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Fixed-order [, and H; Controller Design for Continuous-time
Polytopic Systems: An LMI-based Approach

Mahdieh Sadat Sadabadi and Alireza Karimi

Abstract—1In this paper, a new approach for fixed-order
Ho and H: dynamic output-feedback controller design of
continuous-time systems with state space polytopic uncertainty
is proposed. This approach is based on the use of some
instrumental matrices, which operate as a tool to decouple the
controller parameters and the Lyapunov matrices. The stability
of the closed-loop system as well as H., and H> performance
criteria are expressed by a set of linear matrix inequalities
based upon linearly parameter-dependent Lyapunov matrices.
Iterative procedure for updating the instrumental matrices
using the previous controller can increase the performance of
the approach. Simulation results demonstrate the effectiveness
of the proposed method.

I. INTRODUCTION

Fixed-order dynamic output-feedback control design is a
challenging issue in the robust control theory and it has
attracted considerable attention since the last four decades.
The non-convexity of the set of all fixed-order stabilizing
controllers for a given plant is the origin of difficulty in
solving such problem [1]. Several approaches have been
proposed to deal with the problem of fixed-order dynamic
controller design. It has been shown that necessary and suf-
ficient conditions for the existence of a fixed-order controller
satisfying a certain stability or performance specification
can be formulated in terms of linear matrix inequalities
(LMlIs) plus a non-convex rank constraint [2]. The existing
methods for dealing with this problem include those based on
alternating projections [3], augmented Lagrangian methods
[4], [5], and nonlinear semidefinite programming (SDP) [6],
[7].

Fixed-order controller design can also be formulated as a
problem involving bilinear matrix inequalities (BMIs), which
are non-convex. In [9], [10], several global and local methods
for solving BMIs have been presented. In [11], a non-smooth
non-convex optimization for fixed-order H., synthesis has
been developed. This approach led to the code hinfstruct in
the MATLAB Robust Control Toolbox.

All these approaches propose a solution to the non-convex
problem of fixed-order controller design; however, they do
not consider systems subject to parametric uncertainty.

In [12] and [13], a non-smooth non-convex optimization
method for fixed-order mixed H., and H> controller design
of systems with multi-model uncertainty has been presented.
This method led to the software HIFOO (H..-H> Fixed
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Order Optimization) which is a public-domain MATLAB
package. Although HIFOO simultaneously stabilizes and
meet the performance conditions for the vertices of a poly-
topic system, it does not guarantee the stability conditions
and H,, and Hy performance for the whole polytope.

To overcome the non-convexity of fixed-order output-
feedback controller design, some researchers have tried to
convexify the problem and present sufficient conditions in
terms of LMIs. They have proposed convex parameteri-
zations of fixed-order stabilizing controllers with H../H2
performance for systems with polytopic uncertainty in the
polynomial framework [14]-[17]. These approaches are
based on the positivity of polynomials and Strictly Positive
Realness (SPRness) of some transfer functions. The quality
of these approaches depend on the choice of a so-called
central polynomial. These approaches are limited to SISO
polytopic systems and therefore they cannot consider state-
space polytopic uncertainty which is more general than
polynomial polytopic uncertainty.

In this paper, the problem of fixed-order H,, and Hy
output feedback controller design for MIMO continuous-
time systems with polytopic uncertainty in their state space
representations is considered. The solution is presented by
a set of LMIs and using an iterative approach converges
monotonically to a local optimum. The idea of this approach
is based on a concept of SPR-pair matrices, which is used
as a tool to convexify the originally non-convex problem of
fixed-order controller design.

The paper is organized as follows. In the next section, the
problem formulation and preliminaries are given. Section III
presents a convex set of fixed-order stabilizing controllers
for polytopic systems. The results are extended to fixed-
order H,, and Hs controller design in Sections IV and
V, respectively. Section VI is devoted to simulation results.
Finally, Section VII is devoted to concluding remarks.

The notation used throughout the paper is standard. In
particular, I and H~!(s) are an identity matrix of an appro-
priate dimension and the inverse of a square transfer matrix
H(s), respectively. P > 0 and P < 0 means that the matrix
P is positive-definite and negative-definite, respectively. The
symbol x denotes symmetric blocks.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider a linear time-invariant polytopic system repre-
sented by the following state space realization:
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T4(t) = Agag(t) + Bgu(t) + Buw(t)
2(t) = Coag(t) + D.yu(t) + D.yw(t) (D
y(t) = Cyy(t) + Duww(t)

where z, € R", u € R", w € R", y € R, and z €
R? are the state, the control input, the exogenous input, the
measured output, and a vector of output signals related to
the performance of the control system, respectively. The real
matrices Ay, By, By, C, Cy, D,y, Dy, and D,, are of
appropriate dimensions. It is assumed that the matrices A,
and B, have polytopic uncertainty as follows:

q
AgN) =D Nid,  By\) =) AB, ()
=1

where A = [A1 - Ag]T

q
A:{A =1, N>0; i:l,...,q} A3)

i=1
(Ag,, By, ,Cy,0) is the state space realization of i-th vertex
of the polytope. It should be mentioned that if the matrix C,
has polytopic uncertainty and B, is fixed, the same results
are obtained. The case that both B, and C, have polytopic
uncertainty is not treated in this contribution.

The objective is to present a convex set of fixed-order
dynamic output feedback stabilizing controllers with H, and
Hy performance for the polytopic system. The controller is
represented by:

€A,

m.C(t) = Ach(t) + Bey(t)
u(t) = Ocmc(t) + Dcy(t)
where A, € R™*™ and B, C., and D, are of appropriate

dimensions. Then, the closed-loop system H.,(A) has the
following state space realization:

#(t) = AN)z(t) + B\w(t)

“4)

z(t) = Cz(t) + Dw(t) )
where,
AN = { Ag(N) +BlféiA)DCOg ng\c)cc }
B() = { B+ B,ID:De ] .

¢c=[C.+D,,D.C, D.C,
D= Dzw + DzuDCDw

The basic idea of fixed-order controller design in the
polynomial approaches [14], [18] is based on the strictly
positive realness (SPRness) of some transfer function. This
idea is presented as follows: Suppose that ¢;(s) for i =
1,2,...,q are the closed-loop characteristic polynomials at
the i-th vertex, then the polytopic system is stable if the
transfer function ¢;(s)/d(s) for i = 1,2,...,q is a strictly
positive real (SPR) transfer function, where d(s) is a given
stable polynomial called the central polynomial. The choice
of the central polynomial is very important since it affects

the control performance as well as the conservatism of the
approach.

In this paper, the idea of SPR transfer functions in the state
space framework is used to propose a convex set of fixed-
order stabilizing controllers with H,, and Hy performance
constraints for systems with polytopic uncertainty. The SPR
condition can be given in the state space by Kalman-
Yakubovic-Popov (KYP) Lemma.

Lemma 1: (KYP Lemma for continuous-time systems

[19]) A transfer matrix H(s) = { é g ] is SPR if and

only if there exists a symmetric matrix P = PT > 0 such

that:
PAT + AP PCT -B

cp-BT —-D-DT

Lemma 2: An SPR transfer matrix H(s) and its inverse

H~1(s) with the following realization are SPR with the same
Lyapunov matrix.

<0 @)

-1 -1
H(s) = |4 lﬁ?c = gﬂ 8)
Proof: The proof is obtained easily by using KYP
Lemma and then applying the Schur complement lemma [20]
on it. [ ]
Remark: The matrices A and A— BD~'C are both stable
with a common Lyapunov matrix.

III. FIXED-ORDER STABILIZING CONTROLLER DESIGN
A. LMI Representation

The problem addressed in this section is to provide a
convex set of fixed-order stabilizing controllers for the sys-
tems subject to polytopic uncertainty in (1) and (2). For this
purpose, the following definition is required to proceed.

Definition 1: Matrix M € R™ ™ is an SPR-pair with
matrix A € R™*" if

H(S):{ T 1

is an SPR transfer matrix.

By applying Lemma 2, it is obvious that if H(s) in (9)
is SPR, H~!(s) with the following state space realization is
also SPR.

9

A A—M] (10)

H™(s) = { T 1

Therefore, if M and A are SPR-pair, then A and M
are also SPR-pair and they are both stable with a common
Lyapunov matrix. As a result, the following inequalities are
equivalent:

PMT + MP * -0
P—MT4+ AT —2I
T (11)
PAY + AP * <0
P+ MT - AT 91

The following theorem proposes a new convex parameter-
ization of fixed-order stabilizing controllers for the polytopic
system defined in (1) and (2).
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Theorem 1: The fixed-order controller defined in (4) sta-
bilizes the polytopic system in (1) and (2) if there exist a
stable matrix M and a non-singular matrix 7" such that M
makes an SPR-pair with T—'A,T for i = 1,...,q, where
A; is the closed-loop state matrix of the i-th vertex defined
by:

— Agz: + BgiDCCg BQiOC
h=[Aa B BT

Therefore, a convex set of stabilizing controllers can be
given using KYP Lemma by the following set of LMIs:

[ P,MT + MP; *

P~ M7 + (T AT)T —2I ] <0 a3

fori=1,...,q.

The above inequalities are LMIs in terms of the con-
troller parameters (A, B., C., D.) and g symmetric matrices
P,>0fort=1,2,...,q.

Proof: Since M is an SPR-pair with T='A;T in (13),
both are stable with the Lyapunov matrix P;. By convex
combination of (13) for all vertices, one can obtain:

PANMT + MP()) *
[ P\ = MT + (T ANT)T  —2I

where A(X\) = Y7, N4, P(A) =27, NP, and \; € A

in (3). The above inequality shows that M and T-'A(\)T

are SPR-pair. Based on (11), the above inequality is equiv-
alent to

PA(TTANT)T + (T7TANT)P()\) %

{ PA\) +MT —(T71ANT)T 21

] <0 (14)

| <o
15)

Now, multiply the above inequality on the right by

diag(TT,TT) and on the left by diag(T,T):

(TPNTTYAT(A) + AN(TPNTT) * <0

TPNTT + (TMTT)T —TTTAT(\) —21TT

(16)

As a result, the closed-loop state matrix of the polytopic
system A()) is stable with a linearly parameter-dependent

Lyapunov matrix TP(\)T7. ]

B. Choice of the central state matrix and the similarity
transformation

The quality of this approach depends on the choice of M,
the central state matrix, and 7, the similarity transformation,
which have to be selected in an appropriate way.

One method for choosing the matrices M and 7' is to use a
set of initial stabilizing controllers designed for each vertex
of the polytopic system. Since there are various methods
for fixed-order controller design in the literature to deal
with systems without polytopic uncertainty (e.g. [3], [11],
[17], [21]-[23]), it is assumed that a fixed-order stabilizing
controller for each vertex of the polytopic system is available.

Suppose that A; is the closed-loop state matrix of the i-
th vertex with its corresponding controller. Then, a suitable
candidate for the central state matrix M will be a matrix
which is SPR-pair with T-'A;T for i = 1,2,...,q. This
matrix and the non-singular matrix 7" are determined by the

dual LMIs of (13), which are mentioned in the following
remark:

Remark: Note that based on the results of Lemma 2,
the inequality (13) is equivalent to the following inequality
which means that T—'A;T is also SPR-pair with M:

Pi(TilAiT)T + (TilAlT)Pz *
P; + MT — (TilAiT)T —21
fori=1,2,...,q.
Then, by multiplying this inequality on the right by
diag(TT,TT) and on the left by diag(T,T), one obtains:

} <0 (17)

T
{ P XAT AT o ] <0y
where,
My =TMT"
Pr, = TPTT (19)
X =11"
fori=1,2,...,q. Therefore, the central state matrix M and

the similarity transformation 7" can be chosen as follows:
T = (chol(X))T

20
M=T""M;sT" T 20)

where chol is Cholesky factorization and (M7, X) are a
feasible solution to the LMIs in (18) by replacing A; with

A;fori=1,2,...,q.
IV. FIXED-ORDER H,, CONTROLLER DESIGN

In this section, the objective is to design a fixed-order sta-
bilizing controller for a polytopic system which satisfies an
infinity norm bound on some closed-loop transfer functions,
ie. | Hzw(N)|loo < 7-

It is assumed that either D,, or D,, in (1) are equal to
zero. In what follows, D, = 0 is considered. Therefore, the
controller matrices appear in the matrices A(A) and B(\).

The following Theorem presents a convex set of fixed-
order H,, controllers.

Theorem 2: Suppose that a central stable matrix M and a
nonsingular similarity transformation 7" are given. Then, the
closed-loop system of the polytopic plant in (1) and (2) with
the controller in (4) is stable and ||H..,()\)||so < 7 if there
exist symmetric matrices P; > 0 such that:

PMT + MP; * * *
P, —MT +(T7'AT)T 21  « *
(T—'B;)" 0 1 o« | <0
(CT)P, 0 D I
21

fort=1,2,...,q.
Proof: The proof is easily obtained by applying the
Schur complement on (21). |
The dual part of the LMIs in (21) is found by using the
Schur complement lemma as follows:

PT,L' A? + AiPTi * * *
Pr, + Mp" — XAT  —2X % *
BT 0 1 <0 (22)
CPr, 0 D —~I
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where My, Pr,, and X have been defined in (19).

Now, consider a set of initial fixed-order H., controllers
independently designed for each vertex and compute A;,
B;, C;, and D; from (6) by replacing the initial controllers
for A., B.,C. and D.. Then, Mt and X can be obtained
through an optimization problem that minimizes -y subject
to the LMIs in (22) where (4;, B;, C;, D;) are replaced by
(4, B;, Ci, D).

Remarks:

1) The results can be further improved if the resulting
controller is used as an initial controller in order to
update the central state and similarity transformation
matrices iteratively. This idea is applied to a simulation
example in Section VI.

2) Theorem 2 can be developed for the case when D,, =
0 and D, # 0 as well.

V. FIXED-ORDER Hy CONTROLLER DESIGN

The main objective of this section is to propose a convex
set of fixed-order stabilizing controllers for polytopic systems
which satisfies Hy performance || Hq,(\)||3 < v.

It is assumed that D,, = 0. In this way, the controller
matrices appear in matrices A(\) and B(\).

Theorem 3: Suppose that a central stable matrix M and a
nonsingular similarity transformation 7" are given. Then, the
closed-loop system of the polytopic plant in (1) and (2) with
the controller in (4) is stable and ||H.,,()\)||3 < v if there
exist symmetric matrices P; > 0 and @); > 0 such that:

PiMT + MPz * *
P — MT +(T'AT)YT -2 * | <0
(T1B;)T 0 -I

P (23)
[ (CT)P Qi ] >0
trace(Q;) <v, D=0

fort=1,2,...,q.

The quality of this approach depends on the choice of the
state matrix M and the non-singular matrix 7" which can be
acquired based upon the dual formulation of the above LMIs
obtained by using the Schur Complement lemma as follows:

PTi A;‘F + AiPTZ * *
Pr 4+ MpT — XAT —2X | <0
BT 0o —I
P (24)
[ CPr, Qi } >0

trace(Q;) <v, D=0
where My, Pr,, and X have been defined in (19).

Remarks:

1) Similar results can be obtained for the case when
D, =0and D,, # 0.

2) The matrices M and T can be obtained by (20) where
(Mr,X) is a feasible solution of an optimization
problem which is minimizing v subject to the LMI

conditions in (24) (by simply replacing (A;, B;, C;,
D;) with (4;, B;, C;, D,)).

3) Mixed H,, and H> control design can be addressed
by gathering the LMIs in (21) and (23) in a single set
of LMIs without using a common Lyapunov matrix
and unique instrumental matrices (central state and
similarity transform matrices) for both objectives.

VI. SIMULATION RESULTS

Consider the following fourth-order polytopic system. This
example is borrowed from [26] and represents a two-mass-
spring system.

T 0 0 1 0
0 0 0 1
Ak)=1| k0 o
Lk -k 0 0
0
Lo 25)
o= —075
L0 0.75
C,=[0 1 0 0] 10 0]
Dow =0; Day = 0; Dw—O

We consider that k is an uncertain parameter in the interval
[1.15, 2]. Therefore, the polytopic system has two vertices.

The objective is to design a fixed-order H., and Ho
dynamic output feedback controller in order to minimize
||H 2w (M) ||oo and || H ., (N)||2 of the unstable system in (25).
Note that since the state space realization of the system
is not in the canonical form, the existing polynomial-based
approaches in the literature for fixed-order controller design (
[14], [17], [18]) cannot be used for the comparison purpose.

Case a: Fixed-order H, controller design

First, two initial second-order H,, controllers are com-
puted using the hinfstruct command in MATLAB (by setting

the target gain to 1.4).

In this case, the infinity norm of two vertices are 1.2492
and 0.8957. Then, the central state matrix and the similarity
transformation are computed using a feasible solution of (22)
and (20) with v,,;, = 1.2557. Finally, a second-order H .,
controller is computed using the LMI in (21) with 7, =
1.0710 as follows:

A [ 2769 —2.284 7 o [ 4362
L= 202  —0.0074 | P17 | 0.005 (26)
Cep = [ —4.083 —3.309 |; Dey = 6.295

The norm of ||H,y, |« achieved at the two vertices are

0.9786 and 0.761, respectively.

Iterative approach for update on the instrumental matrices
M and T based on the controller in the last iteration can
improve the results. Figure 1 shows the values of v after 20
iterations. The algorithm converges to 7,,,;», = 0.8645 and it
results in the following controller:

[ 270 —22457 [ 452
27| 1950 00117 |7 2T —0.044 | (27)
Cep = [ —4.057 —3.263 |; Dy = 6.561

with the infinity norms 0.8592 and 0.7809 at two vertices,
respectively.
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2 4 6 8 10 12 14 16 18 20
lteration

Fig. 1. Evolution of the infinity norm versus the iteration number

For the comparison purpose, HIFOO 3.5 (with HANSO
2.01) is used to design a fixed-order H, controller for two
vertices of the polytope. Since HIFOO uses random starting
points, three sequences of optimized H., norms with 10
iterations are generated. To improve the results with HIFOO,
the designed controller in previous iteration is used as an
initial guess. The results of H,, norms of two vertices are
plotted in Figure 2. The minimum H, norms of two vertices
obtained by HIFOO after 10 iterations are 0.7033 and 0.7056,
respectively.

HIFOO requires considerable computational time to find
a controller. In this example, the average time, which has
been computed using the tic and foc commands in MATLAB,
for H,, controller design by the proposed approach (with
20 iterations) and HIFOO (with 10 iterations) are 32.36sec
and 912.94sec, respectively. If the option options.cpumax in
HIFOO is set to reduce the running time, the performance
will be reduced.

It should be mentioned that the controller obtained by
HIFOO is valid just for the two vertices of the polytope
and it does not guarantee the stability condition and the H,
performance constraints for any model within the polytope
of these two vertices.

Case b: Fixed-order Hs controller design

In this case, the same initial controllers (as the previous
case) are employed. The central state matrix and the simi-
larity transformation are computed using a feasible solution
of (24) and (20). Finally, the results of Theorem 3 yield the
value 0.7341 as an upper bound for the H» performance.
The corresponding Ho controller is:

4 — | —24705 —2561 ) o 4.99
el = 1.929  0.0477 |’ 1T | —0.0936 (28)
Cey = —3.656 —3.7118 |; D.; =7.2131

The results can be improved more by an iterative approach
in which M and T are updated based on the controller in the
last iteration as an initial controller. After just 5 iterations,
the upper bound 0.6928 is obtained for the polytopic system

35— N T T T
3 T 8
\
25 AN 7
5 ol 2\ ]
5 \
>
151 \ 4
\ iteration: 10
1F RS norm: 0.7033
05 I I I I I I T iy
1 2 3 4 5 6 7 8 9 10
iteration
35—
~
N
3 ~ o
«~ 251 \ 4
x
3 ol \ |
S
>
vsl \ |
iteration: 10
1+ N norm: 0.7056
05 I I I I I I I |

1 2 3 4 5 6 7 8 9 10
iteration

Fig. 2. Hoo norm sequences optimized by HIFOO for the two vertices of
the polytopic system

0.735 .l

0.73

0.725

0.72

0.715

H, norm

0.71

0.705

07

Iteration

Fig. 3. Evolution of the two norm versus the iteration number

with the following controller:

4. | —24685 —2.56 ] o [ 4995
27 19288 0.0469 |’ T°2T | —0.0956 | (29)
Cep = —3.6563 —3.T1 |; Dy =7.223

Figure 3 shows the values /v after 5 iterations. || H ., ||2 of
the two vertices are 0.6926 and 0.5335, respectively.

The results are compared with HIFOO 3.5 (with HANSO
2.01). Three sequences of optimized Hy norms with 10 itera-
tions are generated. At each iteration, the previous controller
is used as an initial starting point. The results of Hs norms
of two vertices are plotted in Figure 4. The minimum Hs
norms of two vertices resulted by HIFOO after 10 iterations
are 1.307 and 0.9171, respectively. The average time required
to design the Hy controller by the proposed approach (with
5 iterations) and HIFOO (with 10 iterations) are 12.90sec
and 254.69sec, respectively.

Remark: To solve the LMIs in MATLAB, YALMIP [27]
as the interface and SDPT3 [28]/SeDuMi [29] as the solver
have been used.
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n iteration: 10
5 norm: 1.307

1 I I I I I I I I

Vertex 1

1 2 3 4 5 6 7 8 9 10
Iteration

1 iteration: 10
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Vertex 2

Fig. 4. H> norm sequences optimized by HIFOO for the two vertices of
the polytopic system

VII. CONCLUSION

In this paper, a new approach for fixed-order H., and

Hy

output feedback control of continuous-time polytopic

systems has been proposed. The approach is based upon
the concept of SPR-pair matrices which operates as a tool
to convexify the stability conditions, the H,, and Hy per-
formance constraints. The quality of this approach depends
on the choice of the instrumental matrices which can be
computed by means of a set of initial fixed-order controllers
designed for each vertex of the polytopic system. An iterative
approach for update on the instrumental matrices based on
the previous controller can improve the H, and Hy perfor-
mance. The simulation results demonstrated the effectiveness
of the approach.
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