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State observer for a low-order plant under intrinsic pulse-modulated
feedback: a case study

Alexander N. Churilov, Alexander Medvedev and Zhanybai T. Zhusubaliyev

Abstract— Dynamical behaviors in a recently proposed ob-
server for linear time-invariant systems under intrinsic pulse-
modulated feedback are studied. A special case of scalar
continuous dynamics is considered as it is not covered by the
previously presented mathematical analysis. Notably, the lowest
non-trivial differential order of the continuous part of the plant
results in a more complex dynamics of the observer. In fact, the
convergence of the observer becomes dependent on the observer
initialization, which phenomenon does not exist in the case
of the second and higher order continuous dynamics. As an
alternative to the static gain observer, an integral feedback
observer is suggested that exhibits global convergence for
certain values of the observer gain and types of the periodic
solution in the observed plant. Extensive bifurcation analysis is
though necessary to select a proper observer gain.

I. INTRODUCTION

A static gain observer for linear continuous plants with
intrinsic pulse-modulated feedback was proposed in [1]. The
problem roots in the estimation of unmeasurable hormone
concentrations in hormonal axes with pulsatile secretion [2].
For an impulsive system with modulated jumps, the observer
is supposed to not only drive the continuous state estimation
error to zero, but also synchronize the sequence of jump
instants estimated by the observer with that of the plant.

This paper presents analysis of a specialized version of
the observer studied in [1], with the continuous part reduced
to a first-order differential equation. The dynamics of the
mathematical model that the observer is based on, but not
these of the observer, were considered in [3]. The analysis
in [3] has shown that such a structurally simplified system
still preserves the main features of the system with a multi-
dimensional continuous part and exhibits periodic solutions
of high multiplicity as well as transition to chaos through a
cascade of period-doubling bifurcations.

Contrary to what might be expected, it is found ana-
Iytically and by bifurcation analysis that the observer for
the reduced model possesses more complex dynamics than
in a multidimensional case and fails to converge for some
initial conditions. This paper presents an explanation to the
observed phenomena as well as a way of improving the
observer performance through an integrator feedback.
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The paper is composed as follows. First the model equa-
tions are given, mathematical properties of the model are
briefly summarized, and necessary terminology is provided.
Then, the observer equations are specialized to the case of a
scalar continuous part and a pointwise mapping completely
characterizing the observer dynamics is introduced. Further,
it is demonstrated that the pointwise mapping is not contin-
uously differentiable on certain manifolds of the state space
of the hybrid system and has stability properties that depend
on the initialization of the observer.

II. PLANT EQUATIONS

Consider a plant governed by the equation

dx

— = -\ 1

7 ) )
where )\ is a positive scalar and x(t) is the scalar measurable
state. The state x(t) undergoes intrinsic (non-measurable)
jumps at the time instants ¢ = t,,:

w(th) = x(ty) + m, )
T =0(x(ty)), = F(a(t;)). 3)

The minus and plus in the superscripts denote a left-sided
and a right-sided limit, respectively. The functions ®(-) and
F(-) are continuously differentiable, strictly monotonic and
bounded with strictly positive lower bounds. The function
®(-) is increasing and the function F'(-) is decreasing. The
above assumptions imply that all the solutions of system (1)—
(3) are bounded and there are no equilibria, see [2].

Obviously, the system under consideration is positive, i.e.
if the initial value z(¢; ) is positive, then z(¢) > 0 for all
t = to.

To completely characterize the system dynamics, not only
the continuous-time state x(t), but also the jump instants
t,, should be taken into account, yielding a two-dimensional
hybrid system that is analyzed in detail in [3]. In fact, it
constitutes a specialization of a more general model treated
in [2].

The plant is subject to unknown initial conditions
(2(0), to) and the first firing instant of the pulsatile feedback
occurs after the initial time instant, tg > 0. With regard to the
hybrid system dynamics, the initial conditions are specified
as (z(tg ), to).

Define z,, = x(¢,;). Then any solution x(t) of (1)-(3)
satisfies the discrete-time equation

Tn+1 = QO(xn)» (4)

tn+1 - tn + Tna
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where

Qo(z) =e W) (2 4 F(x)). (5)

Together with the equation t,41 = t, + ®(z,), (4) com-
pletely defines the dynamics of (1)—(3), [2]. Once a sequence
(Zn,tn) is determined, the continuous state in between the
firing times is uniquely given by
z(t) = e M) (@, + F(x,)),  tn <t <tlpii.

Proposition 1 ( [3]): The map given by (5) always has a
unique fixed point z > 0. The derivative of map (5) satisfies
Qp(z) < 1 for any = > 0.

Consider periodic solutions of (4), and, consequently, of
(1)=(3). A set of points S(x¢) = {zg, z1,...} wWith 2,41 =
Qo(xy,) is usually termed as an orbit of system (4) through
the point z.

A solution z,,,n = 0,1,... is called m-periodic (for some
m 2 1), if m is the smallest value for which the relationships

1 = Qo(x0), 2= Qo(z1), ...,

Tm = QO(l'm.—l)a Tm = X0

hold. Then the orbit of such a solution is S(xg) = Sy (x0) =
{zo, 1, ..., Tm—_1}, Which is an m-periodic orbit of dis-
crete system (4). The initial value zo for an m-periodic solu-
tion satisfies o = Q'™ (), where Q{™ is the composition
of QQy with itself m times.

Let x,, be an m-periodic solution of (4). Pick a solution
x(t) of (1)=(3) for t > to with some initial values to > 0
and z(t; ) = zo. Then z(t) is periodic with the period T' =
D(xg)+ ...+ P(xm—1) and has exactly m impulses on the
periodicity interval [0, T'). Moreover, t,,, = to + 7. Such
a solution z(t) will be called an m-cycle. It follows from
Proposition 1 that, for a fixed ¢p, system (1)—(3) always has
a unique 1-cycle.

An orbit S(x) of discrete equation (4) is called asymp-
totically stable [4] if

(i) for any neighborhood V' O S, there exists a neighbor-
hood U D S such that x,, € V for all zo € U and n > 0;

(ii) there exists a neighborhood Uy D S such that the
distance dist (z,,,S) — 0 for all 2y € Uy, as n — co.

For (4), an m-periodic orbit {xg, 21, ..., Typ_1} is
asymptotically stable if

—1 < Qp(w0)Qo(a1) - Qp(Tm-1) < 1.

Since the hybrid system under consideration is of dimen-
sion two (one continuous state and one discrete), consider
a 2-dimensional orbit (a set of ordered pairs) S*(xg,ty) =
{(zn,tn), n =0,1,...}. Clearly, it is not periodic even in
the case when S(z() is an m-periodic orbit of (4). Since
tht1 = tn, + ®(x,), for an asymptotically stable S, the
orbit S* will not be asymptotically stable. Indeed, small
perturbations in ¢y remain small as n increases, but do not
vanish.

III. OBSERVER EQUATIONS

The purpose of observation in hybrid system (1)—(3) is
to produce estimates (tAn, 4 ) which are close (in the sense
defined below) to the impulse parameters (¢, v5). To that
end, an observer mimicking the dynamics of the plant is
introduced as:

dz . R
%:—)\x—i—K(:ﬂ—xL (6)
where
2(t4) = 2(f5) + An, (7

and K is a static feedback gain that is a positive scalar.
Without loss of generality, it is assumed that o > .

The observer design objective is then to ensure asymp-
totical convergence of the sequence {f,} to {t,}, i.e. to
synchronize the impulses in the observer with those of the
plant by a suitable choice of K.

Since the state z(¢) undergoes jumps at certain time
instants, the closeness of x(t) and (t) cannot be guaranteed
for all ¢. Indeed, the solutions x(¢) and Z(t) can differ signif-
icantly in vicinity of a jump. However, closeness of x(t) and
its estimate 2(¢) can be ensured in the sense that there exists
a constant integer a > 0 depending on initial conditions and
such that &, — tn4q — 0 and |&(f,) — z(t, )] — 0 as
n — —+oo.

Summing up, the overall dynamical system under consid-
eration is the one comprising the plant and the observer and
governed by (1)-(3), (6)—(8).

IV. POINTWISE MAPPING AND ITS PROPERTIES
Pick a solution x(¢) of plant equations (1)—(3) with the

parameters t;, v;, ¢ = 0,1,2,.... This solution will further
be fixed. Consider the sets
Uhs:{(l‘,t) Dt <t <tpyr, ts <t+P(x) < tepq,

z,t e R"}
©))
for Kk = 0,1..., s = k,k+ 1,.... For brevity sake,
denote x, = x(t, ). It is seen that any sufficiently small
neighborhood W, of a point (zy, ) satisfies the inclusion
(see Fig. 1)

Wi C Uk UUg—1,641 U Ug—1,5 U Uk py1.

For brevity sake, denote #, = (¢, ). Consider the
pointwise mapping describing the evolution of the observer
state:

('fi‘n7 tn) = (i'njtla tn+1)~

Define P(z,t) = Py ¢(x,t) for k=0,1,..
Uk,s with

Pk,s($7 t) — e—/\(t—&-@(l-)—ts)x(t;i-)

_ o~ (AHE)®(2) {e—x(t—mx(t;) o F(x)]

(10)

S s>k, (x,t) €

_ Z ,yje—()\-‘rK)(t-‘rfI’(w)—tj).
j=k+1

2123



Tk

Fig. 1: A neighborhood of the point (z,t)

Theorem 1: Pointwise mapping (10) is given by the equa-
tions

Fpy1 = Plin,tn), ftpy1 =1ty +®(&,).  (11)

Proof: The proof is along the lines of the proof of

Theorem 1 in [1]. ]
Theorem 2: The mapping P(x,t) is continuous.

Proof: Omitted. [ ]

Dissimilar to the case previously considered in [1], the
mapping P(x,t) is not continuously differentiable (see The-
orem 3). This is despite the fact that the scalar plant in (1) is
just a specialization of the linear plant treated in [1]. Already
for a second-order (and higher) continuous dynamics, all the
results in [1] apply. However, as explained below, the case
of a scalar plant needs special attention.

For a sufficiently small neighborhood of a point (xy, tx),
k > 1, the mapping P(z,t) can only take the following
values: P(x,t) = P, s(z,t), where (z,t) € Uy, s and U, s is
one of the four sets U]“k, kal’k;+1, kal,k, U}C’qu.

Theorem 3: The partial derivatives of P(x,t) at a point
(zk,tr), k > 1, can be computed as follows:

2 Pyop(@n, ty) = —Azp 1@ + e~ AT (14 )
%Pk,k(l‘k,tk) = -\ (1 _ e—KTk) P
a5 P, tr)

2 Peg(@n, t) + Kype” ATOTk,
=2 Poi(@e, ti) + Kves1®),

2 Pek(wn, tr) + Kyks,

= & Py (n, ),

Proof: Omitted. [ ]
Theorem 3 implies that the partial derivatives of P(z,t) have
gaps in any neighborhood of (x, tx) on the borders between
the regions U, ,.

Introduce additional notation pertaining to mapping (10).
Define the functions

Qr.s(x,t) = {f’;g‘&;ﬂ ;o Qla,t) = [ti(g(g)} '

= % Pk,]{;Jrl(xk, tk) + K’yke_(A—FK)T’“.

Then Q(x,t) = Q. s(x,t) for (z,t) € Uy s and

{“”””“] Q(in, tn

n+1
The Jacobian of Q(x,t) is given by

/ P(z,t) Pi(z,t)
Q (x’t) = |: (I)/(x) 1

at those points (x,t) where the partial derivatives exist.

V. SYNCHRONOUS MODE

Let (2(t), t,) be a solution of plant equations (1)—(3) with
the parameters 7, Ty, and x, = x(t; ). Suppose that the
plant is already running at the moment when the observer is
initiated, i.e. t, <ty < ty+1 for some a > 1.

Considering the solution (Z(t), £,,) of observer equations
(6)—(8) subject to the initial conditions

£O = tq,
yields

j:n = Tn+a> tn :tn+a7 rAYTL = Tn+a> n207 1a 2a sy

and #(t) = z(t) for t > t,. Such a solution (&(t), £,) will
be called a synchronous mode with respect to (xz(t), t,).

A synchronous mode is called locally asymptotically sta-
ble [2] if for any solution (#(t), ,) of (6)—(8) such that
the initial estimation errors |ty — to| and |2(f5) — z(¢; )]
are sufficiently small, it follows that t, — thte — 0 and
&(t,) — z(t,,,) — 0 as m — oc. The latter implies
An — Ynt+a — 0 as n — oo.

Due to the biological nature of the underlying observation
problem, synchronous modes with respect to stable periodic
solutions of the plant are considered. Recall the mapping
P(z,t) introduced in the previous section. Since #,, = t,,14
and in = Xy, for a synchronous mode, it follows that
(LUn, ) € UnJra n+a+1 and

-in-i-l - Pn+a,n+a+1(i‘n7 tn)

for all n > 0. Moreover, a small neighborhood of any point
(#p,t,) of the orbit corresponding to a synchronous mode
lies at the union of the four sets

Una,na U Unafl-,na+1 U Unafl,na U Una-,na+1v

where, for brevity, n, = n + a.
Denote also ®) = ®'(zy), Fj, = F'(z) and introduce
the Jacobians of the mapping @, »

%Pm,n(x,t) %Pmm,(l‘,t)

0= 1

Further, consider the Jacobians Ji k41, Je—1,k+1, Jk ks
Jk—1, at the point (zy, tx). The arguments (zy, ti;) will be
omitted to save space.

Since the matrices J,, ,, are of dimension 2x 2, their eigen-
values are completely characterized by their traces trJ,,
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and their determinants det J,, ,,. Namely, the characteristic
polynomial of a matrix J,, , is

mm,n(p) = p2 —ptr Jm,n + det Jm,n-

Schur stability of a polynomial B, ,,(p) (all roots lie inside
the unit circle) is then equivalent to

168 Ty | — 1 < det Jpp < 1. (12)

By making use of the formulas for the partial derivatives
given in Theorem 3 and checking inequalities (12), explicit
stability conditions for the matrices Jx k41, Jo—1,k+1> Ji k>
Ji—1,, are obtained.

Proposition 2: For k > 1 we have

tr Jo g1 = tr Jp_1 k41,
tr g = tr Jp—1,k,
det Ik k1 = det Ji ks
det Jy—1,x+1 = det Jp_1 k.
Proof: The result follows from Theorem 3. [ ]
For large gains K, i.e., K — +oo, Schur stability

conditions for the polynomials By x+1, Br—1.k+1> Bk ks
PBr—1,% can be easily obtained. One has

trJp—1p =trJpp — 1 — )\Ik+1@;€+1,
det kal,k — 0, det Jk,k —0

as K — +o0. Thus, if the inequality

is satisfied, then the matrices Ji_1 x, Ji r are Schur stable,
i.e., all their eigenvalues lie strictly inside the unit circle. At
the same time,

tr Jp—1,k+1 = tr Jp g1 — +00

as K — +oo, so the matrices Ji_1 41, Jk,k+1 become
Schur unstable. This is in contrast with the case of higher
dimensions of the continuous part treated in [1], where a
sufficiently large observer gain always led to local asymptotic
stability. Computer simulations in the next section indicate
that for most values of the parameters the estimation error of
the observer either vanishes, or remains considerably large,
depending on initial states.

VI. SIMULATION EXPERIMENTS WITH STATIC
GAIN OBSERVER

For the purpose of simulation, assume specific forms of the
functions ®(z), F'(x) [2] that are known as Hill (sigmoidal)
functions and widely used in biological modeling:

(x/h)?

®(z) = ki + kzm7 F(z) = ks + m»
where parameters the k1, ko, k3, k4, h are positive and p > 1
is an integer number.

In biological models, the Hill function order p is kept
reasonably low. The following parameter values have been
chosen: k1 = 40, ko = 80, k3 = 0.005, k4 = 250, h = 2.7,
p=4,0.003 <\ <0.038.

k4

00 pemi bR
—£(t)
~15.0
0.0 t 20000
(a)
15.0
£(t)
00 \l I‘ \l \‘ || \l I‘ \l I‘ \l I‘ || \‘ || \l I‘ \l I‘ \l I‘ || \‘ I‘ \l I‘ \l I‘ \l I‘ || \l I‘ \l I‘ \l \‘ || || \l I‘ \l I‘
—£(t)
-15.0
390000 t 400000
(b)
Fig. 2: Transients in the estimated firing times and amplitudes
of the jumps in observer (6) for a 2-cycle (m = 2) in

the plant. The times and amplitudes (with opposite sign)
of the jumps in the plant are plotted in red, A = 0.0052,
K =1.2. (a) The case of (&, fo) € U,k Synchronization is
achieved. (b) The case of (#g,%y) € U r+1. Synchronization
has failed.

The simulation results confirm the conclusions of Sec-
tion V. If the initial conditions for observer (6) lie in the
regions of stability, a synchronous mode is established after
some transient time. If the observer starts in a region of
instability, synchronization is never reached.

In Fig. 2 transients in the estimated jump instants and
amplitudes are shown for observation of a 2-cycle with the
parameters A = 0.0052, K = 1.2. The light blue lines are
positioned at the firing times of the observer ,. The red
lines are positioned at the jump instants of the plant in the
2-cycle. Here &(t,) = Y, g(én) =4n and {(t) = &(t) =0
otherwise. In Fig. 2(a), (Z0,to) € Uy, (initial conditions
in a stability region) and the synchronous mode is achieved
in the observer after a transient. In Fig. 2 (b), the observer
is initialized so that (ig,%) € Uk k+1 (initial conditions in
an instability region) and synchronization fails. Thus, the
observer performance depends on the initialization which
effect does not exist in the observers with a higher (than
two) order of the continuous part.

However, for initial conditions selected in a stability
region, the observer is able to reconstruct signals of a rather
high periodicity. For instance, in Fig. 3, a transient to a
synchronous mode is depicted for an 8-cycle in the plant with
A = 0.00689, K = 1.2 and (Z¢,%y) € Ur_14 (a stability
region).
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0.0 t 20000

Fig. 3: Transients in the estimated firing times and amplitudes
of the jumps in observer (6) for an 8-cycle (m = 8) in the
plant (in red), A = 0.00689, K = 1.2 and (&0, %) € Uk_1 4-
Synchronization is achieved.

VII. OBSERVER WITH INTEGRATOR FEEDBACK

As follows from the preceding sections, a static gain
observer for a first-order system, unlike the one for the
multidimensional case, requires a prior search for suitable
initial values that makes practical applicability of such an
observable debatable. To improve the observer performance,
an alternative scheme is suggested, where the state observa-
tion error is integrated and then fed back into the plant model
of the observer. Thus, instead of (6), the following system is
considered

d

= X+ E(),

t (13)
& iiky Yoa_i

a " Voo T

where the jumps of x(¢) and &(¢) are described by (2), (3)
and (7), (8), respectively, and the third equation describes
the observer correction by the integrator output y(t).

Let &, be defined as previously, &, = Z(, ). Introduce
a sequence ¥, = y(f,). (Notice that y(¢) has no jumps.)
Consider a mapping

(ﬁfnvynafn) = (i'n+1ayn+17£n+1)' (14)

Define a matrix D and a column vector B:
-\ K 1
o= 5] ==}
Obviously, the matrix D is Hurwitz stable provided that A >
0, K > 0. Moreover, the eigenvalues of D are real if A2 >
4K. Let the sets Uy s, where s > k, be defined by (9).

Define a vector function P(z,y,t) = Py s(x,y,t) for
(z,t) € Uy,s, where

Pys(a,y,t) = e AP0 (1) B

1 oDo@ [95 + F(x) — e Mg ()
Yy

S
_ Z %eD(t+<I>(m)—tj)B.
J=k+1
Theorem 4: Pointwise mapping (14) is given by the equa-
tions

|:xn+1:| = P(-i"rwynafn%

tpy1 = o + ®(2y).
Yn+1

5)

K =0.0045

10 X
0.003 0.0056
(2)
9.0 /\
/ N
Iy )
‘ o — 1
3 \\ / /
\\_/ \\\
/O
A =0.00414
6.0
—110.0 Y —50.0
(b)

Fig. 4: (a) Bifurcation diagram for the plant (in red) and
for the observer with K = 0.0045 (in blue). (b) Two-
dimensional projection of the Poincaré section for the ob-
server system after the Andronov-Hopf bifurcation at the
point A = A, in (a), K = 0.0045 and A = 0.00414. Here
T, denotes the two-band invariant torus with quasiperiodic
dynamics, arising from the asynchronous 2-cycle through an
Andronov-Hopf bifurcation at the point A, and F3 is the the
unstable period-2 focus cycle.

and the function ]3(55, y, t) is continuous.
Proof: Omitted. |

As in the case of the static-gain observer, partial deriva-
tives of P(x,y,t) in x and in ¢ have gaps at the surfaces ¢t =
ty and ®(z) + t = ts. Nevertheless, simulation reveals that
for system (13), there exist certain regions of the gain values
K that safeguard the observer convergence to a synchronous
mode regardless of the initial data. The latter fact indicates
global stability of the corresponding solutions. Analytical
results to this end are hampered by the discontinuous nature
of the derivatives of the pointwise mapping.

Fig. 4 (a) displays the bifurcation diagram illustrating
the possible mechanisms of formation of the asynchronous
modes in the observer for a fixed observer gain (/' = 0.0045)
and variation of the plant parameter A. In the interval to the
left of the point A, i.e., A < A, observer (13) displays a
stable synchronous 1-cycle. When the increasing A crosses
the point A,, an asynchronous 2-cycle is born from the
stable 1-cycle synchronous mode through a period-doubling
bifurcation.

As the parameter A\ increases further, the asynchronous
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20.0 ;
S |
7 L
0.0
20.0 ;
T | B
A T
0.0 NG v :
0.003 A 0.0063

Fig. 5: Bifurcation diagram for the plant (in red) and for
the observer with K = 0.0025 (in blue). S; and S; are
the regions of existence of the synchronous 1- and 2-cycles,
respectively.

200 A =0.003

2

4.0

0.004 — K ‘ ().&)3
Fig. 6: Bifurcation diagrams for the region of existence of
the synchronous 1-cycle, denoted by .57 in Fig. 5, A = 0.003.

2-cycle undergoes an Andronov-Hopf bifurcation [5] at the
point A = A, giving birth to a smooth two-band invariant
torus (or a closed invariant curve for the discrete map),
that surrounds the asynchronous unstable focus 2-cycle (see
Fig. 4 (a)).

Fig. 4 (b) shows the two-dimensional projection of the
Poincaré section for hybrid system (13) after the Andronov-
Hopf bifurcation, illustrating a smooth two-band invariant
torus with quasiperiodic dynamics. Here 7> denotes the two-
band quasiperiodic attractor produced in this bifurcation, and
F, denotes an unstable focus 2-cycle.

With the further increase of the parameter ), one can ob-
serve the abrupt transition from a stable invariant torus with
quasiperiodic dynamics to a chaotic attractor. This transition
takes place when the first period-doubling bifurcation point
A = Ao is crossed for the plant (Fig. 4 (a)).

The one-dimensional bifurcation diagram in Fig. 5 (for
relatively low value of the gain factor K = 0.0025) shows
the formation of the asynchronous chaotic attractor through
an infinite sequence of period-doubling bifurcations for the
asynchronous modes.

As illustrated in Fig. 5, the mechanism of formation for
a 2-cycle asynchronous mode is the same as the mechanism
examined for K = 0.0045. A difference only arises in the
scenario for the transition to the asynchronous chaos. It is
interesting to note, that as the parameter A increases, one can

" 0.002 K 0.0032
Fig. 7: Bifurcation diagram for the region of the synchronous

2-cycle, denoted by Ss in Fig. 5, A = 0.0056.

observe an abrupt transition from the chaotic attractor to a
synchronous 2-cycle.

Fig. 6 shows a one-dimensional bifurcation diagram for
a parameter value in the interval 0.003 < A < A, denoted
by S; in Fig. 5, where the system displays a stable syn-
chronous 1-cycle. With increasing K, one can observe three
intervals (denoted by A, B and C') of existence for a stable
synchronous 1-cycle, interrupted by regions of asynchronous
modes with periodic or aperiodic (chaotic or quasiperiodic)
dynamics.

Finally, Fig. 7 shows a one-dimensional bifurcation dia-
gram for the region, denoted by So in Fig. 5, where the
system displays a stable synchronous 2-cycle surrounded by
regions of chaotic behavior.

VIII. CONCLUSIONS

It is discovered that a static gain observer for the first-
order impulsive system has a dramatically different behavior
compared to a higher-dimensional one. The ultimate reason
for that is the pointwise mapping governing the system
dynamics becomes non-smooth in case of scalar continuous
part. Thus a lower differential order of the hybrid plant does
not result in simplification, but in a substantial complication
of the hybrid dynamics of the observer. A possible remedy
is foreseen in the introduction of a pure integrator into the
feedback of the observer that ensures satisfactory state esti-
mation performance. However, the observer design problem
involves intricate bifurcation analysis and specific to the type
of the periodic solution of the plant.
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