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Solution of a Singular //_, Control Problem
for Linear Systems with State Delays

Valery Y. Glizer!

Abstract— An H, control problem for linear systems with
point-wise and distributed state delays is considered. The case,
where the output equation does not contain the control variable,
is treated. In this case, the problem is singular, i.e., the game-
theoretic Riccati equation approach is not applicable to its
solution. A method of solution of this problem, based on
its regularization and asymptotic solution of the regularized
problem, is proposed.

I. INTRODUCTION

Controlled systems with disturbances (uncertainties) in
dynamics are extensively studied in the literature (see e.g.
[1], [2], [3], [4] and references therein). Two classes of
disturbances are usually distinguished: (1) disturbances be-
longing to a known bounded set of Euclidean space; (2)
quadratically integrable disturbances. For controlled systems
with quadratically integrable disturbances, the H., control
problem is frequently considered. The H., control problem
has been studied for systems without and with delays in the
state variables (see e.g. [2], [3], [S], [6], [7]).

If the rank of the matrix of coefficients for the control
variable in the output equation equals to the dimension of the
control, then the solution of the H, control problem can be
reduced to a solution of a game-theoretic Riccati equation. In
the case of un-delayed systems, the Riccati equation is finite
dimensional, while in the case of delayed systems it is infinite
dimensional. The infinite dimensional Riccati equation can
be reduced to a hybrid set of three matrix equations of Riccati
type: algebraic, ordinary differential and first-order partial
differential ones.

If the rank of the matrix of coefficients for the control
in the output is smaller then the dimension of the control,
then the mentioned above game-theoretic Riccati equation
approach to the solution of H, problem is failed, because
in this case the corresponding Riccati equation does not
exists. Such H,, control problems are called singular or
nonstandard. For un-delayed dynamics, singular H, control
problems were studied in the literature (see e.g [8], [9], [10]
for linear systems, [11] for nonlinear systems, and references
therein).

In the present paper, we consider a singular H., control
problem for a class of systems with delays in the state vari-
ables. A regularization of this problem is proposed leading to
a new - H, cheap control problem. The latter is solved by
adapting a singular perturbation technique. Then, it is shown
on how accurately the controller, solving the H,, cheap
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control problem, solves the original singular H., control
problem.

The following main notations are used in the paper: (1)
E™ is the n-dimensional real Euclidean space, || - || is the
norm in this space; (2) L?[0,+o0;, E"] is the space of n-
dimensional vector-functions quadratically integrable on the
interval [0,400), || - ||z2 is the norm in this space; (3)
col(x,y), where x € E™, y € E™, denotes the column
block-vector with upper block = and lower block y; (4) I, is
the n-dimensional identity matrix; (5) the superscript prime
de/notes the transposition of a matrix A, (Al) and a vector z,
(x).

II. PROBLEM STATEMENT

The following controlled system with point-wise and dis-
tributed time delays in the state variable is considered:

dzdi) AZ(t) + HZ(t — h) / G(1)Z(t + 1)dr
+Bu(t) + Fw(t), (1)
¢(t) =col{CZ(t), Mu(t)}, 2)

where t > 0, Z(t) € E™, u(t) € E", (n > r), (u is a
control);, w(t) € EY, (w(t) is a disturbance); ((t) € EP,
(¢(t) is an output); A > 0 is a given constant time delay; A,
H, B, F, C, M are given constant matrices and G(7) is a
given matrix-valued function of corresponding dimensions.

Assuming that w(t) € L?[0, +o0; E9], let us consider the
following functional:

Iww) = (k@) = (he®le), @

where 7 > 0 is a given constant.

The H., control problem with a performance level v for
the system (1)-(2) is to find a controller w*[Z(-)](¢) that
ensures the inequality J(u*,w) < 0 along trajectories of
(1) for all w(t) € L?[0,+00; B4 and for Z(t) =0, t <O0.

Consider the matrices

p=CC, N=MM. )

It is seen that the matrices D and A are symmetric and at
least positive semi-definite. Moreover, if rank M = r, then
the matrix N is positive definite. In such a case, we can
write down the following hybrid set of Riccati-type matrix
algebraic, ordinary and partial differential equations with
deviating arguments for the matrices P, Q(7), R(r,p) in
the domain Q = {(7,p) : 7 € [-h,0], p € [-h,0]}:

PA+AP+PSP+Q00)+Q(0)+D=0, (5
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dgdf) ~ (4+sP) Q) 4 PG(H) + RO, (6)

(a% + a%) R(r,p) = G (1)Qp) + Q (1)G(p)

+Q'(1)SQ(p), @

where § =y 2FF — BN 1B,
The matrices Q(7) and R (7, p) are subject to the boundary
conditions

Q(—h) = PH, (8)
R(—h,7) =H Q(7), R(r,~h)=Q (1H. (9

The triple {P, O(7),R(7,p), (1,p) € N} is called a
solution of the set (5)-(9) if: (a) it satisfies this set; (b) the
matrix-valued function Q(7) is continuously differentiable
for 7 € [—h,0]; (c) the matrix-valued function R(r,p)
is continuous for (7,p) € §2; (d) the partial derivatives
OR(T,p)/0T and OR(t,p)/Op are piece-wise continuous
and bounded, while their sum is continuous for (7, p) € €.

Along with the set (5)-(9), let us consider the linear system

dZ(t)/dt = [A— BN"'B'P|Z(t) + HZ(t — h)

+/0 G(r) — BN 'B'Q(r)]Z(t +7)dr, t>0. (10)

—h
Lemma 1 [12]. Let there exist a solution {P, Q(1), R(T, p)}
of (5)-(9) such that

P =P, R(r,p)=Rp,7) (11)

and the system (10) is exponentially stable. Then, the con-
troller

0
u [ Z()|() = -N7'B [PZ(t) +/ QM) Z(t + T)dT]
' (12)
solves the H ., control problem (1)-(3).
Remark 1. Note that for the particular case of the problem
(1)-(3) (G(T) =0, M = I,.), the result similar to Lemma 1
was obtained in [13].
Remark 2. Lemma I presents solvability conditions of the
H, control problem (1)-(3) and a controller solving this
problem. Due to the expression for the matrix S and (12),
one can use this lemma only if the matrix N is invertible,
and consequently, the rank of the matrix M equals r (the
dimension of the control vector). Otherwise, Lemma 1 is not
applicable.
The objective of this paper is to develop a method of
solution of the H,, control problem (1)-(3) in the case
rank M < r. More precisely, in what follows we consider

such a problem for the case
M =0. 13)

The H, control problem (1)-(3) subject to the condition (13)
is a singular (nonstandard) H, control problem.

ITI. TRANSFORMATION OF THE H,, CONTROL
PROBLEM (1)-(3),(13)

In what follows, we assume:
(A1) the matrix B has full rank r;
(A2) the matrix-valued function G(7) is piece-wise continu-
ous for 7 € [—h, 0];
(A3) the matrix B DB is positive definite;
(A4) HB = 0;
(A5) G(1)B =0, T € [-h,0].

By B. we denote a complement matrix to the matrix B,
i.e., the dimension of B, is n x (n —r), and the block matrix
(B., B) is nonsingular. Based on the assumption A3, consider
the following matrix:

L =B.— B(BDB)"'BDB.. (14)

By using the matrix £, we transform (similarly to [14]) the
state in the H, control problem (1)-(3),(13) as follows:

Z(t) = (,c,zs)z(t),

where z(t) is a new state.

Due to results of [14], the transformation (15) is non-
singular, and by using this transformation and the assump-
tions (Al),(A3)-(AS), the Ho control problem (1)-(3),(13)
becomes

5)

dzsf) = Az(t) + Ha(t — h) + /_ Oh G(r)z(t +7)dr
+Bu(t) + Fw(t), t>0, (16)
C(t) = col{(: (), 0},  (.(t) = Cz(t), 7
Tw) = (@) = 22(lw@le) . as)

where .

A= (E,B)i A(E,B), (19)
H= (E,B)ilH(L,B) _ ( g; 8 ) 20)
G(r) = (L,B)flg(ﬂ(c,s) - ( g;gg 8 ) @1
B= (L,B)_lB - < ? > P = (L,B)_l}", 22)
C = C(L‘,B), (23)

the matrices H; and Gi(7) are of the dimension (n —
r) X (n — r), while the matrices H3 and G3(7) are of the
dimension r X (n — 7).
Note that, due to (4),(23) and results of [14], the matrix
D = C'C can be represented as follows:
) ;o (24

b= (ca)oles)= (P 0,
(25)

D, = B.DL,

where
D> = B DB,
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and the (n — r) X (n — r)-matrix D is symmetric positive
semi-definite, while the r x r-matrix Dy is symmetric positive
definite.

Let us partition the state vector z(t), the matrix A and the
matrix [ into blocks as follows:

o ZC(t) o A1 AQ o F1
0= ) = () #=(R)
(26)
where the vector z(¢) is of the dimension (n —r); the vector
y(t) is of the dimension r; the matrices Ay, Ao, A3 and Ay
are of the dimensions (n—r)x (n—r), (n—r)xr, rx(n—r)
and r x r, respectively; the matrices F; and F5 are of the
dimensions (n — r) X ¢ and r X g, respectively.
Then, the system (16) and the functional (18) can be
rewritten as

B _ Ava(e) + Aoyt
0
+Hyz(t —h) + / Gi(n)x(t + 7)dT + Frw(t), (27)
—h
d'zl—(tt) = Asz(t) + Aay(t)

0

+H3:c(t—h)+/ Gs(T)z(t+71)dT +u(t) + Fow(t), (28)
h

too o ,
Huw) = [ [ @D +4/ (0Pt

—~w (t)w(t)} dt. (29)

Remark 3. It is seen that in the system (27)-(28), the state y
is controlled directly, while the state x is controlled through
the state y. Moreover, the directly controlled state y is delay-
free.

The H., control problem for the system (27)-(28) and
the functional (29) is to find a controller w*[z(-), y(-)](t)
that ensures the inequality J(u*,w) < 0 along trajectories
of (27)-(28) for all w(t) € L?[0,+oc; EY] and for z(t) =
0, ¢t < 0, y(0) = 0. Since the transformation (15) is
invertible, this problem is equivalent to the H., control
problem (1)-(3),(13). Also, it should be noted that since
the functional (29) does not contain a control cost, a set of
Riccati-type equations, similar to (5)-(7), cannot be written
down for the H., control problem (27)-(28),(29) meaning
that this problem is singular. In what follows, we concentrate
on the solution of this problem, and we call it the Singular
H, Control Problem (SHICP). A result, similar to Lemma
1, cannot be obtained for the SHICP. In order to solve the
SHICP, we propose below a regularization of this problem
and an asymptotic analysis of the regularized problem.

IV. REGULARIZATION OF THE SHICP

In order to study the SHICP, we replace it by a regular
H, control problem, which is close in a proper sense to
the SHICP. This new H,, control problem has the same
equations of dynamics (27)-(28) as the SHICP has. However,
the functional in the new problem differs from the one in
the SHICP. This functional has the “regular” form, i.e., it

contains a quadratic control cost, and it is close to the one
in the SHICP. Namely, this new functional has the form

+o0 , ,
Teww) = [ [ 0D +4 (O D2yt

+e%u (H)u(t) — 7w’ (t)w(t)} dt, (30)
where € > 0 is a small parameter.

The new H., control problem is to find a controller
ul[z(-),y(-)](t) that ensures the inequality J.(u},w) < 0
along trajectories of (27)-(28) for all w(t) € L?[0, +o0; B
and for z(t) =0, ¢ <0, y(0) = 0. Since the parameter ¢ is
small, this new problem is a cheap control problem [12]. We
call this problem the H,, Cheap Control Problem (HICCP).
The HICCP is the regular H., control problem, and it can
be solved in the way, similar to Lemma 1. However, such a
way is rather complicated, because the corresponding set of
Riccati-type equations is, in general, of a high dimension and
it is ill posed for ¢ — +0. Below, we construct a simplified
controller of the HICCP and apply it to the SHICP.

V. CONSTRUCTING A SIMPLIFIED CONTROLLER
FOR THE HICCP

In this section, using results of [12], we construct a
simplified controller for the HICCP. This construction is
based on a converting the HICCP to an H, control prob-
lem for a singularly perturbed system, and an asymptotic
decomposition of the latter into two much simpler e-free
subproblems, the slow and fast ones.

A. Transformation of the HICCP

By the control transformation u(t) = (1/e)v(t), where v
is a new control, the HICCP becomes
dx(t)

“ar = Ajz(t) + A2y(t)

0

+Hyz(t — h) + / Gi(r)x(t + 7)dT + Frw(t), (31

—h

dy(t)

5 = E{Agx(t) + Agy(t)

dt

0
FHsa(t—h) + [ ) Gg(r)x(H—T)dT} + Bu(t) + e Fyw(t),
(32)

+oo
Fegv.w) = [ [+ (0Dra(t) + 5 (1D2u

0 (#)o(t) — 72 (t)w(t)} dt. (33)
Note that the system (31)-(32) is singularly perturbed [15].
The state variables x(-) and y(-) are the slow and fast ones,
respectively. It is seen that in this system, the slow state
variable is with a delay, while the fast state variable is delay
free.
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B. Slow Subproblem

The dynamics equation and the functional of the slow
subproblem are obtained from (31)-(33) by setting there
formally € = 0 and re-denoting z, y, v and Jreg by x5, Ys, Vs
and Jrseg, respectively. Thus, we have

dzs(t)

T = Alxs(t) + A2ys(t)

0
+H1;cs(t—h)+/ Gi(T)xs(t+71)dr + Frw(t), t>0,
—h

(34)
vs(t) =0, t>0, (35)
“+00
Tieg= [ [0 0) + v Doy 1)
Fo, (s (t) — 2w (Hw(t)|dt. (36)

The problem (34)-(36) is an H, control problem for a

specific kind of differential-algebraic systems with state

delays. The H., control problem for another type of time

delay differential-algebraic systems was considered in [16].
By substituting (35) into (36), we obtain

T ’ ’
Treg = [ [ 0D, (0) + 50 Doy (1)

—~2w, (H)ws (t) | dt. (37)

Since the variable y,(t) does not satisfy any equation for
t € [0, +00), one can choose it to satisfy a desirable property
of the system (34). This means that the variable y;(¢) can be
considered as a control variable in the system (34). Thus, the
functional (37), calculated along trajectories of this system,
depends on the control variable y,(t) and the disturbance
w(t) € L2[0,+o0; BY], ie., Jteg = Jreg(ys,w). For the
system (34), we can formulate the following H, control
problem with a performance level ~+: to find a controller
yslzs()](t) that ensures the inequality Jreg(ys,w) < 0
along trajectories of (34) for all w(t) € L?[0, +o0; E9] and
xs(t) = 0, t < 0. This H control problem is called the
Slow H, Control Subproblem (SHICS) associated with the
HICCP.

Consider the following hybrid set of Riccati-type matrix
algebraic, ordinary differential and first-order partial differ-
ential equations with deviating arguments for the unknown
matrices Ps, Qs(7), Rs(T, p):

P,Ay + A\ P, + P,SsP, + Q4(0) + Q.(0) + D1 = 0, (38)

%T(T) = (Al+PSSS)QS(T)+PSG1(T)+Rs(0,T), (39)

<6ﬁ . a%) R.(7, p) = Gy ()Qs(p) + Q.(1)G1(p)

+Q,(7)5:Qs(p));
where S, = v 2 F| — Ay Dy Ay,

(40)

The set of equations (38)-(40) is subject to the boundary
conditions
Qs(_h) = PsHlu

Ry(—h,7) = HiQs(7), Ru(r,~h) = Q,(7)H,.

41)
(42)
Along with the set (38)-(42), consider the system

dzs(t)

o = (A1 - AyDy AyP)a(t) + Hyzo(t — h)

0
+/ [G1(7')—AnglA;QS(T)]:cS(t—i-T)dT, t>0. (43)
—h

Similarly to Lemma 1, one has the following lemma.
Lemma 2. Let there exist a solution {Ps,Q4(7), Rs(7,p)}
of (38)-(42) in the domain ), such that

P, =P, R(r,p)=Ry(p,7),

and the system (43) is exponentially stable. Then, the con-
troller

(44)

yiles (](8) = =Dy Ay [P (1)

+ /_Oh Qs(T)xs(t + T)dT} , (45)

solves the SHICS.
C. Fast Subproblem

The fast subproblem is obtained in the following three
stages. First, the slow variable z(-) is removed from the
equation (32) and the functional (33). Second, the following
transformation of variables is made in the resulting equation
and functional:

t=ct, y(e) = ys(), v(e€) = vy(E), w(cg) = wy(€),
Treg(v(c€), w(=E)) = el (v7(6),wp(€)),  (46)

where &, yy, v¢, wy and Jrfeg are new independent variable,
state, control, disturbance and functional, respectively.
Thus, we obtain the system and the functional

dys(§)
dg§

! [ ’
Heglvrwr) = | [ (ODaus(€) + v (€us(©)

=cAuys (&) +vp(&) + eFowe(§), £€>0, (47)

2wy (€ (€)] de. (48)

Finally, neglecting formally the terms with the multiplier ¢
in (47) yields the system

dy; (&)

Zlcg = v5(8),

For the system (49) and the functional (48), the H., con-

trol problem with a performance level v can be formulated as

follows. To find a controller v} [y (£)] that stabilizes (49) and

ensures the inequality J{eg(v.’;, wy) < 0 along its trajectories

for all w(€) € L?[0,+o0; £9] and for y£(0) = 0. This Heo

control problem is called the Fast H,, Control Subproblem
(FHICS) associated with the HICCP.

£=0. (49)
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Let K be any Hurwitz matrix of the dimension r X r.
Then, the controller

vilyr(§)] = Kyy(§)

solves the FHICS.

Note, that the FHICS is a particular case of the infinite
horizon H., control problem, considered in [2]. Due to
results of this book, if there exists a solution Py of the
algebraic matrix Riccati-type equation

_(Pf)2 + Dy =0,

(50)

(51

such that — Py is a Hurwitz matrix, then the matrix gain K
in (50) can be chosen as

K =-p;. (52)

Since the matrix D5 is positive definite, then there exist the
unique positive definite solution of (51)

Py =Dy/?, (53)

where the superscript ”1/2” denotes the unique symmetric
positive definite square root of respective symmetric positive
definite matrix.

Now, using (52) and (53), we have K = —DJ}/?
the controller

. Hence,

Uiy (€)] = =Dy 5 (€) (54)

solves the FHICS.
D. Composite Controller for the HICCP

In this subsection, based on the control v,(t), given by
(35), the controller y*[xs(-)](t), solving the SHICS, and
the controller v}[ys(£)], solving the FHICS, we construct
a so called composite controller v.[z(-),y(-)](¢). This con-
troller, being multiplied by 1/e, constitutes a controller
ucfz (), y()](t) = (1/e)ve[z(-),y(-)](t), which solves the
HICCP for all sufficiently small € > 0.

The composite controller v.[z(), y(-)](¢) is constructed in
the form

velz(+),y()](t) = vs(t) + v} [5(t/2)], (55)
where §(t/¢) is defined as follows
g(t/e) = y(t) — iz ). (56)

Substituting (35) and (54) into (55), and using (45), (53)
and (56) yield after some rearrangement

vele(),y())(®) = =Dy 2 (A, Pua(t) + Day 1)

0
+ /_ ) AyQu ()t + T)dT), (57)

where D, /2 is the inverse matrix to D;/ %,

Theorem 1 [12]. Let there exist a solution
{Ps(t),Qs(t,7), Rs(t, 7, p)} of (38)-(42) in the domain S,
satisfying the conditions (44) and providing the system (43)
to be exponentially stable. Then, there exists a positive
number ¢*, such that the controller u.[z(-),y(-)](t) =

(1/)uelw (), y())(E), where velw (), y()](¢) is given by (57),
solves the HICCP for all £ € (0,e*].

Remark 4. Theorem 1 presents e-free solvability conditions
for the HICCP valid for all sufficiently small values of € > 0.
Moreover, these conditions are of a lower dimension than the
dimension of the HICCP. The gain matrices in the controller
ue[z(+), y(-)](¢), solving the HICCP, also are e-free.

VI. SOLUTION OF THE SHICP

Due to Theorem 1, the employing the controller u(t) =
ue[(z(+), y(-)](t) in the system (27)-(28) subject to the initial
conditions z(t) = 0, t <0, y(0) = 0, yields the following
inequality for all w(t) € L?[0, +oc; E9] and all ¢ € (0,*]:

—+o0

J (e, w) +/ velz () yON(Ovefe(), y ()] (B)dt < 0,

’ (58)
where the arguments x(-) and y(-) for v. constitute the
solution col gx(t,s),y(t,a) of the system (27)-(28) with
the control u(t) = u.[(z(-), y(-)](t) and the initial conditions
x(t) =0, t <0, y(0) =0.

From the inequality (58), one directly has J(u.,w) < 0,
which implies that the controller u(t) = uc.[(z(:),y(-)](t)
solves the SHICP for all ¢ € (0,e*] if there exist a solution
{Ps(t),Qs(t,7), Rs(t, 7, p)} of (38)-(42) in the domain £2,
satisfying the conditions of Theorem 1.

Remark 5. The inequality (58) yields a stronger inequality
than J(uc, w) < 0. Namely,

J(te,w) <

+oo
—/0 velz(,€),y( )l (Ovela (-, €), y (- o) ().

The integral in the right-hand side of this inequality depends
on € € (0,e*]. The following theorem gives an estimate of
this integral for small enough € > 0.

Theorem 2. Let there exist a solution
{Ps(t),Qs(t,7), Rs(t, 7, p)} of (38)-(42) in the domain
satisfying the conditions of Theorem 1. Then there exists a
positive number €%, (g5 < €*), such that, for all w(t) €
L?[0,4+o00; EY] and all ¢ € (0,&%], the following inequality
is satisfied:

T ’
OS/O vele (), y( )l vefz(-,€), y (- )] (H)dt <

(59)

ac(Jlw®)]12) (60)

where a > 0 is some constant independent of w(t) and ¢.
Proof. In order to save the space, we present here a sketch
of the proof. The left-hand inequality in (60) is obvious.
Proceed to the proof of the right-hand one. Asymptotic
analysis of the system (27)-(28) with the control u(t) =
ue[(z(+), y(-)](t) and the initial conditions z(t) = 0, ¢t <
0, y(0) = 0 leads to the existence of a constant 0 < ¢} < ¢*
such that, for all w(t) € L?[0,4o0; E4] and all € € (0,¢7],
the following inequalities are valid:

0< sup Ha:(t,s)—f(t)”Salsl/QHw(t)‘ (61

te[0,+00) ’LQ
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0< sup (62)

|v(t.2) = 50)| < a2 [w)| .
t€[0,4+00)

L2

where a1 > 0 is some constant independent of w(t) and ¢,

56(1%):/0 D, (t,s)Frw(s)ds, (63)

g(t)z/o @, (t, s)Frw(s)ds, (64)

the (n —r) x (n — r)-matrix-valued function ®,(t, s) is the
solution of the problem

d2s(t:5) _ (A1 - AnglA;Ps)@m(t, s) -+ Hi®(t — h, s)
dt
0 , B
4 / (G1(7) = 4251 45Q, (7)) &t + 7, 5)ds,  (65)
—h
0<s<t< o0,
(i)z(tv S) =0, t<s; (i)x(sv S) =In ., (66)

and the r x (n — r)-matrix-valued function ®, (¢, s) has the
form
D, (t,8) = —Dy Ay Pi®@,(1, 5)
0
— / D;lA;QS(T)'i)m(t + 7, 8)dT. (67)
—h
Now, by using the inequalities (61)-(62) and the equations
(63)-(67), one obtains after some rearrangement the inequal-
ity

sup [ocle (), 0 )| < axe2wit)]| . (68)

te[0,4+00)
where az > 0 is some constant independent of w(¢) and ¢.

The inequality (68) directly yields the right-hand inequal-
ity in (60).

As a direct consequence of Theorem 2, we obtain the
following corollary.
Corollary 1. Let the conditions of Theorem 2 be satisfied.
Then, there exists a positive constant €5, (€5 < €7), and a
Sfunction g(e), (0 < g(e) < ae, € € (0,€5], the constant
a > 0 is defined in Theorem 2), such that for all € € (0, €3]
the controller u.[x(-,¢),y(-,€)]|(t) solves the singular H
control problem for the system (27)-(28) with the following
functional:

+o0 , ,
Tww) = [ [ ODialt) + 4 Dt

~(a(e))%w’ ()] dt, (69)
where the performance level ~y,(¢) has the form
Yg(e) = /7% = g(e) > 0.

Remark 6. Due to Corollary 1, the controller

uc[z(-,€),y(-,€)](t) solves not only the original SHICP
(27)-(28),(29), but also the singular H., control problem
(27)-(28),(69) with a slightly smaller performance level.
This smaller performance level is close to the original one
~ and it satisfies the limit equality lim._. 1o 7v4(¢) = 7.

VII. CONCLUSIONS

A singular H., control problem for a linear system
with point-wise and distributed time delays in the state
was considered. Under proper assumptions, this system was
transformed equivalently to the system consisting of two
modes, one of which is controlled directly, while the other
is controlled through the first one. The state of the directly
controlled mode is delay-free, and its dimension coincides
with the control’s dimension. Due to this transformation, the
initially formulated H, control problem was converted to a
new singular H, control problem. The latter was regularized
by adding to the functional a quadratic control cost with
a small weight €2, (¢ > 0), which yields the H., cheap
control problem.This problem was solved by its asymptotic
partitioning into two much simpler subproblems (the slow
and fast ones), and constructing a composite controller based
on the controllers of these subproblems. It was shown that the
composite controller, solving the H, cheap control problem,
also solves the singular H., control problem. Moreover, it
was shown that this controller also solves a singular H .,
control problem with a smaller performance level, depending
on . This smaller performance level tends to the original one
for e — +0.
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