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Abstract— Model structure selection is a crucial task in appli-
cations where nonlinear black-box models are used, in order to
reduce the model size and the associated computational effort.
One such application is Active Noise Control (ANC), where
nonlinear effects arise due e.g. to saturation and distortion
of microphones and loudspeakers. Both parameter estimation
and model selection are complex in the general nonlinear
case if standard algorithms of the Least Mean Squares (LMS)
type are used, due to the inherent difficulties in the gradient
calculation when the secondary path is nonlinear. A model
selection method is here proposed that employs a gradient-
free parameter estimation algorithm to tackle the secondary
path issue. A virtualization scheme is used to estimate the
performance of the model subject to various different structural
modifications, in order to select the most appropriate one to
apply to the actual control filter. Some simulation examples are
discussed to show the effectiveness of the algorithm.

I. INTRODUCTION

A crucial component of nonlinear black-box identification

methods is structure selection, [1]. Indeed, whatever para-

metric functional expansion is used to represent a nonlinear

system, a large number of parameters must be initially

assumed to endow the model with the necessary flexibility.

For example, a particularly rich class is that of polyno-

mial NARX/NARMAX (Nonlinear AutoRegressive [Moving

Average] with eXogenous variable) models, [2], for which

several theoretical developments and applications are docu-

mented in the literature. These models are in the form of a re-

cursion where the current output is made dependent on previ-

ous input and output (and possibly, noise) samples through a

polynomial expansion, configuring a linear regression where

the regressors are monomials in the mentioned variables.

Due to the curse of dimensionality, the size of a polynomial

NARX/NARMAX model increases rapidly with the degree

of the polynomial expansion and the system order, so that

it is mandatory to select the most appropriate regressors to

provide accurate and robust models. In the absence of model

selection, an overparameterized model is typically obtained,

with several unwanted consequences, such as overfitting,

parameter fluctuation, poor model generalization capabilities,

local minima, and sometimes instability (see, e.g., [3], [4]).

One important application area where the need for adap-

tive nonlinear model selection methods arises is that of

active noise control (ANC). Indeed, ANC is affected by

several sources of nonlinearity (e.g., distortion or saturation

of microphones, amplifiers, loudspeakers [5], chaotic noise

signals [6]), and several nonlinear ANC (NANC) methods

have been recently introduced in the literature to tackle
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these issues, based on different nonlinear control filter model

structures (see, e.g., [7], [8], [9], [10], [11], [12]). In this

context, model selection can significantly cut down the on-

line computational load (by reducing the size of the estimated

models), and improve the noise reduction performance (by

estimating the parameters of more precisely matched model

structures) [11].

Unfortunately, none of the adaptive model selection ap-

proaches available in the literature (see, e.g., [13], [14], [15],

[16], [17]) can be used in the NANC context. The reason

stands in the particular structure of the identification problem

underlying the ANC scheme, which can be characterized

as indirect, in that the desired filter output signal is not

directly accessible due the presence of the secondary path

(the electroacoustic system accounting for the actuation and

measurement chain of the control loop, as well as the

involved acoustic channel) between the control filter and

the output. Indeed, even assuming that the control filter

is represented by a linear-in-the-parameters model and the

secondary path model is time-invariant and known, it is not

generally guaranteed that the input/output relation can be

still represented as a linear regression in the control filter

parameters, [11], a condition required by all the available

recursive model selection approaches.

The presence of a nonlinear secondary path also compli-

cates parameter estimation using Least Mean Squares (LMS)

type algorithms, since the error gradient computation in-

volves several recursive nonlinear filtering operations, raising

both computational and stability issues [11]. This problem

can be tackled using a gradient-free optimization method,

employing only repeated measurements of the loss function

for different perturbations of the parameter vector [18].

Following the same rationale, an innovative model selec-

tion method, suitable for indirect identification problems,

is here proposed for use in the NANC context to select

compact NARX models. The proposed method requires only

repeated output error measurements resulting from different

model structure modifications. An heuristic policy is used

to progressively construct the model by adding and pruning

terms. To avoid affecting the control performance during the

selection, a model of the secondary path is used to evaluate

the appropriateness of each structural modification attempted

by estimating its effect on the output performance on a

virtual channel. This allows to evaluate different structural

modifications in parallel, compatibly with the computational

resources available. The model selection task is intrinsically

computationally intensive, since it amounts to solving a

combinatorial problem (each regressor may be included in

or eliminated from the model) where a reliable parameter

estimation must be obtained for each tentative model struc-
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ture. However, it can be suitably downsampled to fit the

computational capacity of the control hardware, while the

main control loop provides noise attenuation based on a

provisional control filter structure.

The paper is organized as follows. Section II briefly

introduces the NARX model class. Section III illustrates

the basic ANC scheme and provides its interpretation as an

indirect identification problem, discussing the implications

in the nonlinear case. The proposed method is presented

in Section IV and tested on some simulation examples in

Section V, before the final conclusions.

II. THE NARX MODEL CLASS

The deterministic NARX model [2] is an input-output

recursive model where the current output is given by a

nonlinear functional expansion of lagged inputs and outputs:

y(n) = f(y(n− 1), ..., y(n− L), x(n), ..., x(n− L)), (1)

where f(·) is a generic nonlinear function, which is often

parameterized through a (truncated) polynomial expansion,

so that (1) can be rewritten as a linear regression:

y(n) = w(n)T r(z(n)), (2)

where w(n) = [w1(n) w2(n) . . . wR(n)]
T is the weight

vector, r(z(n)) = [r1(z(n)) r2(z(n)) . . . rR(z(n))]
T

the regressor vector, and ri(z(n)) =
∏2L

j=1 zj(n)
lij , with

z(n) = [y(n − 1) . . . y(n − L) x(n) . . . x(n − L)] and

lij being nonnegative integers such that 0 ≤
∑2L

j=1 lij ≤ l, l

being the maximum degree of the expansion.

The size of the full NARX model (in terms of the number

of regressors – and, consequently, parameters – R) increases

rapidly with L and l (curse of dimensionality), but in practice

satisfactory models can be obtained with a small fraction of

the terms. Therefore, a candidate regressor set is typically

assumed that includes all terms of a full NARX model for

given L and l values, and the actual model is obtained by

means of a selection process that establishes which candidate

regressors to include.

Several model selection algorithms have been introduced

in the literature both in the batch and the recursive case.

Referring to the first class of methods, several algorithms

rely on the use of Orthogonal Least Squares (OLS) to

decouple the estimation of the parameters, such as the

Forward Regression Orthogonal Estimator (FROE) [19] or

the Fast Recursive Algorithm (FRA) [20]. An alternative

technique based on an output error approach is developed

in [4]. It is of obvious interest to develop adaptive model

selection algorithms for on-line and possibly time-varying

applications. Among these the GFEX (Givens rotation with

Forward selection and EXponential windowing, [13]) and

GFSL (Givens rotation with Forward selection and SLiding

windowing, [14]) algorithms provide nice extensions of the

OLS regression method to the adaptive case. Recursive

regularization-based identification methods have also been

recently proposed in the literature, [15], [16]. Some recent

developments in this area are also documented in [17]. It is

important to remark that all the mentioned adaptive methods

rely on a linear regression structure of the identification

problem.

III. ACTIVE NOISE CONTROL

A. The basic ANC scheme

Active Noise Control (ANC) (see, e.g., [21], [22])

concerns the attenuation of acoustic noise using secondary

acoustic sources and exploiting the principle of destructive

interference. Adaptive feedforward schemes are more often

used since sound transmission involves delays and time-

varying dynamics, which make the feedback control design

more difficult. The basic feedforward ANC scheme (see

Fig. 1) requires the availability of a reference input signal

x(n), that must be highly correlated with the offending noise

d(n). The primary path P describes the model between

the reference and noise signals, essentially accounting for

the acoustic path involved in the noise transmission. The

reference signal is processed by an adaptive digital filter C,

whose output y(n) drives a secondary acoustic source, with

the aim to generate a secondary signal y′(n) interfering

negatively at the error microphone with the primary noise.

The secondary path S describes the model between y(n)
and y′(n). The control filter parameters (called weights)

are adapted so as to minimize the (mean square) measured

error e(n) = d(n)− y′(n).

Fig. 1: Block diagram of an ANC system.

The weight update rule is the core of the feedforward ANC

scheme, and is typically a simple gradient-based method of

the Least Mean Squares (LMS) family, such as the Filtered-

x Least Mean Squares (FXLMS) and the Filtered-u LMS

(FULMS) algorithms [21].

B. ANC as an indirect identification problem

The basic ANC scheme of Fig. 1 configures a model

identification problem, where the objective is to find a model

of C such that the series between C and S emulates P , at

least to the extent possible given the excitation characteristics

of the reference signal x(n). Such identification problem

is indirect, in that the target output for model C is not

accessible, and the only information available is not directly

related to the output of C, but to a filtered version of it,

through S.

A consequence of this is that, in the full nonlinear case

(where both C and S are nonlinear), the overall system with

input x(n) and output y′(n) (i.e., the series of C and S)

cannot be generally characterized as a linear regression in

the parameters w(n), even if both systems are described by
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linear-in-the-parameters models, unless very specific struc-

tural properties hold for the involved systems. Let C be

described by model (1) and, similarly, S be formulated as:

y′(n) = g(y′(n− 1), ..., y′(n−M), y(n), ..., y(n−M))

= v
T
q(z′(n)), (3)

where v = [v1 v2 . . . vQ]
T is the weight vector, q(n) =

[q1(n) q2(n) . . . qQ(n)]
T the regressor vector, and qi(n) =

∏2M
j=1 z

′

j(n)
mij , with z

′(n) = [y′(n − 1) . . . y′(n −
L) y(n) . . . y(n − L)] and mij being nonnegative integers

such that 0 ≤
∑2M

j=1 mij ≤ m.

One special condition where the series of C and S is still

a linear regression in the unknown parameters of C occurs,

e.g., if both models depend linearly on y(·) [11]. Indeed, in

that case, the control filter can be reformulated (in operatorial

notation) as

A(z)y(n) = wx(n)
T
rx(x(n)), (4)

where A(z) = 1− a1z
−1 − . . .− aLz

−L is a polynomial in

the unit delay operator z−1, x(n) = [x(n) . . . x(n − L)]
and rx is the vector of (nonlinear) regressors depending

only on x(·). The vector of unknown parameters is w(n) =
[a1 . . . aL wx(n)

T ]T . Similarly, the secondary path be-

comes:

y′(n) = v
T
y′qy′(y′(n)) +B(z)y(n), (5)

where B(z) = 1− b1z
−1 − . . .− bLz

−L is a polynomial in

z−1, y′(n) = [y′(n−1) . . . y′(n−L)] and qy′ is the vector

of (nonlinear) regressors depending only on y′(·). In these

assumptions, the overall model becomes:

A(z)
(

y′(n)− v
T
y′qy′(y′(n))

)

+wx(n)
T (B(z)rx(x(n))) ,

(6)

which is a recursive equation with input x(n) and output

y′(n) (y(n) does not appear anymore) that is linear in the

parameters w(n). Then, OLS can be used for parameter

estimation, and any of the model selection methods based

on linear regressions can be applied.

In the general case, more complex algorithms are required

for both parameter estimation and model selection, due to the

intrinsically indirect identification setting. The former task

has been previously addressed with the Nonlinear Filtered-

Gradient LMS (NFGLMS) algorithm [11]. This is a compu-

tationally intensive gradient-descent based approach, where

the gradient of the cost function is constructed recursively

employing the input-output gradient of the secondary path

model. As for model structure selection, the available algo-

rithms are not applicable since they are based on a direct

identification setting and on a linear regression formulation

[17].

IV. THE PROPOSED METHOD

A way to tackle the indirect identification setting, both

for parameter estimation and model structure selection pur-

poses, is to employ a gradient-free minimization algorithm,

requiring only measurements of the cost function and based

on empirical weight perturbation policies. Methods of this

type have been regarded as particularly appealing for NANC,

in that they can avoid altogether the knowledge of the

secondary path model (see, e.g., [23] and [24]). However,

since they operate by iteratively applying perturbations on

the parameters and assessing their effect on the output,

their usage for this purpose provides less than satisfactory

ANC performance. Indeed, to reliably establish the effect

of a specific weight perturbation, one has to wait for the

resulting transient to end, which may protract the adaptation

process for an unacceptably long time. In addition, the noise

attenuation performance is also affected, since worsening

modifications may be tested at times.

On a different line, the secondary path model is here

exploited to calculate virtually the effect of a model pertur-

bation, providing an estimate of the control performance as a

result of its application. This allows to decouple the param-

eter estimation and model selection phases from the actual

control task, where the controller parameters and structure

are updated only in directions for which a performance

improvement has been estimated.

A. The virtualization scheme

With reference to the NANC setting where both the control

filter and the secondary path are nonlinear systems, assume

that the control filter is described by Eq. (1) and that a model

for the secondary path is available in the form:

ŷ′(n) = ĝ(ŷ′(n− 1), ..., ŷ′(n−M), y(n), ..., y(n−M))

= v̂
T
q(z′(n)), (7)

with obvious notation (compare with (3)). Then, at each step

an estimate of the noise can be obtained as:

d̂(n) = e(n) + ŷ′(n). (8)

The obtained sequence d̂(·) can be used to evaluate at time

step n the effect of a given perturbation on the current

filter parameters, by simulating the series of (a copy of)

the control filter (with perturbed parameters) and (a copy

of) the estimated secondary path for T steps starting from

n− T + 1, T being a time horizon sufficiently long for the

assessment of the perturbation effect, and at the same time

not too long to significantly affect the overall computational

load. In fact, in many simulations T = 1 provided more than

satisfactory results. The explained virtualization scheme can

be exploited to devise an ANC weight update rule based

on the parallel testing of different parameter perturbations,

allowing to estimate the local gradient direction employing

solely the corresponding cost function evaluations.

More precisely, the Empirical Weight Update (EWU)

algorithm [18] operates similarly to the Finite Difference

Stochastic Approximation (FDSA) algorithm [25], perturbing

(in both directions) one parameter coordinate at a time.

EWU iteration:

1) Apply (1) to obtain the control output y(n).
2) Apply (7) to estimate the secondary path output ŷ′(n).

Then, measure e(n) and estimate the noise sample with

(8).

3) For i = 1 to R (number of weights) let

wi+(n) = w(n) + µiei and calculate Ji+(n) =
eval(wi+(n), T, n).
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4) Repeat step (3) with wi−(n) = w(n)−µiei, calculating

Ji−(n) = eval(wi−(n), T, n), i = 1, . . . , R.

5) For i = 1 to R, let Jmin
i (n) =

min(J(n), Ji+(n), Ji−(n)). Then, if J(n) = Jmin
i (n)

δwi(n) = 0 else if Ji+(n) = Jmin
i (n)

δwi(n) = qimui else δwi(n) = −qimui, where

qi =
J(n)−Jmin

i (n)
√

∑

R
j=1

(J(n)−Jmin
j

(n))2
is a scaling factor that

encourages perturbations in the most promising

directions.

6) Finally, let w(n+ 1) = w(n) + δw(n).

The EWU Algorithm employs several time the function

eval, which evaluates the virtual value of the cost function

resulting from a parameter perturbation.

Function J̄ = eval(w̄, T, n):

1) For k = n− T + 1 to n calculate ȳ(k) = w̄
T
r(z̄(k)),

where z̄(k) = [ȳ(k − 1) . . . ȳ(k − L) x(k) . . . x(k −
L)], and ȳ(k) = y(k) for k < n− T + 1.

2) For k = n− T + 1 to n calculate ȳ′(k) = v̂
T
q(z̄′(k)),

where z̄
′(k) = [ȳ′(k−1) . . . ȳ′(k−L) ȳ(k) . . . ȳ(k−

L)], and ȳ′(k) = ŷ′(k) for k < n− T + 1.

3) Calculate J̄ = 1
T

∑n

k=n−T+1(d̂(k)− ȳ′(k))2.

To improve the performance, the step-size parameter µ can

also be adapted to enhance promising perturbation directions

or to refine the parameter estimate near convergence (a

detailed explanation of this auxiliary adaptation is omitted

for brevity).

In terms of computational complexity the dominant cost of

the EWU scheme is represented by the 2R evaluations of the

error function, each of which requires an order of 2(R+Q)
operations, for T samples. In the simplest case, in which T

is set to 1, the cost is thus quadratic in the model size.

B. The heuristic iterative model selection policy

Model selection can be carried out exploiting in a slightly

different way the virtualization scheme explained previously.

Indeed, to test if the current model is improved by the

addition of a new regressor, one could simply add the new

regressor with initial parameter value equal to 0, retaining

all the other parameters at their current values, regarding this

as a regular parameter perturbation of the EWU algorithm.

However, the optimal parametrization of the augmented

model is not necessarily proximal to that of the original

model (at least in the common coordinates), so that to

establish the effect of the structural variation the parameters

of the augmented model need to be adapted as well. A similar

reasoning applies to pruning operations. For this reason,

each structural modification is tested by applying the EWU

algorithm (with T = 1, for simplicity) for a given time period

τ on a virtual path, starting from null parametrization.

Following the heuristic scheme of [4], the model structure

is progressively modified by applying elementary structural

modifications (single regressor addition or pruning), as long

as these modifications result in an improved model accuracy.

At each iteration of the algorithm all possible terms are tested

for inclusion in the model and the best one is added if it

provides at least a pre-specified improvement. All tests are

run in parallel, exploiting the virtualization mechanism. After

the specified time period, the corresponding cost functions

are compared and the best model is retained. A pruning stage

is then executed, with the same rationale, this time testing the

elimination of a regressor from the model. A regressor can

be pruned if its elimination from the model costs less than

the accuracy improvement brought by the added regressor.

In detail, the model selection algorithm operates as fol-

lows:

EWU-based model selection:

0) Let Φ = {ri(z(n)), i = 1, . . . , R} be the complete set

of regressors (e.g., all the monomials of a polynomial

expansion of degree l in the arguments z(n) = [y(n−
1) . . . y(n− L) x(n) . . . x(n− L)] for a given order

L). Let also Φin ⊆ Φ and Φout = Φ \ Φin be the sets

of regressors included in and excluded from the model.

For example, one can initially set Φin = ∅. Let also rX

denote the vector of regressors associated to the set X .

1) For each ri(z(n)) ∈ Φout, i = 1, . . . , |Φout|, let

Xi = Φin∪{ri(z(n))}. Apply the EWU algorithm with

T = Tsel for τ steps on a virtual path to estimate the

parameters of the model y(n) = w(n)T rXi
, starting

from w(n) = 0. At the end of the adaptation process

calculate Ji(n) = eval(w(n), T ′, n), where T ′ is a

sufficiently long horizon to evaluate the model perfor-

mance, as well as the corresponding J(n) of the current

model. If mini(Ji(n)) ≤ J(n) − δJ , then Φin = Xi,

Φout = Φ \ {ri(z(n))}, where δJ is a predefined

threshold, else the algorithm ends.

2) If |Φin| ≥ 3, for each ri(z(n)) ∈ Φin, i = 1, . . . , |Φin|,
let Xi = Φin \ {ri(z(n))} and proceed as in Step (1).

If mini(Ji(n)) ≤ J(n), then Φin = Xi, Φout = Φ ∪
{ri(z(n))}. Optional: Repeat Step (2) until no further

regressor is pruned.

The added computational complexity (multiple instances

of the EWU algorithm must be executed in parallel) can be

compensated by suitably downsampling the model selection

task, distributing its load on larger time horizons. Notice,

however, that the first steps of the model selection procedure

are quite fast, because the EWU is applied to (many) small-

sized models. In any case, the main benefit of the model

selection is to be evaluated in the long run, since a significant

reduction in the model size may drastically cut the on-

line computational effort (after the selection is completed).

Moreover, the unpredictable effects of overparametrization

are also avoided.

V. SIMULATION EXAMPLES

A. Analytical example

The first simulation example is designed to test the

algorithm in an ideal condition where there exists a

parametrization of the control filter such that the series of

controller and secondary path coincides exactly with the

primary path, in order to see if it can retrieve the exact

model structure (and parametrization). The secondary path

is given by:

y
′(n) = 0.1y′(n− 1)y(n− 2) + 0.3y(n)

+ 0.2y′(n− 1)y(n) + 0.2y′(n− 1)y(n)2
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and the controller structure is designed as follows:

y(n) = ax(n)2 + by(n− 1)x(n− 1) + cx(n)

The primary path is designed so that there exists an ideal

model for the control filter that solves the identification

problem. Precisely, the model of the primary path is obtained

as the series of the controller, with parameters a = 0.4,

b = 0.2, c = 0.3, and the secondary path.

The model selection process performs a step every 50

samples, using a window of 500 samples to evaluate the

effect of a model structure modification (τ = 500 and

Tsel = 1). Accordingly, the process starts after 550 samples.

New terms are included in the model if they provide a 15%

improvement. By inspection of Fig. 2, it is apparent that

the correct regressors are picked out early in the selection

process and never pruned. Comparatively, other regressors

are selected only temporarily and for very small times.

Furthermore, when all three essential regressors have been

included in the model their coefficients tend to the exact

values, while spurious regressors are attributed negligible

coefficient values (see Fig. 3).
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x(n−2)x(n−2)

Fig. 2: Example 1: Selected regressors during the model selection

process (correct regressors in black).

B. The NANC scheme with saturating microphones

A particularly hard NANC problem concerns a system

affected by microphone saturation both at the reference

and the error microphone, as represented in Figure 4, [9],

[11]. Following [11], the primary and secondary paths are

modeled by two FIR filters, taken from [26]:

d(n) = 0.0179x(n) + 0.1005x(n− 1) + 0.279x(n− 2)

+ 0.489x(n− 3) + 0.586x(n− 4) + 0.489x(n− 5)

+ 0.279x(n− 6) + 0.1005x(n− 7) + 0.0179x(n− 8),

y
′(n) = 0.7756y(n) + 0.5171y(n− 1) + 0.362y(n− 2).

The reference and error microphone are subject to

saturation, in the form of a 50% clipping of the signal with

respect to its maximum value [9]. The reference signal is

the sum of three sine waves at the normalized frequencies

of 0.02, 0.04, and 0.08, with sampling frequency set at 8000

Hz. A quadratic NARX model with L = 16 (594 terms) is

0 500 1000 1500
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Fig. 3: Example 1: Values of the estimated coefficients during the

model selection process.

 x(n) 

 

+ 
− 

 

e(n) d(n) 

x̄(n) 

 

y’(n) y(n) ē(n) 
C S 

P 

Fig. 4: Block diagram of a NANC system in the presence of

saturated reference and error signals.

assumed as a starting point for the model selection phase.

The model selection algorithm operates with a test-time

equal to 500 and Tsel = 1. The algorithm performs a step

every 50 samples. A core model with 3-4 terms is rapidly

obtained that is capable of a significant noise reduction very

early. The final selected model includes only 10 terms and

is given by

y(n) = 0.5564y(n− 1)− 0.0447y(n− 6) + 0.392x(n− 1)

+ 0.9098x(n− 4)− 0.0314x(n− 2)x(n− 13)

− 0.0290x(n− 1)y(n− 7) + 0.0077x(n− 2)y(n− 9)

− 0.0217x(n− 9)y(n− 13) + 0.0669x(n− 11)y(n− 9)

− 0.0025y(n− 1)y(n− 14).

The following figures 5 and 6 report the attenuation per-

formance achieved by the selected model using the EWU al-

gorithm for online weight update. For comparison purposes,

several gradient-based algorithms, namely the NFGLMS, the

Volterra FXLMS (VFXLMS, [7]) and the Bilinear FXLMS

(BFXLMS, [9]) algorithms have also been tested on the full

quadratic NARX (594 terms), the full 2nd order Volterra

expansion (170 terms) and the full bilinear models (306

terms), respectively (all with L = 16). Apparently, the

compact size of the model, besides reducing of at least an

order of magnitude the online computational effort, allows

the update algorithm to converge faster and the steady-

state noise reduction compares favorably with all the other
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Fig. 5: Example 2: Residual output with different ANC methods.
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Fig. 6: Example 2: NMSE with different ANC methods.

The result is all the more valuable, considering that in all

simulations the EWU algorithm employs the FIR model of

the secondary path as its estimate, not taking into account

the presence of the saturation.

VI. CONCLUSIONS

A novel model selection algorithm for nonlinear model of

the NARX family has been developed, which is especially

suited for indirect identification problems, as the NANC

scheme. The method is based on the direct evaluation of the

output error and does not require the explicit computation

of the error gradient with respect to the weights. A model

of the secondary path is used to reconstruct the original

noise and to estimate virtually the performance associated

to a parametric or structural modification of the controller

model. The model selection method has been tested on a

benchmark case where the system nonlinearity is represented

by microphone saturation.
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