 1
iteratively after removing {u;, y:} of identified submodel.

IV. NUMERICAL EXAMPLES

This section gives numerical examples of the SARX
system identification to show the efficiency of the proposed
algorithm. All numerical computations were run in MAT-
LAB 2010b on Mac Pro with an Intel Xeon Quad- Core
2.26GHz CPU and 8GB of RAM. We utilize the parameters
0=10"1,e=10"3 9 =1,7=1.1, and e = 108, which
achieve the best performance.

We consider the hybrid system consisting of the following
two submodels,

Submodel 1: y;=0.24y;_1 + 0.2y;_o

+2ut_1 + O-3Ut—2 + €,

Submodel 2 : y;=0.2y;_; — 0.4y;_2 + 0.6y;_3

+0.8ut,1 - O.QUt,Q + 0.1’U1t,3 + €t,

with the switching sequence as follows,

y = [ L te(21,400U91,100]
t 2, te[l1,200U[41,90]
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error rate

Fig. 2. The value of v vs. error rate.

0.3

error rate

0.15F

Fig. 3. The value of X vs. error rate.

where e; is an independent normally distributed random
noise with a mean of 0. In each trials of all examinations,
input/output data are obtained from this system using 100
input u; generated randomly from a zero-mean unit-variance
normal distribution, and [ = 4 is utilized to construct X =
Y UJ.

First, we examine the proposed algorithm to investigate the
effect of the values of v and A in the objective function (14).
Algorithm 2 is applied with several values of v in the noise
free case, and Fig. 2 shows the results averaged over 100
trials, where the error rate denotes the rate of sample points
which are identified as signals of the correct submodel. We
can see that the error rate depends much on the value of v and
that v = 0.06 achieves the best performance. Figure 3 shows
the results of applying the algorithm to signals at signal-to-
noise rate (SNR) 6 [dB] with v = 0.06 and several values
of A\. We can see that the performance does not depend so
much on the value of A if A > 0.4.

Next we test the algorithm with v = 0.06 and A = 1 at
several signal-to-noise rate (SNR). Figure 4, 5 and 6 show
the results. The error rate at each SNR is averaged over 100
trials using randomly generated 100 input data. It can be
seen that the algorithm incorrectly identifies the signals just

0.26
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= 018
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signal-to—noise rate (SNR) [dB]
Fig. 4. SNR [dB] vs. error rate.
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Fig. 5. Identified switching sequence at SNR=30 [dB]

before and after the system switches. A lot of experiments
indicate that it is difficult to identify these signals and that
the error rate is never equal to 0 even in the noise free case.
Figure 7 shows the singular values of X,,, and X,,; + V,
in the case of SNR=8[dB], where the singular values are
normalized so that the largest singular value is one. As can be
seen, the rank of X,,; + V¢ is almost 7, which corresponds
to the submodel 2, and Algorithm 1 minimizes rank(X -+
V) effectively. Using identified signals at SNR=8 [dB], the
parameters of each submodel are estimated as follows,

ye = 0.23364y;_1 + 0.22631y;_»
+2.010us—1 + 0.31393us—2,
and
v = 0.20335y;—1 — 0.32684y;_o + 0.58841y;_3

+1.0458u¢—1 — 0.15570us—o + 0.074580u¢—3.

These results indicate that the proposed algorithm can iden-
tify the switching sequence, the model order, and the system
parameters efficiently.

Finally, we examine the algorithm with several values of
N in order to investigate the computing time. The results are
shown in Table I. We can confirm that the computing time
is in proportion to N2, that is, the square of the number of
sample points, and that the SARX system can be identified
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by the proposed algorithm in practical time.

V. CONCLUSIONS

This paper has formulated the GPCA problem as the
matrix rank and the mixed lp/l> norm minimization, which
is a problem of finding a low-rank matrix and a row-sparse
matrix simultaneously. Utilizing the IRLS algorithms, an
iterative algorithm to obtain a low-rank and sparse solution
is proposed. Experiments with simulated data show that the
proposed algorithm identifies a linear subspace with proper
sample points and can be applied to the SARX system
identification problem with unknown submodel orders. Ex-
periments also indicate that the performance of the algorithm
depends on the value of the weighting parameter v. Future
work could focus on developing a criterion to decide its value
or an algorithm to update it in each iteration.
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