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Abstract— This article further develops an adaptive approach
to the control of observable Markov chains with a finite number
of states. We apply the Mirror Descent Randomized Control
Algorithm (MDRCA) to a class of homogeneous finite Markov
chains governed by the multi-armed bandit with unknown mean
losses. The article develops the approach represented in [18].
As opposed to the partially observable Markov decision process
an adaptive approach does not presuppose the knowledge
of probabilistic characteristics of random perturbations and
permits to obtain the control strategy with known rate of
convergence to the optimal solution. We propose the concrete
MDRCA and prove the explicit, non-asymptotic upper bound
for the mean losses at a given (finite) time horizon. Numerical
example illustrates theoretical results.

I. INTRODUCTION

Controlled Markov Chains (CMC) constitute a universal
mathematical tool applicable to a wide class of applied
problems including, but not exhausting: stock and production
management [3], internet congestion control [10], large dams
management [14] and many others. During recent years the
approach to the solution of the optimal control problems
with constraints has been developed and applied to the
Internet congestion control [11], [15]. Moreover, recently
this approach has been extended to the class of connected
controlled Markov chains, which is important for control of
networks, such as wireless Internet, gas and water allocation
systems [12], [14]. However, the existing theory covers
mainly the systems with complete observation, where the
control depends on the current state of the Markov Chains
(MCs). Even if this class of controls provides the optimal
solution for the problem with constraints [16], there is an
important class of systems, where the state is not observable
and have to be estimated on the basis of observations. These
problems usually referred to as partially observable Markov
decision processes (POMDP). Typical problems arising in
the development of Transmission Control Protocols (TCP)
in the Internet [24], and in control of autonomous vehicle in
abruptly changing environment [25] belong to this class also.
Recently one can observe the growing interest to POMDP,
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the important result of the existence of the optimal policy
based on the observation of another jumping process has
been proved in [2] with applications to the life testing.
Another approach using so-called hybrid control is provided
in [4]. Meanwhile, the problems related to TCP also invoke
the stochastic control. The typical situation is that at the
customer side the state of the router is unknown, and the
customer sends the data packets without any guaranty of
acceptance or rejection. In some very popular active queue
management algorithms like Random Early Detection (RED)
the number of rejected packets serves as an information
related to the router state and serves as a feedback for
customers to control their transmission rate and to prevent
the congestion. The approach to the control of transmission
rate based on the estimation of the router state is sug-
gested in [13]. In some special cases it was proved that
the separation principle is valid and the new algorithms
for control of transmission rate have been proposed. It
was shown that the optimal law of the increasing of the
transmission rate is different from widely known so called
additive increase/multiplicative-decrease (AIMD) algorithm
and should be realized with the aid of concave window curve
which depends on the dynamic of the conditional proba-
bilities for non observable state of router. This algorithm
provides much less variability (up to five times [13]) of the
transmission rate and therefore more stable work particularly
for high speed, long distance and wireless communications
networks [8], [9].

Meanwhile in this article we are suggesting another adap-
tive approach to control where we can control only the
random losses associated with the current state of the MC,
but not the MC itself. The current state of a MC is assumed
to be observable but not controllable, we even do not know
the matrix of the transition probabilities. However, one can
choose the control strategy which minimizes the average
losses for sufficiently long control period and at the same
time to estimate the rate of convergence to the optimal
solution. Important non-asymptotic result is the dependence
of this rate of convergence from the time horizon, numbers of
the MC states and controls. One can obtain also the robust
algorithm which ensures dependence of such convergence
rate and does not depend on the probability properties of the
MC at all.

The structure of the paper is as follows. In the next Section
II we give the problem statement and basic assumptions. The
main theorem which establishes the convergence and gives
the estimate for the convergence rate is in Section III. In
the Section IV we provide the description of the control
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algorithm in the form of randomized strategy. Illustrative
numerical example is represented in Section V. Section VI
is conclusion where we discuss the results and directions of
further research. Proofs of results are given in Appendix.

Notation. Denote vector e0
N , (1, . . . ,1)> ∈ RN , unit-

vectors em(k) = (0, . . . ,0,1,0, . . . ,0)> ∈ Rm (with 1 on k-th
position and 0 elsewhere), and standard simplex in RN

SN ,
{
(x(1), . . . ,x(N))>

∣∣∣x(i) ≥ 0, ∑
N
i=1 x(i) = 1

}
. (1)

Given a matrix Ξ ∈RK×N , its transposed i-th row represents
vector Ξ(i) ∈ RN , and its (ik)-entry is denoted by Ξ(ik).

II. STATEMENT OF PROBLEM

This section is partially adopted from [20], chapter 5; c.f.
[18].

A. Preliminaries

Let (Ω,F ,P) be a given probability space. Let a discrete-
time stochastic system with discrete control be modeled as
a multi-armed bandit governed by a stationary homogeneous
finite Markov Chain where
• the set of states Z , {z(1), . . . ,z(K)} is given, K ≥ 2;
• system state zt ∈ Z at time t ∈ {0,1, . . .} is observable;
• the given set U , {u(1), . . . ,u(N)} represents the set of

control inputs (or bandit arms, in other words), N ≥ 2;
• the transition probabilities of the system state zt ∈ Z at

each time t ∈ {0,1, . . .} to the next state zt+1 ∈ Z are
presented by unknown conditional probabilities: ∀ t,

P{zt+1 = z( j) |zt = z(i)}= πi j (2)

(notice that the transition probabilities (2) are indepen-
dent of the applied control);

• the random losses ξt , ξt(zt ,ut ,ω) at current time t ∈
{0,1, . . .} are observable and statistically depend on
the state zt and the applied control ut , with unknown
conditional distributions;

• the time-mean losses Φt on time interval {1, t} are

Φt =
1
t ∑

t
s=1 ξs . (3)

Introduce the further assumptions.
A1. For each t = 1,2, . . . the sets of random variables

{ξt(z,u,ω) |z ∈ Z,u ∈U}

and

{ξs(z,u,ω),zk,uk |z ∈ Z, u ∈U, s = 1, t−1, k = 1, t}

are independent.
A2. For each z(i) ∈ Z, u(`) ∈U , and t = 1,2, . . . the losses

ξt(z(i),u(`),ω) are non-negative a.s. and their a priori
unknown expectations are time-invariant:

E{ξt(z(i),u(`),ω)}, ai` ∀ t . (4)

A3. The losses ξt(z(i),u(`),ω) are bounded in the mean
square sense, i.e.

E{ξ 2
t (z(i),u(`),ω)} ≤ σ

2 < ∞ . (5)

A4. The Markov chain of transition probability matrix Π is
ergodic (i.e., the state set Z represents a unique ergodic
class).

Remark 1: Assumption A4 implies the existence of the
unique stationary state probabilities qi > 0, i = 1,K. �
A5. MC initial distribution is assumed to be stationary.

B. Control strategies

Introduce

d( i`)
t , P{ut = u(`) |zt = z(i), Ft−1} (6)

that are the conditional probabilities of control ut = u(`) at
time t under the state zt = z(i) and the prehistory, i.e., Ft =
σ{zs,us,ξs |s = 1, t}.

In order to simplify the preliminary analysis, let us con-
sider a stationary control strategy USt (with the stationary
randomized control strategy d , ‖d(i`)‖) leading to the loss
expectation

E{ξt} = E
{
∑

K
i=1 1{zt=z(i)}∑

N
`=1 ai` d (i`)

}
(7)

= ∑
K
i=1 qi ∑

N
`=1 ai` d (i`) (8)

, A(d) (9)

where
qi , P{zt = z(i)} (10)

represent the stationary probabilities of the Markov states
(see Assumptions A4, A5), the matrix of conditional proba-
bilities

d (i`) = P{ut = u(`) |zt = z(i)} (11)

relates to a stationary randomized control strategy USt,
stochastic matrix d = ‖d (i`)‖ ∈ D,

D,
{

d
∣∣∣d (i`) ≥ 0, ∑

N
`=1 d (i`) = 1 (i = 1,K, `= 1,N )

}
.

The stochastic vector q = (q1, . . . ,qK)
> solves the stationary

distribution equation for the stationary Markov chain that is
q = Π>q , q ∈ SK ; the transition probability matrix Π has
the (i j)-entry πi j .

Denote set of non-degenerate stationary randomized con-
trol strategies U +

St that is

D+ , D
⋂{

d = ‖d (i`)‖
∣∣∣d (i`) > 0,(i = 1,K, `= 1,N)

}
.

Remark 2: If the matrix of mean losses ‖ai`‖ is known
a priori, one could find the optimal control strategy without
knowledge of the state probabilities qi. Indeed,

min
d∈D

A(d) = ∑
K
i=1 qi min

`=1,N
ai` ,

and each state index i = 1,K gives optimal pure strategy
(d (i1)

opt , . . . ,d
(iN)
opt )T = eN(`

∗
i ) with 1 at `∗i -th entry,

`∗i ∈ Argmin`=1,N ai` .

Since matrix ‖ai`‖ is unknown, the designing adaptive con-
trol strategy represents a non-trivial optimization control
problem under uncertainty. �
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The idea of designing the randomized control strategy is
to minimize the mean loss function A(d) in (9) on set D

Amin ,mind∈D A(d) . (12)

III. MAIN RESULTS

Below we propose the online control strategy: at each time
t, given the observation of MC state zt = z(i) , the control
action ut ∈U is randomly drawn according to a conditional
distribution d(i)

t = (d (i1)
t , . . . ,d (iN)

t )> ∈ SN ,

d (i`)
t , P(ut = u(`) |zt = z(i), Ft) , ∀(i, `) . (13)

The update rule of the distributions d(i)
t over time is given

by the algorithm described in Section IV and uses stochastic
gradient for A(d), i.e. random matrix entries

Ξ
(i`)
t+1 , ξt+11{zt=z(i),ut=u(`)}/d (i`)

t . (14)

Indeed, under stationarity assumption of control strategy d ≡
dt ∈ D+ and, for all (i, `),

E
(

Ξ
(i`)
t+1

)
= E

{
E
(

ξt+11{zt=z(i),ut=u(`)}

d(i`)
|Ft

)}
(15)

= E
{ ai`

d(i`)
1{zt=z(i),ut=u(`)}

}
= qi ai` =

∂A(d)
∂d(i`)

. (16)

The expected average loss equals to the average over time
of EA(dt), that is

E(ΦT ) =
1
T ∑

T
t=1E(E(ξt |zt−1, Ft−1)) (17)

=
1
T ∑

T
t=1E(A(dt−1)). (18)

Theorem 1: Let assumptions A1–A5 be satisfied and let
the conditional distributions (d(i)

t )t≥0 , i = 1,K, be defined
by the randomized control algorithm of Section IV with
parameters (23). Then, for a given horizon T ≥ 1,

E(ΦT )−Amin ≤ σ

√
2N lnN

T

K

∑
i=1

√
qi . (19)

�

IV. DEFINITION OF THE RANDOMIZED STRATEGY

In this section we introduce our online strategy (cf. [7] and
[6]). We refer to [21] and [1] for the general idea of mirror
descent and its development in non-stochastic optimization,
as well as to [22] for the pioneering extension to a stochastic
setup.

First we introduce a Gibbs distribution defined by the
probability vector-function

Gβ (ζ ) = [Sβ (ζ )]
−1
(

e−ζ (1)/β , . . . ,e−ζ (N)/β

)>
where Sβ (ζ ) = ∑

N
j=1 e−ζ ( j)/β for arbitrary fixed ζ ∈ RN and

parameter β > 0. Note, that ζ represents a dual vector
variable, see (26) below in the Appendix.

Thus, we fix horizon T , temperature parameters βi > 0, i=
1,K, and define the control randomized strategy as follows.

1) Fix the initial matrix d0 with equal entries, i.e.,
d(i j)

0 ≡ 1/N, and zero dual matrix ζ0 = 0∈RK×N;
a) for each t ≥ 0, by having the observed state

zt = z(it), draw control action ut = u(`t) with
random `t ∈ {1,N} distributed according to
stochastic vector (d (it 1)

t , . . . ,d (it N)
t )>;

b) compute a stochastic gradient

Ξt+1 =
ξt+1

d it`t
t

eK(it)e>N (`t) ; (20)

c) update both dual and initial variables

ζt+1 = ζt +Ξt+1 , (21)

d(i)
t+1 =

{
d(i)

t , i 6= it ,
Gβi(ζ

(i)
t+1), i = it .

(22)

2) At horizon T , output sequences of states
(z0, . . . ,zT ), control actions (u0, . . . ,uT ), ma-
trices (d0, . . . ,dT ), and the observed losses
(ξ1, . . . ,ξT+1) and ΦT .

Remark 3: Notice that matrix Ξt+1 in (20) contains a
unique (random) nonzero entry. Therefore, the rows of dual
variable ζt change at time t for the related unique index
i = it . The Gibbs distribution maps vector ζ

(it )
t+1 at time t +1

for current state zit resulting initial variable d(it )
t+1.

The presented algorithm explains its structure: at each time
t, by obtaining stochastic gradient Ξt+1, we make a step in
the dual space by transposed line-row applying the result to
Gibbs distribution Gβit

and obtaining dt+1. �

The algorithm parameters βi depend on the horizon T as
follows:

βi = σ

√
T Nqi

2lnN
, i = 1,K . (23)

They assume the state probabilities qi ; in case they are not
available one could apply an adaptive idea to recursively
update the temperature parameters βi in time, see, e.g. [19].

Remark 4: Notice the bounds 1 ≤ ∑
K
i=1
√

qi ≤
√

K for
q ∈ SK in (19). The left inequality attains the equality on
each symplex vertex, when (19) implies the related bound for
the multi-armed bandit problem, e.g. [6]; the right inequality
attains at the symplex center when state probabilities become
equal, qi ≡ 1/K. The worst upper bound in (19), i.e.

E(ΦT )−Amin ≤ σ

√
2KN lnN

T
, (24)

may be proved for a simpler case of our algorithm (which is
additionally robust with respect to unknown state probability
distribution q) having the identical temperature parameters

βi ≡ β , σ

√
T N

2K lnN
. (25)

That may be directly demonsrated at the end of Theorem 1
proof, see Appendix.

�
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V. NUMERICAL EXAMPLE

To illustrate the algorithm and the degree of divergence
between the upper bound of Theorem 1 and l.h.s. of (19),
consider the numerical example with the number of states
K = 7 and number of control inputs N = 5 . The cyclic
transition probability matrix is fixed as follows

‖πi j‖=



1/4 1/2 0 0 0 0 1/4
1/4 1/4 1/2 0 0 0 0

0 1/4 1/4 1/2 0 0 0
0 0 1/4 1/4 1/2 0 0
0 0 0 1/4 1/4 1/2 0
0 0 0 0 1/4 1/4 1/2

1/2 0 0 0 0 1/4 1/4


resulting the row of equal stationary state probabilities
(1, 1, 1, 1, 1, 1, 1)/7 ; therefore, parameters βi coincide
due to both (24) and (25). The mean loss matrix is as follows

‖ai`‖=



0.1 0.3 0.5 0.7 0.9
0.55 0.15 0.25 0.35 0.45
0.325 0.375 0.175 0.225 0.275

0.2375 0.2625 0.2875 0.1875 0.2125
0.175 0.225 0.325 0.375 0.275
0.15 0.25 0.35 0.55 0.45
0.1 0.7 0.9 0.3 0.5


having the minimum mean losses Amin = 0.1482 ; therefore,
parameter σ = 1, and optimal pure strategy is represented
by vector of integers `∗ = (1, 2, 3, 4, 1, 1, 1)T . Random
losses ξt(z(i),u(`),ω) at state z(i) and control input u(`)
represent the i.i.d. Bernoully random variables with probabil-
ity P(ξt(z(i),u(`),ω) = 1) = ai` . We put horizon T = 10000
and apply equal parameters βi = 47.1068 .

There are log-log scale plots for losses versus time t =
100, . . . ,10000 in Fig. 1. The top solid (almost linear) line
represents the upper bound of Theorem 1, that is r.h.s.
of (19). The two dashed (red) “noised” lines, both upper
and lower ones, demonstrate envelope of 100 algorithm
realizations, time-mean losses Φt (3); the mean of these
100 realizations is represented by (green) bold line, which is
about three times less than the upper bound at T = 10000.

The results of the example show that for sufficiently large
time t, say t ≥ 1500, the l.h.s. of (19) which is related
to (green) bold line in Fig. 1 behave similarly as r.h.s. of
(19) with additional factor 1/3. Therefore, the degree of
divergence between the upper bound of Theorem 1 and l.h.s.
of (19) is small in the above sense.

VI. CONCLUSIONS

We stated the optimization problem for homogeneous
finite Markov chains governed by the multi-armed bandit
with unknown mean losses on a given horizon T . Basing
on the adaptive approach, we proposed the mirror descent
randomized algorithm which ensures explicit non-asymptotic
rate of convergence for mean losses to the minimum. The
algorithm does not know the MC state transit probabilities,
but stationary state probabilities are supposed to be available.
The algorithm parameters and the rate of convergence depend

Fig. 1. The results of the numerical example with K = 7 and N = 5 are rep-
resented by log-log scale plots of the losses versus time t = 100, . . . ,10000.

explicitly on the stationary state probabilities q1, . . . ,qK , N
number of bandit arms, T current time, and σ the bound on
square-root moment for random losses.

In further research we are going to develop the robust
algorithms and to obtain the convergence rate if the stationary
probabilities are unknown (see Remark 4).
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APPENDIX

A. Gibbs distribution.

For the convenience of reader, recall the properties of
function Gβ (·) (cf., e.g., [7]). We have Gβ (ζ ) =−∇Wβ (ζ ),

Wβ (ζ ) = β ln
(

1
N ∑

N
k=1 e−ζ (k)/β

)
, z ∈ RN .

Function Wβ and the entropy type function

V (θ), lnN +∑
N
j=1 θ

( j) lnθ
( j) ≥ 0 , θ ∈ SN ,

are related to each other via convex duality formula:

Wβ (ζ ) = supθ∈SN

{
−ζ
>

θ −βV (θ)
}
, ζ ∈ RN . (26)

Recall ∇Wβ (ζ )≡−Gβ (ζ ) .

B. Proof of Theorem 1

Let us fix arbitrary i∈{1,K} and simply write β instead of
βi, skipping the low index for a while. Note that Wβ (ζ

(i)
t+1) =

Wβ (ζ
(i)
t ) for all i 6= it , otherwise

Wβ (ζ
(i)
t+1)−Wβ (ζ

(i)
t ) = β ln

(
∑

N
k=1 e−ζ

(ik)
t+1/β

∑
N
k=1 e−ζ

(ik)
t /β

)
= β ln((d(i)

t )>v(i)t+1) , for i = it

where k-th entry of i-th vector v(i)t equals v(ik)t = e−Ξ
(ik)
t /β .

Since ex ≤ 1+ x+ x2/2 for x≤ 0, we get

v(ik)t ≤ 1− Ξ
(ik)
t

β
+

(Ξ
(ik)
t )2

2β 2 .

Recalling Ξ
(ik)
t+1 (20), we obtain (d(i)

t )>Ξ
(i)
t+1 = 0 for i 6= it , and

(d(it )
t )>Ξ

(it )
t+1 = ∑

N
k=1 d(it k)

t 1{k=`t}ξt+1/d(it`t )
t = ξt+1,

we bound, for i = it ,

β ln((d(i)
t )>v(i)t+1) ≤ β ln

(
1− ξt+1

β
+

ξ 2
t+1

2d(i`t )
t β 2

)

≤ −ξt+1 +
ξ 2

t+1

2d(i`t )
t β

.

Combining the previous cases one may write: ∀ i ∈ {1,K},

Wβ (ζ
(i)
t+1)−Wβ (ζ

(i)
t )≤ 1{i=it}

(
−ξt+1 +

ξ 2
t+1

2d(i`t )
t β

)
.

Now take expectation of both sides (first over `t , conditional
on it and dt , then taking the full expectation) and applying
assumption A2 we obtain

E
(

Wβ (ζ
(i)
t+1)−Wβ (ζ

(i)
t )
)

≤ −E(ξt+11{i=it})+
Nσ2qi

2β
.

(27)

Summing up from t = 0 to t = T −1 we obtain

∑
T
t=1E(ξt1{i=it−1}) ≤ −EWβ (ζ

(i)
T )+

Nσ2qi

2β
T . (28)

The minimizer dopt , argmind∈D A(d) satisfies A(dopt) =
Amin (12). Then we apply the duality formula (26) and use
the inequality

Wβ (ζ
(i)
T )≥−(ζ (i)

T )>d(i)
opt−βV (d(i)

opt).

Using (28), the fact that supθ∈SN
V (θ) = lnN, and the last

display we obtain EWβ (ζ
(i)
T ) ≥ −E((ζ (i)

T )>d(i)
opt)− β lnN

with the expectation

E((ζ (i)
T )>d(i)

opt) = ∑
T−1
t=0 E

[
1{i=it}∑

N
`=1 a i`e>N (`)d

(i)
opt

]
= T qi min

`=1,N
a i` . (29)

Therefore, (28)–(29) lead to
T

∑
t=1

E
[
(ξt1{i=it−1})−qi min

`=1,N
a i`

]
≤ β lnN +

Nσ2qi

2β
T

= σ
√

2qiT N lnN

under β = βi (23). Dividing by time T , summarizing by
i = 1,K, and bounding the sum under sequence (βt) (23) we
obtain

E(ΦT )−Amin ≤ σ

√
2N lnN

T

K

∑
i=1

√
qi .

One may see that the obtained upper bound above reduces
to the square root dependence like O(

√
T ) and optimizes

parameter β0. This proves the theorem. N
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