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Abstract— We consider a class of process systems with
significant energy recovery. Revisiting our previous results
concerning the two time scale dynamics of such systems, we
demonstrate that the fast dynamics is asymptotically stable
in most physically-relevant cases. On this basis, we propose
a hierarchical controller design, comprised of a simple, linear
control system for the fast dynamics and a MISO NMPC for
the slow dynamics. We prove that this composite controller
ensures exponential stability for the two time scale system. We
establish a parallel between this approach and the concept of
economic model predictive control, and show its implications in
optimal energy management. Finally, we provide an illustrative
simulation case study.

I. INTRODUCTION

Energy efficiency is a key concern in industry owing to
rising energy prices and growing environmental concerns.
Recovering energy from existing sources in the process and
transferring to process energy sinks (assuming that such
transfer is thermodynamically possible and economically
feasible) is the basic tenet of process energy integration.
Traditionally, energy recovery and integration in the chemical
industry have targeted —with significant economic success
(see e.g., [1] for an overview)— thermal energy (heat or refrig-
eration). However, these principles are generally applicable
to other forms of energy.

Implementing integration a chemical process (which com-
prises multiple unit operations that exchange material and
energy) requires new physical connections between the pro-
cess units. From a systems engineering perspective, such
connections can give rise to feedback interactions in the pro-
cess, which, in turn, increase the complexity of the process
dynamics. Literature reports of such effects, which include
the emergence of an inverse-response behavior and open-
loop instability, abound in the literature (e.g., [1], [2], [3],
[4]). With increasingly dynamic market conditions, which
dictate that the control of integrated chemical processes go
beyond simple regulation around a steady state, and towards
efficient transient operation within a broader operating enve-
lope, the control of such integrated processes is particularly
challenging.

Motivated by the above, in this note we concentrate on the
optimal control of energy-integrated process systems. Our
target is a category of energy-integrated systems in which
the rate of energy recovery is much larger than the rate of
energy input to the process through any available external
energy sources. Our previous efforts [1], [5] have revealed
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that the simultaneous presence of energy flows of different
magnitudes causes model stiffness and is at the origin of
a time scale separation in the system dynamics. Here, we
use physical and control arguments to demonstrate that the
fast component of the dynamics is stable in general and
asymptotically stable in practical systems. On the basis of
this property, we develop a composite controller design, con-
sisting of 1) a linear controller that guarantees the exponential
stability of the fast dynamics and, ii) a NMPC for the slow
dynamics. We show that this composite approach guarantees
exponential stability for the overall system.

Subsequently, we utilize the proposed hierarchical con-
trol structure to formulate a strategy for optimal energy
management at the system level, and establish a parallel
between the NMPC introduced in this paper and the concepts
economic model predictive control [6], [7]. We demonstrate
these results with a simulation case study considering a
reactor-Feed Effluent Heat Exchanger (FEHE) process.

II. SYSTEMS WITH ENERGY RECOVERY
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Fig. 1. Energy-integrated system [1]

We consider a system consisting of a series of NV (lumped)
units with feedback (Figure 1). The feedback connection
represents energy integration via internal energy transfer
(assumed to occur between the last and the first units).
In the general case, we assume that energy transfer is
thermodynamically feasible (i.e., our analysis is agnostic to
the transfer mechanism) and that it occurs a rate Q;,, = Qout-

Based on the structure of the prototype system, a unit 4,
1 = 2,...,N — 1 receives energy from the upstream unit
(2—1) atarate H;_;, and transfers energy downstream to unit
i+ 1 at a rate H; via a material stream. In the same manner,
units 1 and IV exchange energy with outside sources or sinks
at rates H, and H . Unit-level sources and sinks (e.g., local
heating or cooling, chemical reactions) are accounted for by
the energy flows @Q;, i =1,...,N.

We are interested in investigating the effect of energy recy-
cling on the system dynamics, as described by the (additive,
extensive [8], [9]) unit enthalpies 8 = [0 ...0;...0x]T,
0 € Q c RY. Under standard assumptions (including those
listed above), we can write a mathematical model of the
process in the form [1], [S]:
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where 7;(6),77(8), ¢i(8) are vector functions.

We denote by w; = H;/H, s the dimensionless variables
corresponding to the energy flow rates H;, 7 = 1,..., N (the
subscript s denotes steady state values) and, correspondingly,
Win = Qin/Qin,s and wour = Qout/Qout,s- Let us also
define the quantities l; = H;s/His, ¢ = 1,...,N — 1,
Min = Qin,s/Hl,s and Moyt = Qout,s/Hl,s~ The model
of the process in Figure 1 thus becomes:

(a)moutwout (2)

out

é - Hl,s [W;n(e)mznwzn + 7q
+ SN O | + oy VO H: + T 6:(0)Qs

Let us now note some physical considerations. Clearly,
to achieve economically meaningful results (i.e., effective
energy integration) the amount of energy recovered from
unit N and transferred to unit 1 should significantly exceed
the amount of energy input to the system from external
sources or local heat generation through chemical reactions.
Moreover, the energy recovered from the process output
should be effectively used in the process. Consequently, the
rate at which energy is transferred internally between units 1
and n should be comparable in magnitude to the rate at which
energy recovered. These observations can be formalized in
the following assumptions [1], [5]:

Assumption 1: The internal energy flow rates H,; , ¢ =

Hi,s o
e O(1))

1,s
Assumption 2: The magnitude of Q;;, = Quy¢ is similar
to that of H;, 7 =1...N — 1, and we have:

Qin s Qout s
., H., o(1) 3)

Assumption 3: The internal energy flows are much larger
than the inlet and outlet energy flows, that is:

1...N —1 are of similar magnitude (/;

= Min = Mout =

HO S
: “4)
Hl,s Als
Assumption 4: The energy inputs Q;, ¢ = 1... N to the

individual units are g)f similar magnituccige to the inlet energy
1,8 — 01 d 7,8 1.
T (1) an . <

1,s

We also make the followmg (non-restrictive, but conve-
nient) assumption:

Assumption 5: Energy holdups 6; are defined (e.g., in
terms of enthalpy or internal energy) such that 6; > 0.

Assumptions 3 and 4 formally capture the requirement of
tight energy integration, stipulating that the amount of energy
recovered from the process exceed the amount of energy
input to the process from external sources. Based on As-
sumption 3, we can define a dimensionless energy recovery
number [1] as a figure of merit for energy integration:

flow. Equivalently,

1 Hi,
Rc = c T H,. 5)
Following these developments, the model (2) becomes
) 1 ou in
0 = EHO’S [’yq t(@)moutwout-F’Yq (O)minwin (6)

H+Z¢l

+ X O] + Y wl

i=0,N

Which we will write in a more compact form as:
6 — TO)0 + érl(e)vl ™

where v® € U € R™ is a vector of scaled variables that
correspond to the inlet and outlet energy flows, with v°® =
[Hol/Ho,s Hy/Hn,s Q1/Q1,s QN/QN7S]T7 and v' € U' C
IR™ is a vector of scaled variables corresponding to the
(much larger) internal and recycle energy flows, with v! =
[W1 .. WN—1 Win wout}T. I'*, I'! are matrices of appropriate
dimensions.

Remark 1: Thus far, we have not considered material
balance equations in the modeling framework developed
above. These can be easily accommodated when necessary
(see., e.g., [1]), and we have selected the case study presented
later in the paper to illustrate this possibility.

The developments above (7) allow us to more clearly
define tight energy integration at the process level; such
processes are of very high interest from an economic point
of view, since increased reliance on energy recuperated from
the process reduces the use of external energy sources and
lowers operating costs.. Using the energy recovery number
and its reciprocal £, we can isolate processes with tight
energy integration as the class of systems for which ¢ < 1.

Mathematically, the property ¢ < 1 places the model (7)
within the class of nonstandard singularly perturbed systems.
The dynamics of such systems evolve over multiple time
scales, a feature that must be accounted for in controller
design (which, in principle, should be carried out separately
in each time scale, an approach referred to as composite
control [10], [11]).

III. DYNAMIC ANALYSIS AND MODEL REDUCTION

In order to elucidate the potential two time scale behavior
of such systems, we extend the methods proposed in [1],
[5], and proceed by defining a fast (“stretched”) time scale
7 = t/e and rewriting the model (7) in this fast time scale
to obtain a description of the fast dynamics [1], [5]:

fo = eI(0)v° + I(x,0)0' ®)

We continue with using singular perturbation arguments
and consider the limit ¢ — 0, which, from a physical
perspective, corresponds to the ideal case of total heat
integration via an infinitely high energy recycle. In this limit,
we obtain a description of the fast dynamics of the process

of the form:

o
o = TOp ©9)

Based on the additivity property of the inventories €, we
can also define the total energy stored in the system as:
Bror = 310, O (10)
O:0t is governed exclusively by small external energy flows
and energy generation terms (i.e., the vector v®, which
captures energy exchange between the system and the en-
vironment). Equivalently, the (large) internal v' flows do not
affect the total energy stored in the system. It is also easy
to verify that the dynamics of 6,,; are independent of v';
moreover, the fast dynamics in (9) are independent of v®.
Based on this observation, we can state our first result.
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Proposition 1: The fast component of the dynamics of
systems with significant energy recycle is stable.
Proof: Let V! = 8,.:. Based on Assumption 5, we have
V(@) > 0 and V!(0) = 0, and therefore the total energy
holdup of the system is (evidently) alLyapunov function.

Our reasoning above indicates that — = 0 and therefore
.. T

the fast dynamics in (9) are stable. |

In what follows, we will make a physical argument and a

control argument to derive stronger stability results.
Corollary 1: Considering the structure of the system and

the developments above, we can write a differential equation

describing the evolution of the total enthalpy of the process

in the fast time scale as:

Biot i(cpm ~ Qour) an
Our initial assertion that (QQ;;, = Q.. is based on the ideal
case where all energy recovered from the outlet of the system
can be recycled to the inlet. This, however, may not be
true for real systems, where thermodynamic limitations (e.g.,
heat transfer) would preclude the entire quantity of energy
recovered from the last unit to be transferred to the first. We
would thus have @, < Qoy+ and, assuming that Hy ; > 0,

dv'
O < 0. Consequently, the fast dynamics of real physical

syg—tems with significant energy recycling is asymptotically
stable.

Corollary 2: The inputs v' can be set, e.g., via a linear
state feedback law o' = KO (12)

Assuming that the gains K can be chosen so that the matrix
T''()K0 is Hurwitz for any 6 € Q, the fast dynamics of
systems with significant energy recycling becomes exponen-
tially stable.

In the sequel, we will use the singular perturbation ar-
guments in [5], [1] to derive an expression for the slow
dynamics of the process. Observe that, since there exists
a variable (the total energy holdup) that does not depend
on the internal energy flows, the differential equations in
the fast subsystem (9) are not linearly independent. This
suggests the existence of a slow component of the system
dynamics, and also indicates that the solution of the system
of algebraic equations that describes the fast dynamics quasi-
steady state,

0 = TY{9)K6 (13)
is not an set of isolated equilibrium points, but rather an
equilibrium subspace (or manifold) where the slow dynamics
evolves. Based on the physical arguments above (also, see
[5]), this subspace is at most one-dimensional. To proceed
with our analysis, we must characterize this manifold and
ensure that a set of linearly independent constraints can be
extracted from (13). To this end, we assume: [5], [1]

Assumption 6: There exist a full column rank matrix
B(6) € B RV*V! and a matrix T¢(9) ¢ RW-1xm'
with linearly independent rows, such that T'V(6) can be
rewritten as

r'(6) = B(O)I'(0) (14)

We can now substitute (14) in the original model (7),
and consider the model in the same limit case, ¢ — 0, in
the original time scale ¢ and under the linearly independent
constraints isolated from (13), obtaining [5], [1]:

6 = T°(6)v°+B(9) lim éfl(e)Ko
~ e—

0 = TYe)Ke
The terms lim. o 2I'(8) K6 (which, based on Equation (6),
represent differences between large internal energy flows),
become indeterminate in the slow time scale. These terms
do, however, remain finite, and constitute an additional set
of algebraic (rather than differential) variables in the model
of the slow dynamics. Defining z = lim._,o 1T'"*(6)K®6,
the reduced-order representation of the slow dynamics be-
comes:

15)

0 = T(0)v°+B(6)z

0 = TY(9KE
Equation (16) is a (high-index) differential-algebraic repre-
sentation of the process slow dynamics. In order to compute
z and, implicitly, to obtain an ODE representation of the slow
dynamics, the algebraic constraints of Equation (16) must
be differentiated with respect to the state variables. After
one differentiation (the assumption in Corollary 2 ensures
L) (fl(O)K0> is invertible), we obtain:

2= Lo (T'OKO)  Lruo (F'(OKO) v (17

Substituting (17) in (16), we obtain a (non-minimal order)
ODE representation of the slow dynamics. A minimal order
state-space realization of the slow dynamics can be obtained
via a coordinate transformation [10] involving the energy
balance equations and constraints:

5|27 soko |

under which the reduced-order model of the slow dynamics
becomes:

(16)

(18)

.96, s 006
¢ = 6791“ (0) lo=r-1(0) ¥ + 55BO)Z lo=1-1¢)  (19)
’r] =

From the preceding discussion regarding the size of the
equilibrium subspace corresponding to the fast dynamics we
can infer that, in effect, { € Q! C IR'. We can rewrite (19)
as:

¢ = £(O)+G()° (20)
which constitutes a (multiple-input, single output) represen-
tation of the slow dynamics of the system.

IV. SUPERVISORY NONLINEAR MPC

With the exponential stability of the fast dynamics ensured
by the feedback controller (12), we can —as stipulated by
standard results in nonlinear systems theory — design a
controller for the entire system in the slow time scale, using
the slow model (20). This approach has historically been

referred to as composite control [11].

We formulate this system-wide control problem as a
Nonlinear Model Predictive Controller (NMPC), aimed at
computing the optimal inputs v**(¢) that provide exponential
stability to the slow dynamics (20). For the NMPC, we define
the stage cost, terminal cost, and cost function as [12]:

£(6(0),0° (1) = 5 [5¢(0)* + 0 () Rw" (1) e
FC() = S PE() (22)

t+T
J(t,¢,v") = F(C(t+T)) + / £(¢(s),v"(s))ds (23)
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where T’ is the prediction time horizon, P > 0 and S > 0 are
penalty coefficients and R > 0 is a positive-definite matrix
that captures the cost associated with each energy input from
external sources. We thus compute the control signal v** via
the optimization problem

v = argmin J (24)

£(O) + GO,
v eUs CR™,
(eEZCR,
Ct+T)eZyCR
where the last three constraints require that the inputs and
the state belong to their respective admissible sets, and the

state at the end of the prediction time horizon belong to the
terminal set Z¢ [12].

s.t. C =

Proposition 2: Assuming that:

1) the set Zy is positively invariant with respect to v°

2) there exists a local feedback controller v; = k(¢)
defined in Zy such that F' is a local Lyapunov function,
ie. F(¢)+L() <0

3) the prediction horizon T is sufficiently long for {* (¢t +
T) C Zy, where the * symbol denotes the closed-loop
state trajectory under the controller (24)

4) the function 1 (¢, v*) = £(¢) + G(¢)v* is Lipschitz in
¢, with Lipschitz constant L, ||4(¢, v®)|| < L||<]]

the slow component of the system dynamics (20) is expo-
nentially stable under the control law (24).

Proof: See Appendix. [ ]
Following these developments, we can state:

Theorem 1: Consider a system with high energy recovery
of the type (1) under the composite control consisting of the
linear feedback (12) and the supervisory control (24). Then,
there exists €* > 0 such that the origin (8 = 0) of the full
order system is exponentially stable for all 0 < e < &*.

Proof: The arguments presented in Theorem 11.4 in
[13] can be used to show that there exists an €* > 0, such
that the origin of (7) under the composite control (12 -24)
inherits the exponential stability property of the closed-loop
slow system, Ve < ¢*. |

Remark 2: The control structure in (24) can fulfil a dual
role depending on the relative values of the penalty coeffi-
cients P, R and S. Thus, (24) can be construed as either
a NMPC controller designed for disturbance rejection or
setpoint tracking (this is the case, for example, when P/S =
O(1) and R = diag[A;... Ay, with A;/A; = O(1) and
P/X; = O(1)), or a real-time optimization of energy use (if
P/S =0O(1) and P/)\; < 1).

Remark 3: A purely economic control objective that only
accounts for the cost of the external energy inputs (i.e.,
having P = S = 0) can be employed to develop a version
of the supervisory controller. However, this approach will
only guarantee the asymptotic stability [6] in the slow time
scale and the overall stability result in Theorem 1 is no
longer valid. Note, however, that stability is still likely to
be achieved in practical situations.

V. EXAMPLE: CONTROL OF A REACTOR FEED-EFFLUENT
HEAT EXCHANGER PROCESS

Consider the process in Figure 2, consisting of an adiabatic
continuously stirred tank reactor (CSTR), a feed-effluent heat
exchanger (FEHE) and a fired heater, with the latter used
to regulate the inlet temperature of the reactor feed at a
desired value that ensures, e.g., maximum conversion. A
bypass stream is available as a means to adjust the operation
of the FEHE. The component A is fed to the process at
a volumetric flow rate Fj,, with the inlet stream having
concentration c4,. The reaction A — B, which is first-order
with rate constant k& = k,e(=E/BT) occurs in the reactor,
and B is the product of interest. Under standard assumptions

Trim Heater

Reactor

Fig. 2. Reactor-FEHE process.

(minimal dependence of physical properties on temperature
and composition, no phase change in the FEHE or elsewhere
in the process), we can write the mathematical model of the

process as:
dV
— = Fu-F
dt
dCA _ F'Ln
PR (cao —ca) — kca
dTr Fin 1
e _ Ty —Tr) — ——keaAH
dt v %) pC, At
OTu  0Tu  UA Tu—Tc
ot 770z pCp Vu
oTc _  9Tc  UATy—Te
ot - °7 52 p Cp Ve
dT; Fin Qu
= T —T; 25
dt v, Tow =T+ 25 3

The temperature in the FEHE is distributed in the axial
(2) direction, and we define the boundary conditions for
Ty, the temperature in the hot leg of the exchanger, and,
respectively, for T, the temperature in the cold leg, as
Ty, , =Tr, Tc._, = Tin, with T3, being the temperature
of the feed stream, and T the reactor temperature. We
denote by T,;; the temperature of the product stream, and
by T; the temperature of the stream leaving the trim heater.
Let vy = Fip(1—a)/Ag and ve = F;,, /Ac, where « is the
bypass ratio. Finally, we denote the holdups of the reactor,
the FEHE cold and hot sides, and the trim furnace by V, Vj,
Ve and V7, respectively, and the duty of the furnace by Q.
The nominal values of the process variables and parameters
are presented in Table I. Note that the difference between
the warm leg outlet and the feed stream temperatures is very
small, which is indicative of significant energy recovery.

We define the energy recovery number as Rc =
Hyces/[Finp Cp(Tin — Tref))s, With Ty ¢ being a reference
temperature. Following the developments in Section III,
we also define the following O(1) quantities, where j €
{R,i,C}:
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[Finp Cp(Tj — Treg)]s
Hyec,s
Finp Cp(Tj - Trfff)
[Finp Cp(Tj — Trey)ls
and Urec = rec/Hrec,s-
Defining the stretched, fast time variable 7 = t¢/e and
considering the limit ¢ — 0 yields a description of the fast

dynamics of the process in the form of Eq. (9):
av

k=

(26)

U; =

dcTT -0
% =0

Mo Bl 2 Tredle (i, — k) @7
ddif _ [E (vag Tres)ls (kRUR — Urec)

ddif _ [Fam = Trerlls (pouc + ree)

I [l - Lretlls (kgrucs — vus)

Subsequently, using the analysis tools presented earlier in
the paper, a description of the slow dynamics of the process
can be obtained [1] in the form :

V = Fp—F
ca = }:1/ (CAO - CA) - koe(iE/RTR>CA
Tr = [~kcaTrRHV UA + pCpTin UA(Fin — F)  (28)

+ 8(pC,)°FFiy, Tr(a—1) + pC, F Ty e UA
apCy,Tr F UA+ QH UA] /DEN
DEN = pC,[UA(Ve+ Vi +V)+8Vy Fin pCp(1 — a)]
which constitutes a state-space realization of the form (20),
with ( = T and w*® = QH.

We simulated a production increase scenario, with a
7% feed flow rate increase at ¢ = 1h, along with an
increase in the feed temperature to 310K. We considered
both a tracking controller (the tuning parameters in (24)
were set to P = S = 10 and R = 1075 as discussed in
Remark 2), and an economics-oriented optimization, with
R =10 and P = S = 1075, The prediction horizon was
T = 10 minutes. We solved the problem using a standard
“delta-input” formulation, with |dQ)/dt| < 0.3kW/min as an
additional constraint.

To carry out numerical simulations, the partial derivatives
in (25) were discretized using a backwards finite difference
scheme on a grid of 301 nodes, while the supervisory
controller was based on the reduced-order model of the
slow dynamics in Eq. (28). In simulating the temperature
tracking scenario, we also considered a 2K rise in the reactor
temperature setpoint, Tr sp, to compensate the conversion
decrease associated with the rise in throughput. In both cases,
lower and upper bounds of, respectively, 910K and 940K are
imposed on the reactor temperature Tr. To achieve offset-
free tracking, we utilized a model extension [14], [15], which
effectively endows the NMPC controller with integral action.
We note that this approach does not change the dynamic
analysis and control results presented above.

Figure 3 shows the response of the reactor-FEHE process

ko 1.2667x107 s~ T a 0.1

E 142870.0 J/mol Tr 9220 K
AH  -54.828 kJ/mol  T; 909.62 K
pCy, 4.184x10°  J/m*/K Tu.—o 301.83 K
UA 83680 W/K Tc.—r 864359 K
ca 55.19 mol/m® T; 3000 K
Qu 1087 kW 1% 0.1 m?
F; 577x107*  m?/s Vir 0.1 m?3
F 577x107*  m?/s Ve 0.09 m?
cao  1000.0 mol/m3  V; 0.01 m3
L 5.0 m
TABLE I

PROCESS PARAMETERS (ADAPTED FROM [1])

to these disturbances under the supervisory NMPC using the
tracking objective defined in the previous section. Note that
the controller exhibits excellent performance. The simulation
results obtained using the economic objective function are
shown in Figure 4. As expected, the reactor temperature is
at the lower acceptable bound, which, intuitively, translates
into minimizing the heating rate QQH in the furnace.

0 0.5 1 15 2 25 3 35 4
t (hrs)

Fig. 3. Evolution of the reactor temperature and furnace heat duty using
a tracking objective

VI. CONCLUSIONS

In this paper, we considered a class of systems with
significant energy recovery. Extending our previous results,
we demonstrated that the fast component of the dynamics
is asymptotically stable in practical systems. We then de-
veloped a hierarchical controller design, consisting of i) a
linear controller to exponentially stabilize the fast dynamics
and, ii) a NMPC for the slow dynamics, proving that it
guarantees exponential stability for the overall system. Our
NMPC approach is versatile and we showed that, through a
transparent definition of the penalty terms in the objective
function, the proposed controller can be translated into a
strategy for optimally managing process energy use. Further,
we established a parallel between our approach and economic
MPC. Finally, we illustrated our theoretical developments
with a simulation case study.
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an economic objective

APPENDIX

Proof of Proposition 2: The proof follows the devel-
opments made in [16] for SISO systems, and expands the
reasoning to the MISO case of interest. Let us consider the
Lyapunov function candidate:

V(t,¢) = minJ(t,¢,v°) (29)
We compute V as:
V —  lim V(t+ At St + At)) = V(L,¢(1)) (30)
At—0 At

Let ©(s), s € [t,00) be the input sequence consisting of the
optimal input v**, for the period of time s € [t,t + T), and
the input v} (s) computed by the local controller at times
s> t+T. Then, since V(t+ At, ) < J(t+ At, ¢, %), we
have

V < lim J(t + At (t+ At),0°) — V(E,{(1)) 31)
At—0 At
Now,
J(t+ At C(t + At) o) =F((t+ At+1T))
+ A LG ds + [T L(¢ vi)ds
and therefore
+ f”“” Jvi)ds — F(C(t+T)) - f”“ L(¢,v**)ds

~ Based on Assumption 2 in the proposition, we have
F(¢) + L(¢,v}) <0, Yye[r,00)- Using this expression, we
can write:

t+At+T
t+T

and thus
F(C(t+At+T)) — FC(t+T)) + [T £(¢,vp) <0

F(C(s))ds + [T L(¢,vp)ds <0

Substituting all of the above in (31), we get
JIA (¢, v )ds

v s Al%glo At
< —%Sc(t)Q ’US*TRUS*
< —Sey

Consequently (see Theorem 4.9 in [13]) the slow component
of the system dynamics is asymptotically stable.
Then, we have v*(s)TRwv®(s) > 0 (R is positive
deﬁnite) and F(¢(t + T)) > 0 and thus V(¢,¢) >
ft+T S¢(s)?ds. Since 1 is Lipschitz, we have that

1)1l > ¢l expl—L(s — 1)), s € [t,00). and:
V6 > o e ds (32)
> %Sc(tf [ ek gs
2 1— 672LT SC( )
Let (s) be the state at tlme s starting from an initial
condition ¢, and with zero energy input, v*(t) = 0. As

V(t,¢) is the minimum of J, V(¢,¢) < J(t,C_,(_)). From
the Lipschitz property of v, it follows that [|{(s)| <
I€@®)] exp[L(s — )], s € [t oo) Consequently, we have:

V(t,¢) g%Pc‘(t +T f”T )2ds (33)
S%PeQLTC(t) + 7SC(t) fj*T et gs
<|1pe 2LT | g QLT—l (1)

— 12 4L
With the bounds (32)-(33), the function V' satisfies the
conditions of Theorem 4.10 in [13], and therefore the con-

troller (24) guarantees the exponential stability of the slow
dynamics (20).
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