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Economic model predictive control with self-tuning terminal weight

Matthias A. Miiller, David Angeli, and Frank Allgower

Abstract—1In this paper, we propose an economic model
predictive control (MPC) framework with a self-tuning terminal
weight, which builds on a recently proposed MPC algorithm
with a generalized terminal state constraint. First, given a
general time-varying terminal weight, we derive an upper
bound on the closed-loop average performance which depends
on the limit value of the predicted terminal state. After that,
we derive conditions for a self-tuning terminal weight such that
bounds for this limit value can be obtained. Finally, we propose
several update rules for the self-tuning terminal weight and
analyze their respective properties. We illustrate our findings
with several examples.

I. INTRODUCTION

Model predictive control has become a very popular and
successful control strategy in recent years, which is based
on the repeated solution of a finite horizon optimal control
problem. So far, the most commonly used MPC formulation
is that of a tracking problem, meaning that the involved cost
function is assumed to be positive definite with respect to a
certain setpoint or trajectory to be tracked (see, e.g., [1]).
However, this basic assumption need not be satisfied in
general, which in particular is the case when optimizing
the economics of a process (for a recent example, see,
e.g., [2]). In order to overcome this limitation, an economic
MPC formulation has recently been proposed [3], where
this assumption is not made but a general cost function
can be used. Within such an economic MPC framework,
different properties of the resulting closed-loop system have
been studied such as average performance or convergence to
the optimal steady-state. To this end, different assumptions
and variants of economic MPC have been used, including
terminal constraints [3-6], Lyapunov-like constraints [7] and
certain controllability conditions [8].

In this paper we consider an economic MPC setup involv-
ing a generalized terminal state constraint, meaning that the
endpoint of the predicted state sequence has to be equal to
some arbitrary steady-state in contrast to the optimal one as
in [3,4]. Such a setup has been proposed in the context of
tracking MPC (see, e.g., [9-12]) and recently also within
an economic MPC framework [11-14]. The big advantage
of such a generalized terminal constraint is that a possibly
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much larger region of attraction is obtained, and a loss of
feasibility can be prevented which otherwise might occur
if the cost function (and hence the optimal steady-state)
changes online. In particular, in [13, 14], the authors propose
to use a slightly modified economic cost function and in
addition an offset cost function which penalizes the distance
of the predicted terminal steady-state 2:(N|t) to the optimal
steady-state x*. On the other hand, in [11, 12] the authors
use the original (economic) cost function and in addition a
terminal cost term which penalizes the economic cost of the
predicted terminal steady-state (N |t). It is shown that if the
terminal weight is large enough, then the cost of the predicted
terminal steady-state will be arbitrarily close to the cost of
the best reachable steady-state. Furthermore, under additional
assumptions and by further modifying the MPC algorithm,
i.e., if necessary, following the previously optimal solution,
the cost of the predicted terminal steady-state, and hence
also the average performance of the closed-loop system, will
eventually be arbitrarily close to the cost of the best overall
steady-state [12].

In this work, we further study an economic MPC algo-
rithm with generalized terminal constraint, using a setup
similar to [11]. In particular, we develop an economic MPC
algorithm with a self-tuning terminal weight. The advantage
of such a self-tuning terminal weight in comparison to a
fixed terminal weight is that we do not necessarily need
to make the terminal weight large in order to guarantee
certain performance properties. This is desirable both from
a numerical point of view as well as in order not to modify
the original economic cost function too much. In fact, we
illustrate with a simple example that in some cases, a smaller
terminal weight leads to a better closed-loop average perfor-
mance than a large terminal weight. Furthermore, we want
to give (average) performance guarantees for the closed-
loop system without further modifying the MPC algorithm
as in [12]. The remainder of this paper is organized as
follows. In Section II, some preliminaries and the precise
problem statement are introduced; furthermore, we illustrate
by means of an example that larger values of the terminal
weight do not necessarily lead to a better closed-loop average
performance. Section III then gives an upper bound for the
closed-loop average performance when using a general time-
varying terminal weight. In Section IV, we consider certain
self-tuning update rules for the terminal weight and show that
the cost of the predicted terminal steady-state (and hence also
the closed-loop average performance) can be upper bounded
by the best ’robustly” achievable steady-state cost of the w-
limit set of the associated closed-loop system. We illustrate
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our findings and the different update rules with various
examples. Section V concludes the paper.

II. PRELIMINARIES AND PROBLEM SETUP

We consider discrete-time nonlinear systems of the form
w(t+1) = f(z(t), u(t),  z(0) =z, ()

with! ¢ € Isg, where z € X C R", u € U C R™, and
f is assumed to be continuous. The system is subject to
(possibly coupled) state and input constraints (x,u) € Z for
some compact set Z C X x U. Denote by Zx the projection
of Z on X. Define the set of steady-states which are reachable
in N > 0 steps from a point y € Zx as

Xn(y) = {z € Zx : Fue UM st 2(0) =y,

2(j +1) = f(2(5), w(j)) Vj € Ijo,n—1p, #(N) = =,
x:f(amu(N)), (x<]>7u(.7)> EZVj eH[(),N]}’- (2)

Note that for each y € Zx, the set Xn(y) is compact as Z is
compact and f is continuous. System (1) is equipped with a
stage cost £ : XxU — R, which is assumed to be continuous.
Denote the best achievable steady-state cost from a point y €
Zx by2

Lmin (y) := min f(x, u)

stz € Xn(y), (z,u) €Z,
z = f(z,u) 3

Furthermore, in the following we need the notion of the best
robustly achievable steady-state cost from a point y € Zx,
which we define as follows. For each £ > 0, denote by

Emin (97 E) = sup gmin(z) (4)

zE€B, (y)mZX
the supremum of the best achievable steady-state cost on
the set® B.(y) N Zx. With this, we define the best robustly
achievable steady-state cost from a point y C Zx as

Zmin (y) = Ehii% gmin(yy 6)_ (5)

Note that the limit in (5) exists as i, (y, €) is monotonically
decreasing when ¢ decreases to zero. From the definitions
in (3) and (5), it immediately follows that for each y € Zx we
have £iin(y) < fmin(y); however, equality does in general
not hold as £,,;,(y, &) is not necessarily continuous in ¢ at
¢ = 0. Finally, let (x4, us) denote an overall optimal steady-

state, i.e., (x4, us) satisfies
Uxs,us) = min
(z,u)€L,z=f(z,u)

Uz, u); (6)

note that without loss of generality, we can assume that
l(xs,us) = 0.

']Izo denotes the set of nonnegative integers, and I, p) the set of all
integers in the interval [a, b] C R.

’In the following, if a minimum is taken over the empty set, then by
convention the minimum is +oo.

3Be(y) denotes the ball of radius ¢ around the point y, i.e., Be(y) :=
{zeR": |z —y| <e}

Now consider the following economic MPC algorithm,
which is a variation of the one introduced in [11]. Namely,
at each time ¢ with = := z(t), the following optimization
problem is solved:

N—-1
minJ (z,u,6) = Y (e (k[t), u(k|t))
k=0

+ 8@ (x(Nt), w(Nt)) (7

subject to
z(0t) =« (8a)
w(k +1|t) = f(z(k[t), u(klt)) & €lo,n-1) (8b)
(w(k|t),u(klt)) € Z, k€l n (8c)
z(Nt) = f(z(N[t),u(N[t)), (8d)
U(z(Nt), u(N[t)) < A(). (8e)

for some possibly time-varying terminal weight 3 and A
specified in the following. As pointed out in the Introduction,
the special feature of the above optimization problem is
the generalized terminal constraint in (8d), meaning that
the predicted terminal state x(N|t) has to be equal to
an arbitrary steady-state and not to a specific one. De-
note the optimal solution to problem (7)—(8) by u* :=
[w*(0[t)T,...,u*(N|t)T]T and the corresponding state se-
quence by x* = [z*(0|t)T,...,2*(N[t)T]T. As usual in
MPC, the first part of the optimal input sequence, u*(0[t), is
applied to the system at time ¢. The optimal value function
is denoted by V' (z, 8) := J(x,u*, 3), which depends on the
terminal weight 8. The parameter A is updated according
to the cost of the previous terminal state, i.e., the following
closed-loop system is obtained:

2(t+1) = fla(t),u* (0]1)),

A(t+1) = (" (Ne), (N 1)). ©)
From (8d)-(9), it follows that the sequence A(¢) is
non-increasing and bounded from below (by 0
{(xs,us)), hence it converges. Denote the limit by Ay :
lim; oo A(f) > 0. Note that the sequence A(t) is conver-
gent irrespective of the evolution of the terminal weight 3,
however, the limit A\, does in general depend on (3. As
described in the Introduction, in the following we want to
analyze the behavior of the closed-loop system (9) when
using a self-tuning, time-varying terminal weight 5 which
is not unnecessarily large, and without further modifying
the MPC algorithm as in [12, Algorithm 3]. Before doing
so, we shortly motivate our research with a simple example
showing that larger values of 3 do not necessarily lead to
smaller values of A\, and to a better average performance
of the closed-loop system.

Example 1: Consider the system z(t+1) = x(¢)u(t) with
state and input constraint set Z = XxU with U = [—1.2,1.2]
and X = [—5, 5], cost function

Uz u) = 1304 - gms + g:cQ + % + (u—1)?
and prediction horizon N = 1. Figure 1 shows closed-loop
state sequences for four different constant values of 5. As
can be seen, = converges to 0 and hence Ao, = £(0,1) =9/4

for both 5 = 1.5 and 3 = 5, whereas x converges to 3 and
hence Aoo = £(3,1) =0 for both §=0.1and =1. O
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Fig. 1: Closed-loop state sequences for different values of 3 in Example 1.

III. AVERAGE PERFORMANCE WITH TIME-VARYING
TERMINAL WEIGHT

In this section, we study the average performance of the
closed-loop system (9) when the terminal weight 3 in (7) is
time-varying. Namely, we assume that (3 evolves according
to some update rule B, i.e.,

Bt +1) = B(B(t),z(t), A1),  B(0) = o = 0.

In order to prove certain bounds on the closed-loop average
performance, we consider the following two assumptions
on 3. Later, in Section IV-B, we propose several update
rules B such that these assumptions are satisfied. Let (¢) :=
B(t+1) - B(0).

Assumption 1: The update rule B in (10) is such that the
sequence ((-) satisfies y(t) < cand () > S forall t € I
and some constants ¢, 3 € R, and limsup,_, . y(¢) < 0.

Assumption 2: The update rule B in (10) is such that the
sequence ((-) satisfies y(t) < cand 3(t) > § forall t € I
and some constants ¢, 3 € R, and lim inf; .. 3(t) < co.

(10)

Theorem 1: Assume that the optimization problem (7)—
(8) is feasible at ¢ = 0. Consider the closed-loop system (9)
and (10). If Assumption 1 is satisfied, then

o Uz (t), u(t))

li < Aoo- 11
1;11 jolip T < Ao (11)
If Assumption 2 is satisfied, then
T—1
V(z(t t
lim inf 2t=0 (@, u®) _\ (12)

T—o0 T
Proof: As usual in MPC, a feasible solution to prob-

lem (7)—(8) at time ¢+ 1 is given by the endpiece of the pre-
viously optimal solution appended by the steady-state input,
e, u(t+1):= )T, ..., u(NHT, u(Nt)T]T. This
means that the optimization problem (7)—(8) is recursively
feasible. With this, we obtain

Viz(t+1), 60t +1)) = V(x(t), 5(t))
< J(x(t+1),u(t+1), B +1)) — J(2(t), 0 (1), 5(t))
= (L+~()(z"(N]t), uw™(N[t)) — £(x(t), u(t))  (13)

As discussed above, the sequence {(x*(N|t),u*(N]t)) is
non-increasing in ¢ and converges to A, for ¢ — oo. This
means that e(t) := £(z*(N|t), u* (N]t)) — Aoo converges to
zero for ¢t — co. Furthermore, 0 < £(t) < €(0) < oo for all
t € I»o, where the last inequality follows from continuity
of ¢ and compactness of Z. Summing the inequality in (13),
for each T > 1 we obtain

V(«(T), B(T)) = V(xo, Bo)

<D A +v)) oo + () — €z (t), u(t))]

t

!

(14)

Il
o

Now first consider the case where Assumption 1 is satis-
fied. Taking averages on both sides of (14), we obtain

lim inf (1/T) (V(2(T), B(T)) = V (20, 5)))

< liminf(1/T) (T)\OO+
T-1
+ 3 [OAe + (1 1(B)e(t) — £(a(t), u(t))])
t=0

T-1

< o
< Am+1%1£f(1/T)(

(]

—l(x(t), u(t)))

o~
S
| <
—_

+ limsup(1/T) (

T—o0

[Y(B) Ao + (1 +y())e(t)])

S oo
Ll
= o

< Aoo — limsup(1/T) (

T—o0 t=0

U (t), u(t))), (15)
where the last inequality follows from the fact that
limy oo e(t) = 0, limsup,_,7y(t) < 0, Aoo > 0, and
0 < e(t) < ¢(0) < o0 and y(t) < ¢ < oo for all
t € I>o. On the other hand, as 3(¢) >  for all £ € I>( and
furthermore ¢ is continuous and Z compact, by definition of
the cost function J in (7) there exists a constant V' € R such
that V(z(t), 8(t)) > V for all ¢t € I>(. Hence we obtain

V((T), B(T)) — V(xo, So)

lim inf
T—o0 T
> lim inf V((T),5(1) &+ liminf —V(zo, o)
T—o0 T T—o0 T
> liminf(V/T) + lijminfw _o. 6

T

Combining (15) and (16) yields that (11) is satisfied, which
concludes the proof of the first statement of Theorem 1.

Second, consider the case where Assumption 2 is satisfied.
Then, there exists an infinite sequence of time instants {¢;} C
I>o such that 8(t;) < B for all ¢; and some (. < 0.
Using the fact that Zi;ol ~(t) = B(t;) — Bo by definition
of 7, and () < ¢ for all t € I>( by assumption, from (14)
we obtain that

V((t:), B(t:)) — V (2o, Bo)

ti—1

< (ti + oo = Bo)Aoo + Y _[(L+€)e(t) = £(x(t), u(D))].

t=0
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Taking averages on both sides, we have
liTnLioréf(l/T)(V(:c(T),ﬁ(T)) = V(z0,50))
S llzIzl)loIolf(l/tZ)(V(l‘(tl), ﬁ(tl)) — V(.TQ, ﬁo))

< 1iIginf(l/ti)((ti + Boo = Bo) Ao

Z 1+c

i

— 0(a(t), u(t))])

<~0~

o+
,_.

< Ao + liminf(1/¢;)

11— 00

[(1+ 0)e(t) — L(x(t), u(t))]

< Ao — limsup(1/t;) Zﬁ

71— 00 t=0

< A — liminf(1/T) ; O (t),u(t)),
where the fourth inequality is again due to the fact that
limy oo e(t) = 0 and e(t) < €(0) < oo for all t € I,
and the last inequality follows from the fact that {¢;} is
an infinite subsequence of I>y. Combining (17) with (16)
(which is valid independent of whether Assumption 1 or 2
is satisfied) results in (12), which concludes the proof of the
second statement of Theorem 1. ]

Remark 1: Assumption 2 is weaker than requiring /3
to be bounded. In fact, if Assumption 2 is strengthened
to 8 being bounded, then again the stronger conclusion (11)
instead of (12) follows. Namely, if 5(¢) < S forall ¢ € I,
then the calculations in (17) hold for all £ € I>¢ and not only
for the subsequence {¢;} C I>¢. Then, the second-to-last line
of (17) together with (16) imply that (11) is satisfied. U

H

’ﬂ

a7

IV. SELF-TUNING TERMINAL WEIGHTS

Having established that A, is an upper bound for the aver-
age performance of the closed-loop system, we would like to
determine update rules B such that 3 satisfies Assumption 1
or Assumption 2 and which lead to a small value of A\,
Clearly, A\oo > #(x4,us) = 0 for each update rule B, with
l(xs,us) defined in (6). As demonstrated in Example 1, it
is not necessarily true that larger values of  lead to smaller
values of Ao.. In general, and without further assumptions
on the system and the cost function, the best one can hope
for is that Ao, will be equal to the best achievable steady-
state cost of the w-limit set corresponding to the specific
update rule. In the following, we will formalize this notion
and give a sufficient condition for update rules in order that
this property holds true.

A. Specifications for update rules B

Let wp(xo) be the w-limit set of the closed-loop state
sequence (9) starting at g and using the update rule B (10).
We then have the following result:

Theorem 2: (i) For each update rule B which is such
that 3 satisfies

Aoo — lifminffmin(x(t)) >0 = 1itminfﬁ(t) =00, (18)

it holds that lim;_, oo €min (z(t)) exists and

Moo = lim lin(z(t)) < inf  Lin(y). (19)
t—o0 YyEwp (CEO)
(ii) For each update rule B which is such that [ satisfies
Aoo — limsup lpin(2(t)) > 0 = limsup 5(t) = oo, (20)
t—o00 t—o0
it holds that
Moo = limsup lpin (z(t)) < sup  Liin(y). (21)
t—o00 yewB(IO)
Proof: (i) First, we show that A\, —

liminf; eo €min(x(t)) < 0 if [ satisfies (18). Namely,
assume for contradiction that Ao, —lim inf; o fmin (2(t)) >
0. According to (18), this implies that lim inf;_,, 5(t) = co.
However, in [12, Proposition 2] it was shown that
for each ¢ > 0, if § > a/e for some finite constant
a > 0, then £(z*(Nt),u*(N|t)) < luin(z(t)) + €
for all xz(¢t). But then, as liminf; ., 3(t) = oo,
we obtain that Ao, = lminf; e fmin(2z(t)), which
contradicts our assumption. Thus it holds that
Aoo — liminfy o lin(x(t)) < 0, which by the definition
of Ao and £y,;, implies that lim; oo €min(2(t)) exists and
Ao — limy—, o0 €inin (2(t)) = 0. This establishes the equality
in (19). Second, according to the definition of the w-limit
set wp(xp), for each y € wp(xg) and each e > 0 there
exists an infinite sequence of time instants {¢/} such that
z(tY) € B.(y) N Zx. But this implies that

Aoo = tlim linin (2(8)) = Hm liin (2(tY)) < linin(y, €).

As this holds for each ¢ > 0 and each y € wg(zg), we
obtain

émin (y)a

which establishes statement (i) of the Theorem.

(i1) The proof of this statement is similar the proof of state-
ment (i). We first show that Ao, —lim sup;,_, o €min(z(t)) < 0
if G satisfies (20). Namely, assume for contradiction that
Aoo — limsup, . min(z(t)) > 0. According to (20),
this implies that limsup,_, . 3(t) = co. However, in [12,
Proposition 2] it was shown that for each ¢ > 0,
if 3 > a/e for some finite constant @ > 0, then
Lx*(Nt),u*(Nt)) < Lmin(x(t)) + € for all x(t). But
then, as limsup, . B(t) = oo, we obtain that A\, <
lim sup,_, o #min(z(t)), which contradicts our assumption.
By definition of A\, and /y;,, the above inequality has to
hold with equality, i.e., Aoo = limsup,_, ., fmin (z(t)), which
establishes the equality in (21). Now let {¢;} be an infinite se-
quence of time instants such that lim;_, o fmin (x(¢;)) exists
and satisfies lim;_, oo fmin(2(t;)) = limsup,_, . fmin(x(%)).
According to the definition of the w-limit set wg(xg), there
exists a point y* € wg(zp) and for each € > 0 an infinite
subsequence {¢.} of the sequence {¢;} such that z(t,) €
B.(y*)NZx. But this implies that lim sup,_, . £min(2(t)) =
lim,— o0 Cinin (2(t)) < Lmin(y*,€). As this holds for each
€ > 0, we obtain

A<>o = lim sup Ermn(x(t)) < zmi]ﬂ(y*) <

t—o0

Ao = tlim Lin(2(t)) < inf

yEwg(zo)

sup emirl(y)a

yEwp(zo)
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which establishes statement (ii) of the Theorem. O

In Theorem 2, condition (20) is weaker than (18) and
hence more update rules B will be likely to fulfill it.
However, then also the resulting conclusion (21) which
can be made is weaker than (19). Namely, in case (i), we
can ensure that the best achievable steady-state cost along
the closed-loop system converges, i.e., lim;_, o min (z(t))
exists. Furthermore, Ay, is equal to this limit, which is at
least as good as the minimum of the best robustly achievable
steady-state cost on the w-limit set of the closed-loop system.
On the other hand, in case (ii), we cannot necessarily ensure
that limy_, o, fimin (z(t)) exists, but only that A, is equal to
lim sup,_, o #min(x(t)), which in turn is at least as good
as the supremum of the best robustly achievable steady-
state cost on the w-limit set of the closed-loop system.
Furthermore, we remark that if wg(zg) is just a singleton,
or, more general, if lin(y1) = fmin(y2) for all yi,y2 €
wp(xp), then the right hand sides of (21) and (19), i.e., the
upper bounds for A\, are the same.

B. Several update rules B and their properties

In the following, we propose and discuss several different
update rules for § which ensure that the conditions of
Theorems 1 and 2 are satisfied. We start with rather simple
update rules which lead to monotonically increasing (3. To
this end, let 6(¢) := £(a*(N|t), u*(Nt)) — Limin(2(1)).

o Update rule 1: By (5(t), z(t), A(t)) := [(t)+d for some
d>0.

o Update rule 2: By(B(t), z(t), A(t)) := B(t) + a(d(t))
for some « € K.

The appeal of update rules 1 and 2 is clearly their
simplicity. A further advantage of update rule 1 is the fact
that in contrast to update rule 2, ¢, (z(¢)) does not have
to be known at each time ¢. However, with update rule 1, in
any case 3 — oo, which might not be desirable.

Lemma 1: The update rules 1 and 2 are such that 3
satisfies (18); furthermore, for update rule 2 Assumption 1
is satisfied.

Proof: With update rule 1, g trivially satisfies (18) as
liminf; . B(t) = oo independent of the behavior of
x(t). For update rule 2, consider the following. If Ao —
liminf; co €min(x(t)) > 0, then 6(¢;) > ¢ > 0 for an
infinite sequence of time instants ¢; and some constant ¢ > 0.
But this immediately implies that liminf; . 8(t) = oo
as a« € K. Hence with both update rules 1 and 2,
satisfies (18). In order to establish the second claim of the
lemma, consider the following. For update rule 2, we have
v({t) = Bt + 1) — B(t) = a(d(t)). But 6(t) and hence
also 7(t) is bounded above by some finite constant due to
continuity of ¢ and compactness of Z, i.e., v(t) < ¢ < 00
for all ¢ € I>¢. Furthermore, 3(t) > By =: ¢ for all ¢t > 0.
Finally, as (18) is satisfied, by Theorem Z(T) we conclude
that lim;_, §(¢) = 0, and hence also lim; ., y(t) = 0 as
a € K. Hence for update rule 2 Assumption 1 is satisfied.
O

We now present a slightly more complex update rule which
is nonmonotonic, but allows for a reset of 3. The benefit of
such an update rules is that § might stay smaller, which, as
mentioned above, might be good for performance reasons.
Moreover, one might also have a greater robustness for 3 to
stay bounded in case of disturbances (see, e.g., Example 2
below).

o Update rule 3: Let a, a0 € K.

1 if C3(t) <0,
Bs(B(t), x(t), A(t)) := { B(t) + az(8(1)) elsci,)
where C3(0) = 0 and for each ¢ € I, C3(t) =
U@ (N|), 0" (N18) — £ (Nltrast), u* (Nltrast)) +
a1(6(t)) with tyas := max,<y gsy=15 — 1.

Lemma 2: Update rule 3 is such that § satisfies (20);
moreover, at least one of Assumptions 1 and 2 holds.

Proof: We start by proving the first claim of the lemma.
If Aoo — limsup,_, o #min(z(¢)) > 0, then there exists ¢ > 0
such that 0(¢t) > ¢ > 0 for all ¢t > { and some ¢ > 0. We
will show that in this case the number of resets of 3 to 1 in
update rule 3 is finite. Namely, assume it was not. Then, both
L(x*(N|t),u*(N|t)) as well as £(x*(N|tiast), w* (N|tiast))
converge to A... But this implies that there exists £ > #
such that C3(t) > 0 for all ¢ > ¢ (as §(t) > ¢ > 0), i.e.,
the reset condition is not satisfied anymore, which gives a
contradiction. Hence the number of resets of 3 is finite. But
then according to the definition of B3, we immediately obtain
that liminf, .. 8(t) = limsup,_,., B(t) = oo, i.e., (20) is
satisfied. To prove the second claim of the lemma, consider
the following. First, the definition of Bs implies that 5(¢) >
min{fy,1} > 0 =: 3 for all ¢ € I>o. Second, whenever
B(t+1) =1, we have v(t) < 1 (as 3(t) > 0 for all ¢t € I>¢);
if B(t + 1) > 1, we again obtain v(t) = «(d(¢)), which
is bounded above by some finite constant as established
in the proof of Lemma 1. Hence v(t) < ¢ < oo for all
t € I>o. Thus, in order to show that at least one of As-
sumptions 1 and 2 is satisfied, it remains to show that either
limsup,_, . () <0 or liminf; o B(t) < co. The latter is
immediately satisfied if the number of resets of (3 is infinite,
i.e., C5(t;) < 0 for an infinite sequence {t;} C I>o. Now
assume for contradiction that both lim sup,_, ., v(¢) > 0 and
the number of resets of 3 is finite, i.e., there exists { € I
such that C3(¢) > 0 for all ¢ € I;. Then, the definition of Bj
immediately implies that 3 is monotonically nondecreasing
for t >  with liminf; .. 3(t) = oo. As shown in the
proof of Theorem 2(i), this would result in (19). But the first
equality in (19) implies that lim; ., 6(t) = 0 and hence
limsup, . v(t) < 0, which contradicts our assumption.
Hence at least one of Assumptions 1 and 2 is satisfied, which
concludes the proof of Lemma 2. (]

Remark 2: With update rule 3, the number of resets of 3
can very well be infinite. In the proof of Lemma 2, we only
showed that if Aoo — limsup,_, o €min(z(¢)) > 0, then the
number of resets is bounded. However, this situation does
not occur according to Theorem 2(ii). O

Example 2: Consider the system z(t + 1) = (1 —
u(t))x(t) with state and input constraint set Z = X x

2048



" ‘J;\’ /"\ 4 /

| \
1 4 7 !

. . . .
0 200 400 600 800 1000
t

(a) Without noise.

.
0 200 400 600 800 1000
t

(b) With additive noise.

Fig. 2: Closed-loop evolution of 3 in Example 2 using different update rules:
blue — update rule 2 with «(r) = r; magenta — update rule 2 with a(r) =
r2; red — update rule 3 with o (r) = az(r) = r; green — update rule 3
with a1 (r) = r? and ag(r) = r.

U = [0,1]% cost function {(x,u) = x + (1/2)u® and
prediction horizon N = 1. The optimal steady-state is
given by (zs,us) = (0,0), and for all x € X, we obtain
lmin () = £(xzs,us) = 0. It is straightforward to calculate
that the optimal solution to problem (7)—(8) with N =
1 is given by u*(0|t) = min{G(¢t)x(t),1},u*(1]t) = O.
The resulting closed-loop system is then given by z(t +
1) = (1 — min{B(t)x(t),1})xz(t), with G(t) according
to the specific used update rule. For each of the above
discussed update rules and each initial condition zy € X
and By > 0, the w-limit set is given by wp(xo) = {0}, and
MaXyep (2o) fmin(¥) = Milyey, (20) fmin(y) = 0. Hence
for each of the above update rules, by Theorem 2 we
conclude that Ao, = 0. However, the closed-loop evolution
of 3 is quite different when using different update rules.
As discussed above, update rule 1 leads to an unbounded (3
in any case. For update rule 2, one can show that when
using a(r) = r, § also does not stay bounded, as x converges
to zero very slowly (blue curve in Figure 2(a)). On the
other hand, when using a(r) = r2, one observes that (3
stays bounded and converges (magenta curve in Figure 2(a)).
Finally, using update rule 3 with a1(r) = r2 and as(r) =7,
one can show that § = 1, as the reset condition is always

fulfilled (green curve in Figure 2(a)). For a;(r) = aa(r) =
r, on the other hand, one observes kind of a sawtooth
behavior of 3 (red curve in Figure 2(a)).

As discussed earlier, an advantage of nonmonotonic update
rules is that they might be more robust to disturbances.
Namely, consider again the same update rules as used in Fig-
ure 2(a), but now an additive random disturbance (uniformly
distributed over the interval [0,0.2]) acts on the system.
As one can see from the simulations (see Figure 2(b)), the
monotonic update rule 2 leads now to an unbounded (3, for
both the choices a(r) = 7 and a(r) = 72. On the other
hand, update rule 3 leads to a bounded (. (Il

V. CONCLUSIONS

In this paper, we considered an economic MPC algorithm
with self-tuning terminal weight. We proposed several update
rules for the terminal weight 5 which resulted in an average
performance which is at least as good as the best robustly
achievable steady-state cost of the w-limit set of the corre-
sponding closed-loop system. Future research could include
analyzing the interplay between the terminal weight 5 and
the prediction horizon length N such that this obtained upper
bound is as small as possible.
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