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Abstract— This paper proposes a game-based inner approx-
imation method that efficiently arranges multiple ellipsoids
approximating a parameterization of maximal output admis-
sible sets in terms of a reference vector. The approximation is
contributive when considering a tracking control problem for
constrained systems in which a reference value is not given
in advance. Our idea for the approximation is to characterize
search points of the ellipsoids in a state based game and a
log-linear learning algorithm by dynamics of the constrained
system. Consequently, an efficient arrangement of the ellipsoids
can be achieved at a lower computation cost. A numerical
example is finally illustrated to make sure of the consequence,
compared to our previous works.

I. INTRODUCTION

Constrained control methods are required to enforce a
state and/or control constraint, and the methods such as
reference governor [1]–[3], model predictive control [4], [5],
and multimode switching control [6], work for preventing
degradation of control performance to an extent possible.
Most of them use a mutual tool that plays a key role in
constraint satisfaction for an infinite horizon, which is called
a maximal output admissible set [7], [8].

The maximal output admissible set is very beneficial for
describing the constraint satisfaction as a necessary and
sufficient condition, while we have to take care of two
requirements about how to use. One is that in a control
problem setting a reference is constant and its value is
known in advance. This is because the set is basically defined
by the reference value, where it is called known reference.
On the other hand, when considering a situation where the
reference information is not given in advance, unknown
reference, an alternative definition and its calculation way
are needed. The other requirement is about time that it takes
to calculate the set. In the case of the unknown reference, it is
natural to promptly perform online calculation as soon as the
reference value is confirmed by measurement. However, this
is not necessarily followed, especially in mechanical control
systems, because the calculation time by the methods [7], [8]
is generally much more than a millisecond-order sampling
period. The relaxation of the requirements, therefore, can
lead to success in broadening control problems that we can
handle, with not only the known reference but also the
unknown one.

Straightforwardly extending a definition of the output
admissible set to the unknown reference case is possible, but
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the resulting is not so much useful. The set may not exist
for a relatively large range of allowable reference [8], or,
even if it existed, the resulting output admissible set might
be too small and lead to conservativeness in the constraint
satisfaction, since the constraint must be fulfilled for any
enormous reference changes. In other words, this is caused
by requiring being invariant regarding the reference changes
as well. There are some related works proposed so far. In
[3], [9], limiting a variety of intended constraints achieves
realtime calculation of the maximal output admissible set
in the unknown reference case. In [10], an ellipsoidal level
set of an appropriate Lyapunov function is proposed. This
approach considers the reference as a bounded external
disturbance, and the resulting level set is invariant regarding
state evolutions as well as reference changes. When consid-
ering the large range of the reference, accordingly, it will
produce the conservative consequence.

As for different approaches to the relaxation, our previous
work [11] has proposed a method that generates multiple
ellipsoids approximating a parameterization of the maximal
output admissible sets in terms of a reference vector. The
generated ellipsoids are arranged inside the parameteriza-
tion. To improve an approximation accuracy, moreover, our
another work [12] has proposed a game-based learning
algorithm that finds the better efficient arrangement of the
multiple ellipsoids. The work also has clarified that it is too
difficult to reach the optimum arrangement. These methods,
however, succeed to extend the methods [3], [9] in point
of requiring no limitations on the intended constraints. The
previous works [11], [12] do not take care about calculation
time that it takes to acquire the approximation. From a
point of view of practical uses or applications, consideration
of reducing the computation cost is worth conducting, in
preparation for a situation where a system’s size increases.

This paper, then, proposes an inner approximation method
that efficiently arranges the multiple ellipsoids at a lower
computation cost. An union of the arranged ellipsoids is a
set that approximates the parameterization of the maximal
output admissible sets in terms of the reference. An essential
difficulty of this problem is that although crossovers among
the ellipsoids are allowed, they must be inside the parame-
terization, where the crossovers are difficult to compute. Our
idea to overcome is to construct an approximation algorithm
based on a state-based game [13], [14] and a log-linear
learning algorithm [15]. This idea supports specification of
search points preferable for the ellipsoid’s arrangement in
the game and also does efficient learning with dynamics of
the constrained control system. Consequently, the number of
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the search points can be reduced and at the same time it can
be easy to reach points near facets or vertices of the param-
eterization (polytope) where larger ellipsoids contributive to
approximation accuracy improvement can be made. In other
words, this consequence helps reduce calculation time that
it takes to obtain the approximation at the similar accuracy
as one of the previous work [12]. A numerical example is
finally illustrated to make sure that the efficient ellipsoid
arrangement is achieved and simultaneously the computation
cost is lower, compared to the results obtained by [11], [12].

II. PARAMETERIZATION OF MAXIMAL OUTPUT
ADMISSIBLE SETS IN TERMS OF REFERENCE

This section starts with an already-designed tracking con-
trol system with state and control constraints under a constant
but unknown reference. With these information, this section
explains a set that we want to obtain and a difficulty to obtain.

A. Tracking Control System with Constraints

Let us consider the linear closed-loop system

x̃(k + 1) = Ax̃(k) + Bw(k), (1a)
z̃1(k) = C1x̃(k), (1b)
z̃0(k) = C0x̃(k) + D0w(k), (1c)

with a reference w ∈ ℜp1 and a pointwise-in-time constraint:
z̃0(k) ∈ Z̃ ∀k ∈ Z+, where k ∈ Z+ := {0, 1, 2, · · · },
x̃ ∈ ℜn is a state vector, the initial state x̃(0) = x̃0 is given,
the reference w(k) = w̄ ∀k ∈ Z+ is constant but unknown
in advance, z̃1 ∈ ℜp1 is a controlled output, and z̃0 ∈ ℜp0 is
a vector to be constrained within the prescribed convex set
Z̃ ⊂ ℜp0 ; we also have Mz̃ ∈ ℜsz̃×p0 and mz̃ ∈ ℜsz̃ , i.e.,
Z̃ := {z̃0 ∈ ℜp0 | Mz̃ z̃0 ≤ mz̃, mz̃ > 0}. Assumed that A
is invertible and that the control system from w to z̃1 has an
integral property, which is to achieve tracking, i.e., z̃1 → w̄
as k → ∞. Note that in the absence of the constraint, the
constrained control system (1) is supposed to be stabilized
by an appropriate control design, so that the equilibrium is
asymptotically stable.

Introducing the error variables x := x̃ − x̃e(w̄), z1 :=
z̃1−z̃1e(w̄), and z0 := z̃0−z̃0e(w̄), system (1) is transformed
into the following autonomous system:

x(k + 1) = Ax(k), (2a)
z1(k) = C1x(k), (2b)
z0(k) = C0x(k), (2c)

with the constraint: z0(k) ∈ Z(w̄) ∀ k ∈ Z+, where the
definitions of each matrix and vector are x̃e(w̄) := (I −
A)−1Bw̄, z̃1e(w̄) := C1x̃e(w̄), z̃0e(w̄) := C0x̃e(w̄) + D0w̄,
and

Z(w̄) := {z0 ∈ ℜp0 |Mz̃z0 ≤ mz̃ − Mz̃Φw̄} ,

Φ := C0(I − A)−1B + D0. (3)

Note that Z(w̄) = Z̃ holds if Φ in (3) is zero.
For a particular value of the constant reference, the

constraint satisfaction in the steady state depends on the

prescribed constraint condition, Z(w̄) (or Z̃). Technically,
a reference setting of the control system that leads to a
situation being out of the satisfaction in the steady state
is impracticable. Then, we have the following assumption
derived from z̃0e(w̄) = Mz̃Φw̄ ∈ Z̃.

Assumption 1: The constant w̄ satisfies the following:
w̄ ∈ W := { w̄ ∈ ℜp1 | Mz̃Φw̄ ≤ mz̃}, where W ⊂ ℜp1 is
a convex set of allowable references.

B. Maximal Output Admissible Set

The maximal output admissible set is known to be a
powerful tool that can be used to analyze the satisfaction of
the pointwise-in-time constraint. Its definition is given below.

Definition 1: (Maximal Output Admissible Set)
Let z0(t;x0, w̄) denote an output z0 of (2c) for an initial
state x(0) = x0

1 and the constant reference w̄ ∈ W . Define
a w̄-dependent maximal output admissible set [7], [8] as

O∞(w̄) = {x0 ∈ ℜn | z0(t; x0, w̄) ∈ Z(w̄) ∀ t ∈ Z+ }.

The maximal output admissible set is convex polyhedral
and invariant, and can be calculated by using linear-
programming-based computational methods. As a result, it
can be written as O∞(w̄) = {x ∈ ℜn |Mx ≤ m} with
appropriate M ∈ ℜs×n and m ∈ ℜs. Additionally, 0 ∈
O∞(w̄). This set has the invariance, which provides the
following powerful theorem [7], [8].

Theorem 1: ∀w̄ ∈ W, z0(k) ∈ Z(w̄) ∀ k ∈ Z+ ⇔ x0 ∈
O∞(w̄).

This theorem is effective in the case where information
on the reference value is given before starting control op-
erations. Not in the case, real-time calculation of the set is
needed, while it is not always possible due to its computation
cost. Accordingly, we have to develop a new scheme for
quickly calculating the set as soon as the reference value is
obtained. This motivates to parameterize the maximal output
admissible sets in terms of a reference vector. Actually, some
of papers that have the similar motivation [3], [9], have
considered a specific case Φ ≡ 0, in which the parame-
terization can be realized by parallel shift every time the
reference changes. This paper also avoids direct computation
but considers a general case in Φ.

C. Parameterization in Terms of Reference

The philosophy that the maximal output admissible set
is parameterized in terms of the reference vector must be
useful for real-time acquisition of the parameterized set.
The parameterized set O∞ ⊂ ℜn+p1 is then defined in an
augmented space:

O∞ :=
∪

w∈W

(O∞(w), w). (4)

This expresses a set that consists of an infinite number
of the maximal output admissible sets along the w-axis,
and the set is convex [11], where it is called an ideal

1Since x0 := x̃0− x̃e(w̄), it is preferable to say “for an initial state x̃0.”
However, we use x0 for simplifying the notation.
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parameterization in this paper. Importantly, since the set
W is infinite, O∞ is generally difficult to compute. We
then contrive to make an efficient approximation by multiple
ellipsoids, also considering a good approximation accuracy
in the sense that the individual ellipsoids are made as big as
possible.

III. POLICY FOR INNER APPROXIMATION WITH
MULTIPLE ELLIPSOIDS

This section defines an finitely-sampled version of the
ideal parameterization and explains an inner-approximation
technique of a convex polytope by a single ellipsoid. A
technical procedure of the approximation by the multiple
ellipsoids will appear in the next section.

With l references sampled, the following set is defined:

Ol :=
l∪

i=1

(O∞(w̄i), w̄i) w̄i ∈ W,

where l is a sufficiently large non-negative integer and
the references take different values each other. This set is
unconnected in the augmented space, but is numerically
tractable differently from the ideal parameterization because
l is finite. Now, letting OCH denote a convex hull of Ol,
from a convexity of O∞, the following inclusion holds [11].

Proposition 1: Ol ⊂ OCH ⊂ O∞.
As l increases, Ol converges to O∞ in the sense of Hausdorff
norm, and at the same time OCH also converges to O∞.
The large number of l, however, causes explosive growth
of matrix and vector sizes to express OCH, which is not
adequate in implementation and real-time operations. More-
over, to keep the invariance of the maximal output admissible
set, the ellipsoids to be generated must be placed inside
the ideal parameterization, at least inside the set OCH. This
is motivated to consider inner approximation of the ideal
parameterization by the multiple ellipsoids.

Remark 1: The set Ol is influenced by how and how many
references, w̄i ∈ W , are sampled. Under sufficiently large
number of randomly-sampled references, Ol gets close to
O∞ as l increases. This paper, therefore, assumes that l is
so large that the resulting convex hull OCH is quite close
to the ideal parameterization. A detailed discussion from an
analytical point of view will be made in a different chance.

The inner approximation procedure that this paper pro-
poses, consists of two parts: the first one employs an opti-
mization to obtain a maximum-volume ellipsoid inside the
given polytope [16], [17],

max
P0, c0

{det(P0)}
1

n+p1 s.t. E(P0, c0) ⊂ OCH, (5)

where an ellipsoid E ⊂ ℜn+p1 is defined as follows,

E(P0, c0) :={(x,w) ∈ ℜn+p1 |[
x
w

]
= P0Ψ + c0, ||Ψ||2 ≤ 1},

with a positive definite symmetric matrix P ∈
ℜ(n+p1)×(n+p1), a vector c ∈ ℜn+p1 , and Ψ ∈ ℜn+p1 .

The resulting optimizers P ∗
0 and c∗0 provide the maximum-

volume ellipsoid E(P ∗
0 , c∗0), which holds the following

inclusion: E(P ∗
0 , c∗0) ⊂ O∞, from Proposition 1. In the first

part, therefore, the ideal parameterization is approximated
by the single maximum-volume ellipsoid, which is labeled
as E∗

0 .
Remark 2: It is ideal to acquire such an ellipsoid,

solving an optimization problem replaced with O∞:
maxP0, c0{det(P0)}

1
n+p1 subject to E(P0, c0) ⊂ O∞. This

formulation with O∞ is unfortunately difficult to numerically
solve. This is why OCH is used in (5).

The second part is to attempt improving an approximation
accuracy by generating N ellipsoids plus the maximum-
volume one. The accuracy considered in this approach is
a filling rate of how much the ideal parameterization is
filled with the multiple ellipsoids. Given ellipsoids’ centers
c := (c1, c2, · · · , cN ), an union of the ellipsoids is defined
below as an approximation of the ideal parameterization,

Es(c) := E∗
0 ∪

N∪
i=1

Ei(Pi, ci).

Given c, we can obtain the corresponding maximum-volume
ellipsoids Ei(P ∗

i , ci) i ∈ {1, 2, · · · , N} via the optimization
(5) under fixed ci. What matters is how the centers are
updated to reach a (locally) optimum set E∗

s ⊂ O∞,

E∗
s := Es(c∗) = E∗

0 ∪
N∪

i=1

Ei(P ∗
i , c∗i ),

regarding the approximation accuracy.
The above statement is our policy for how to approximate

the ideal parameterization using the multiple ellipsoids. In
the next section, we will focus on how to make a decision
of the center using a game theory framework.

IV. THE INNER APPROXIMATION VIA GAME THEORY

The approximation accuracy of the filling rate can be
written as a function φ,

φ(c) :=
vol(Es(c))
vol(O∞)

(0 ≤ φ ≤ 1), (6)

where vol(O∞) denotes a volume of the set O∞. Then, the
inner-approximation problem of our interest can be described
in the following optimization problem:

max
c

φ(c) s.t. Es(c) ⊂ OCH, (7)

where OCH is supposed to be very close to O∞ under the
sufficiently large l, as stated in Proposition 1 and Remark 1.
A class of this problem is an optimal inner approximation
of a convex polytope by multiple ellipsoids. As far as the
authors know, unfortunately, it seems to be impossible to
solve the problem in one-shot manner because the matrix P ∗

i

depends on ci, i.e., P ∗
i = arg max

Pi

{det(Pi)}
1

n+p1 subject

to E(Pi, ci) ⊂ OCH. This paper, then, employs a game-
based approach to obtain the efficient inner approximation
E∗

s via the respective players’actions (the center c) and
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the players’ utility (maximizing an ellipsoid’s volume). The
game theoretic formulation is rational in case of handling the
dependency between ci and Pi and of searching ci that has
a restriction.

A. State Based Game with Restricted Action Set

An interesting feature of the game-based approach is
that the players make respective best actions to maximize
the respective players’ utility functions so that it attempts
to maximize the function φ in (7), where assumed the
players do not know the function and their actions are
rationally made. This distributed process is quite useful when
the function is directly incomputable. On the other hand,
this approach must take care of how to design the utility
functions, which is important for the achievement.

A state based game [14], an extension of a finite
strategic form game, is used to formulate an algorithm
for trying to solve the original problem of (7). The
game G with N players is denoted as a tuple G =
(P,X ,A, {fi}i∈P , {Ui}i∈P , {Ri}i∈P). Its definition is as
follows.

Player. ci is the player expressing the center of the ellipsoid
to be generated. A set of the players is denoted as P :=
{1, 2, · · · , N}. In this game, increasing and decreasing the
players are not allowed through plays repeated, i.e., N
is given and constant, and the players are assumed to be
rational.

State Space. Xi ⊂ ℜn+p1 corresponds to the augmented
state space where the player moves, i.e., ci = [xT

i wT
i ]T ∈

Xi, where xi and wi denote the state variable and the
reference value of the ith player. For c, the profile other than
player i is denoted by c−i = (c1, · · · , ci−1, ci+1, · · · , cN )
and we use the notation c = (ci, c−i) ∈ X := Πi∈PXi.

Action Set. Ai ⊂ Zp1+1 is a finite set of an action
ai = (li, di) with integer li ∈ [−Li, Li] (Li > 0) and
di ∈ {−1, 0, 1}p1 . Similarly, for a ∈ A := Πi∈PAi, let
a−i denote the profile of player other than player i, i.e.,
a−i = (a1, · · · , ai−1, ai+1, · · · , aN ), and a = (ai, a−i) is
also used.

State Dynamics. fi : Xi × Ai → Xi expresses a stochastic
update process for the centers,

c+
i = fi(ci, ai) =

[
Alixi

wi + ∆wdi

]
∀i ∈ P,

where the matrix A is the same as one of (2b) and ∆w > 0
is a constant length of a grid in the reference. Its dynamics
is related to a learning algorithm shown in the next section.

Utility. Ui : X ×A → ℜ is defined as follows,

Ui(c, a) :=


max

Pi

det{Pi}
1

n+p1 s.t. Ei(Pi, c
+
i ) ⊂ OCH

if c+
i ∈/ Θ(c−i, a−i),

0 if c+
i ∈ Θ(c−i, a−i),

where Θ(c−i, a−i) := E∗
0 ∪

∪
j ̸=i Ej(P ∗

j , c+
j ) ∀i, j ∈ P .

Why the utility function is introduced is to make an effort to

improve the approximation accuracy φ in an effective way
of excluding a situation in which the ellipsoid’s center c+

i is
placed inside the other ellipsoids, i.e.,

c+
i ∈ Θ(c−i, a−i) ⊂ O∞ ∀i ∈ P.

This situation is possibly not contributive to the accuracy
improvement because a common region among the ellipsoids
must get large. The rational player is not motivated to select
an action a′

i that yields c+
i giving Ui(c, (a′

i, a−i)) = 0 so
that the definition of the utility is workable for excluding
the situation not conductive to the improvement.

Restricted Action Set. Ri : X → Ai is defined as follows,

Ri(c) := {a′
i ∈ Ai | fi(ci, a

′
i) ∈ {OCH \ Θ(c−i, a−i)}} ,

where it is a finite set because Ai is also finite. In repeated
game plays, the next center is always chosen from among
its candidates produced by the restricted action set. What
its definition says is that the candidates are restricted onto
a state trajectory of the dynamical system (2) in discrete
time under an allowable reference value. This restriction
brings two merits; one is to reduce the whole number of
search points more than by defining a cubic lattice [18],
and the other is that there are opportunities that the player
can pass over the other ellipsoids so that he/she can easily
reach points near facets or vertices of the parameterization
(convex polytope) where larger ellipsoids contributive to
approximation accuracy improvement can be made. As a
result, we can expect that the definition helps reducing the
computation time. This point will be checked in a numerical
example section.

An equilibrium concept in the state based game is used
to acquire the efficient approximation. First, introducing a
Markovian state transition function Φ : X × A → ∆(X ),
the state transitions can be written, i.e., c+ ∼ Φ(c, a),
which means that the state is selected randomly according
to the probability distribution Φ(c, a). Next, a reachable set
X(a0|c0) is also introduced, which denotes all states that
may eventually emerge along the state trajectory starting
from the pair (c0, a0). Here, a state c ∈ X(a0|c0) if and
only if there exists a time k > 0 such that

Pr [c(k) = c | c(0) = c0,

c+ ∼ Φ(c(t), a) ∀t ∈ {0, 1, · · · , k − 1}
]

> 0.

And then, we can make a general definition of a recurrent
state equilibrium in the state based game G and show its
existence.

Definition 2: [14] The action state pair (c∗, a∗) is a
recurrent state equilibrium with respect to the state transition
process Φ(·) if the following two conditions are satisfied: (i)
the state x∗ is recurrent according to the process Φ(c, a =
a∗) with initial state c(0) = c∗. In terms of reachable
states this implies that c∗ ∈ X(a∗|c) for every state c ∈
X(a∗|c∗). (ii) For every i ∈ P and ever state c ∈ X(a∗|c∗),
Ui(c, (a∗

i , a
∗
−i)) = maxai∈Ai Ui(c, (ai, a

∗
−i)).

Theorem 2: A recurrent state equilibrium exists in the
state based game G.
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Proof: An evolution of the state ci follows the dynamics
fi with the action ai inside an area OCH \ Θ(c−i, a−i),
which is not void because OCH is a convex polytope and
Θ(c−i, a−i) is a sum of the ellipsoids. The number of the
allowable pairs (c, a) is finite because c is restricted on the
trajectory of fi and Ai is finite. A value of the utility is then
bounded, i.e., for each i ∈ P , 0 ≤ Ui(c, a) < det{P ∗

0 }
1

n+p1 .
We, therefore, can choose a certain pair (c∗, a∗) and the pro-
cess P (c∗, a∗) generates c∗∗. Consequently, the pair (c∗∗, a∗)
is a recurrent state equilibrium.

B. Log-Linear Learning in the Game

The game-theoretic learning algorithm is constructed for
obtaining the efficient approximation E∗

s , where k̂ is an
iteration step by repeated play of the state based game. The
algorithm is adequately customized by a restricted spatial
adaptive play, keeping an essence of it. A terminal condition
of the algorithm uses a best response for any pair (c, a) ∈
X × A as BRi(a; c) := {a′

i ∈ Ai |Ui(c, (a′
i, a−i)) >

Ui(c, a)}. If BRi(a; c) is void, it is a sign that all players
cannot improve their ellipsoids’ volume anymore.

Game-Theoretical Learning Algorithm

Step 0. Set iteration counter k̂ = 0 and generate E∗
0 .

Step 1. Seed c randomly so as to satisfy ci ∈ {O∞ \
Θ(c−i, a−i)} for all i ∈ P and k̂ = 1.
Step 2. i ∈ P is randomly chosen with equal probability.
Step 3. At i, a trial action a′

i is randomly selected from its
allowable set Ri(c) with the following probabilities.

Pr[a′
i = ai] = 1/q, ai ∈ {Ri(c(k̂ − 1)) \ az

i },

Pr[a′
i = az

i ] = 1 − (|Ri(c)| − 1)/q,

where q = |{c+
i |∃ci, c+

i = fi(ci, ai) ∀ai ∈ Ai}| and az
i =

(0, 0).
Step 4. ĉ+

i is determined via choosing an action with the
following probabilities,

Pr[ai(k̂) = a′
i] =

exp {βUi(ci(k̂ − 1), (a′
i, a−i(k̂ − 1)))}

D
,

Pr[ai(k̂) = az
i ] =

exp {βUi(c(k̂ − 1), (az
i , a−i(k̂ − 1)))}

D
,

where D = exp {βUi(ci(k̂ − 1), (a′
i, a−i(k̂ − 1)))} +

exp {βUi(c(k̂ − 1), (az
i , a−i(k̂ − 1)))} and β is a positive

scalar exploration parameter.
Step 5. If BRi(a(k̂), c(k̂−1)) are void for all i ∈ P , then this
algorithm terminates. Otherwise, go to Step 2 with k̂ = k̂+1.

The obtained pair (c∗, a∗) for all players that yields the
ellipsoids, which is an efficient approximation (locally sub
optimal) E∗

s satisfying the following feature.
Theorem 3: Given the constrained control system under

Assumption 1, the presented algorithm provides the equilib-
rium (c∗, a∗) and the resulting approximate set E∗

s holds
E∗

s ⊂ O∞. Then, x ∈ E∗
s under w̄ implies the constraint

satisfaction z0(k) ∈ Z(w̄) ∀k ∈ Z+.

The next section will confirm the proposed approach
can provide the approximation E∗

s and will discuss the
computation time to get the approximation.

V. NUMERICAL EXAMPLE

A numerical example is used to illustrate effectiveness
of the proposed game-based approach, comparing to our
previous works [11], [12].

A. Description of Constrained Control System

The example is a position servomechanism of a DC motor
with two constraints. The motor dynamics from an input
voltage to a rotation angle is experimentally identified, to be
P (s) = 49

s(s+1.5) . One of the constraints pertains to the input
voltage to the motor and the other is related to the allowable
range of its rotation angle; they can be expressed as follows,

|u| ≤ 5 (V) |θ| ≤ 5/6π (rad).

By discretizing the dynamics with a zero-order hold of
sampling period 5.0 (ms), we can obtain information on
the plant dynamics in discrete time and on the constraint
condition,

x̃(t + 1) =

»

1 0.0099
0 −0.9851

–

x̃(t) +

»

0.0024
0.4863

–

u(t),

z̃1(t) = x̃(t),

z̃0(t) =

»

0 0
1 0

–

x̃(t) +

»

1
0

–

u(t),

Mz̃ =

2

6

4

−1 0
1 0
0 −1
0 1

3

7

5

, mz̃ =

2

6

4

5
5

5/6π
5/6π

3

7

5

,

x̃ = [x̃1 x̃2]
′ ∈ ℜ2

, x̃1 = θ, x̃2 = θ̇,

z̃0 = [z̃01 z̃02]
′ ∈ ℜ2

, z̃01 = u, z̃02 = θ,

where θ and θ̇ denote the DC motor’s rotation angle (rad)
and velocity (rad/s), respectively, and the control law used
is basically a state feedback law: u = F (w̄ − x̃). The
reference is given, just before starting control operations, by
w̄ = [w̄θ w̄θ̇]

′ ∈ ℜ2 with w̄θ = θi (rad) and w̄θ̇ ≡ 0 (rad/s).
We designed the gain by using the discrete LQR technique
with appropriate weights: F = [0.9578 0.1723].

B. Application of the Proposed Approach

By setting l = 19, the set Ol is constructed; it is illustrated
in Fig. 1(a), and a list of selected references is shown in
TABLE I. The closed regions bounded by a frame in the
augmented space denote the corresponding maximal output
admissible sets and we can see that the set Ol is unconnected
in that space. A quick hull algorithm [19] is used to obtain a
convex set. The first maximum-volumed single ellipsoid E∗

0

is determined from the optimization (5) by YALMIP of [20].
The ellipsoid is shown in Fig. 1(b) and is given below,

E
∗
0 =



(x, w̄θ) ∈ ℜ3
˛

˛

˛

»

x
w̄θ

–

=

2

4

2.9944 −1.5333 −0.9544
−1.5333 32.8364 0.5203
−0.9544 0.5203 2.2477

3

5 Ψ +

2

4

0
0
0

3

5 , ||Ψ||2 ≤ 1

9

=

;

.

Next, define β = 104 and set N and Li ∀i ∈ P to 10 and
4 respectively. The result obtained by the proposed algorithm
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TABLE I
LIST OF REFERENCES USED FOR THE APPROXIMATION OF O∞ (l =19)

i 1 2 3 4 5 6 7 8 9
θi (deg) −4.9/6π −4.7/6π −4.5/6π −4.3/6π −4.1/6π −4/6π −3/6π −2/6π −1/6π

i 10 11 12 13 14 15 16 17 18 19
θi (deg) 0 1/6π 2/6π 3/6π 4/6π 4.1/6π 4.3/6π 4.5/6π 4.7/6π 4.9/6π
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(b) E∗
s obtained after applying the

proposed algorithm.

Fig. 2. The approximations of Es(c) and E∗
s consisting of 11 ellipsoids

before and after applying the game.

is shown in Figs. 2-4. Fig. 2(a) shows the ellipsoids arranged
before applying the game, and Fig. 2(b) does them aligned
after applying the proposed game-based algorithm. From
these figures, it can be seen that the individual ellipsoids’
position changes. To check the position change more clearly,
two cross sections at w̄θ = 0 and 2 are shown in Fig. 3 and
Fig. 4, respectively. Similarly, Fig. 3(a) and Fig. 4(a) are at the
time just before starting the game, and Fig. 3(b) and Fig. 4(b)
are the results in the approximation. Apparently, it looks to
gain the better filling rate that means that the approximation
accuracy is improved.

The filling rate2 is numerically checked using 500 results
since in the proposed game-based approach the action of fi

is chosen stochastically by the learning algorithm. We then
compare the result of the proposed game with ones of the
two methods: a random algorithm [11] and a conventional
game [12], and the comparison is made in Fig. 5. Figs. 5(a)
and (b), respectively, show the maximum and minimum

2In the volume measurement, Monte Carlo method is used, that is, many
points (x, w̄) are randomly seeded in the augmented space, and the filling
rate is calculated by the ratio of the number of the points in E∗

s to the
number of points x in O∞(w̄).
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Fig. 3. The cross sections of Es(c) and E∗
s at w = 0, obtained before

and after applying the game.
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Fig. 4. The cross sections of Es(c) and E∗
s at w = 2, obtained before

and after applying the game.

values and standard deviations among the 500 results data for
each, where their averages are commonly plotted in the both
figures. Their data values is summarized in TABLE II. The
green segment shows the filling rate of ellipsoids arranged at
Step 1 of the learning algorithm, and the blue segment does
the one of ellipsoids after the learning. Furthermore, from
Fig. 5(a), it can be seen that a champion data of the proposed
approach is better than the conventional one. Although the
proposed approach restricts the candidate centers onto the
each trajectory, it works as much as the conventional method
[12], which never consider such a restriction.

As for the computation time that it takes to get the
approximation, the standard deviation in the times for each
approach is shown in Fig. 6. From this figure, because the

TABLE II
THE LIST OF FILLING RATE φ × 100 (%) (N=10).

approaches min max average std. devi.
random algorithm [11] 49.32 65.05 56.13 3.08
conventional game [12] 60.31 69.64 65.40 2.68
proposed game 56.25 73.38 64.68 2.88
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Fig. 5. Filling rate for each algorithm. The averages are common.
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Fig. 6. The standard deviation in the calculation time for each algorithm.

random algorithm just arranges the centers randomly, its time
is so fast, but its filling rate is not so good. On the other hand,
the proposed approach is faster than the conventional one.
This is because the grid points to be searched by the learning
algorithm is smaller than the conventional one.

Moreover, the proposed approach has another merit that
the player can pass over the ellipsoids the other players
yielded. Actually, a situation in which the player pass over
the other ellipsoid to get player’s better utility value occurs,
which is illustrated in Fig. 7 and whose detail explanation can
be seen in its caption. The corresponding utility values are
plotted in Fig. 8. Such a situation is an unique advantage of
the proposed approach and is contributive to efficiently reach
the similarly good filling rate to reduce the computation time.

Consequently, from the obtained results and the compari-
son with the conventional approaches, we can conclude that
the proposed game-based inner approximation method of the
ideal parameterization by the multiple ellipsoids is effective.

Remark 3: To improve the approximation accuracy more,
the larger number of ellipsoids should be provided. Actually,
the relationship between the filling rate and the number
of ellipsoids is discussed in [12], which illustrates that the
accuracy improves as the number of ellipsoids increases.

VI. CONCLUSION

This paper has presented the game-based inner approxi-
mation method by the multiple ellipsoids. The restriction in
updating the centers of the ellipsoids to be generated onto the
state trajectory enables to efficiently reach the locally (sub-)
optimal arrangement of the multiple ellipsoids. The advan-
tage that the computation time can be reduced keeping the
good approximation accuracy, has been confirmed through
the numerical example. From the discussion, we can see that
the game-based method proposed in this paper is effective
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Fig. 7. The cross sections of E∗
s at w = 0.28. The current player is located

on the point (a). The 8 black points around (a) is a set of the candidates
where the player can move by the conventional [12], and the blue × is a set
of ones given by the proposed game. This shows a turn where the player
passes over the other ellipsoid to get a better utility value at the point (b).
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Fig. 8. The utility values Ui of where the player located on the point (a)
in Fig. 7 can reach with li ∈ [−4, 4].

for calculating in realtime the efficient approximation of the
maximal output admissible set under a situation in which the
reference value is not known until starting controls.

In the future works, we will consider how to change the
trajectory where the candidates are restricted, such as adding
a control input term to the dynamics fi, in order to improve
the algorithm to be faster.
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APPENDIX

Introduce the following three sets,

A1 := {a′ ∈ A | ∃c, φ(fi(ci, a
′
i)) − φ(c) > 0 ∀i ∈ P},

A2 := {a′ ∈ A | ∃c, φ(fi(ci, a
′
i)) − φ(c) > 0,

Ui(c, a′) − Ui(c, az) > 0 ∀i ∈ P},
A3 := {a′ ∈ A | ∃c, Ui(c, a′) − Ui(c, az) > 0 ∀i ∈ P},

where az = (az
1, · · · , az

N ). The relation among these sets is

A1 ⊃ A2 ⊂ A3 ⇔ (A1 ∩ A3) ⊇ A2

Therefore, for the considered state game to become a po-
tential game, A3 \ A1 = {} must hold. However, through
the numerical example, a situation was confirmed such that
A3\A1 is not void. That is, although the utility value goes up,
the value of φ goes down. This is why we cannot employ the
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state potential game approach for the approximation problem
by the multiple ellipsoids. In other words, the game we have
considered in this paper is in a class of the games that it is
difficult to solve and to find the optimum Nash equilibrium.
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