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exponent of matrices.”

Vladimir Y. Protasov and Raphaél M. Jungers®

Abstract

We introduce a new approach to evaluate the
largest Lyapunov exponent of a family of matrices,
which describes the stability with probability one of a
randomly switching linear system. For positive sys-
tems, of particular importance in systems and control,
the rate of convergence of our approximation is esti-
mated and the efficiency of the algorithm is demon-
strated on particular switching systems of different di-
mensions. This is done by introducing new upper and
lower bounds for the largest Lyapunov exponent of non-
negative matrices. We generalize this approach to arbi-
trary systems (not necessarily positive), derive a new
universal upper bound for the Lyapunov exponent, and
show that a similar lower bound, in general, does not
exist.

1. Introduction

A switching discrete time linear dynamical system
in R? is defined by a set of matrices .7 C R4*?_ It is
formally described by the equations
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where &7 is a given set of matrices that describes the
system, and xp is the initial state. Switching systems,
and in particular positive switching systems, have mo-
tivated a great deal of research efforts recently. They

*This is a short version of our research paper [17]. See that refer-
ence for full developments and a literature review.
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have applications in very diverse areas of engineering.
See [2,10, 11,14, 18] for many examples.

In this paper, to each matrix A; we associate a pos-
itive number p; so that ):’}’:1 p; = 1. The number p;
represents the probability that A, = A; in (1). So, the
trajectory is not uniquely defined, as it depends on the
sequence of matrices A;, which is the result of a random
process.

Consider a random product X; = Ay, ---Ag,, where
all indices {d;} are independent and identically dis-
tributed random variables; each d; takes values 1,...,m
with probabilities py, ..., p,, respectively. According to
the Furstenberg-Kesten theorem [8] the value || X;|'/*
converges with probability 1 to a number p, which de-
pends only on the family <7, and on the probabilities
{pj};”zl. The number A = logp is called the largest
Lyapunov exponent of the family </ (and the corre-
sponding probabilities p;). In this paper we do not deal
with other Lyapunov exponents, and, for the sake of
simplicity, we omit the word “largest”. This number
can be defined by the following limit formula
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where E denotes the mathematical expectation. The re-
sults of this paper can be extended to more general ma-
trix distributions, but we restrict ourselves to i.i.d. ma-
trices taking values on a finite set ..

As a direct corollary of the Furstenberg-Kesten the-
orem, we have the following result, of high importance
for the stability of switching systems.

Theorem 1. Suppose that the sequence A; in System (1)
is an i.i.d. sequence with corresponding probabilities
p;j- Then, System (1) converges to zero with probability
one if and only if

A

.1
lim - Elog ||Ag---Aq| <1,  3)
and moreover, with probability one, we have

limlog |x;|/t = A.



The above theorem motivates the study of Lya-
punov exponents of a set of matrices in systems and
control. They are useful for many practical situations
which can be modeled as switching systems, as for in-
stance the design of multihop control networks [1, 12],
the trackability of sensor networks [6], the capacity of
codes avoiding forbidden differences [3] I

We introduce a new approach for computing the
Lyapunov exponent by deriving new lower and upper
bound for it using special positive homogeneous func-
tionals on RY. The idea is the following: Writing 7%
the set of products of length k of matrices in .27, for any
such a functional f the minimal and maximal expected

f;(;;) ,Bc o7k overallx e RY x #0, give
a lower and upper bound respectively for A. For fami-
lies of nonnegative matrices those bounds can be effec-
tively computed and then optimized over certain fam-
ilies of functionals f, which leads to optimal bounds
Br < A < o that, under some general assumptions,
rapidly converge to A as k — o. For every k both o
and P are found by solving unconstrained convex min-
imization problems. The rate of convergence is proved
to be at least linear in k, but in most of practical exam-
ples it is much faster.

The problem of computing or estimating the Lya-
punov exponent is known to be extremely hard. It is
even algorithmically undecidable in general [4]. On the
one hand, the most natural approach is to generate a
long random sequence of indices d1,ds, . .. and compute
the value } log [[Ag, -+ Aq, ||, which by the Furstenberg-
Kesten theorem will be close to A for large k with high
probability. Many applications, however, require a the-
oretically proved upper or lower bound for A, for which
any sort of probabilistic or Monte-Carlo algorithms is
not acceptable. A recent paper of Pollicott [15] presents
an original approach for iterative approximation of the
Lyapunov exponent that converges extremely fast to the
real value. The error estimate for this approximation,
however, has the same kind of disadvantage: being very
good asymptotically as n — oo (n is the number of itera-
tions), it may be unsatisfactory in some practical cases,
because the method does not come with a guarantee of
accuracy so that one does not know when n is large
enough so that the estimate is accurate enough.

A simple upper bound is well-known: this is the
right hand side of (2) for an arbitrary k for the Eu-
clidean norm. This naive approach appears to be quite
good (sometimes, the best available) in several practical
cases. However, just an upper bound, without a lower

value of % log

T'As the expert reader might know, the above mentioned appli-
cations were not introduced in the framework of random switching.
However, random switching has a straightforward usefulness in these
applications.
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one, is useless, because it does not give an interval to
localize the Lyapunov exponent. Finding a good lower
bound is much more complicated. For nonnegative ma-
trices the only known lower bound is due to Key [13].
One of the main results of our paper (Theorem 4) is a
new lower bound that is better both theoretically and nu-
merically. Then we improve the upper bound and show
its efficiency in numerical examples.

The structure of the paper is as follows: In Sec-
tion II we describe the new approach for nonnegative
matrices, then in Section III we consider two special
families of functionals and the corresponding bounds o
and B¢. In Section IV we summarize our results, stat-
ing the simple convex problems that one has to solve
numerically in order to obtain the bounds on the Lya-
punov Exponent. Then, in Theorem 4 we prove that un-
der some general assumptions on the matrices we have
o —PBr < %, where C is a constant. In Section V we
apply our method to real switching systems (with ran-
domly generated matrices) and show the good perfor-
mance of our technique.

Summary of the method. Our method simply

consists of computing an upper and a lower bound, as
the solutions of two convex optimization problems. The
method can be iterated by increasing the integer param-
eter k, which asymptotically leads to the exact value.
It has the following advantages: 1) it produces upper
and lower bounds for the Lyapunov exponent A that
both converge to A with a linear rate as the number
of iterations grows (as we see in numerical examples,
it converges much faster in practice). 2) The method
works equally well for high dimensions. In examples
with randomly generated matrices of dimension d < 50
it computes A with a relative error less than 1% within a
few iterations. 3) We relax the strict positivity assump-
tion on the matrices imposed in the previous papers on
the subject (as well as the invertibility assumption).

2. Matrices with a common invariant cone:
Bounds for the Lyapunov exponent

Assume that all matrices Ay,...,A,, share a com-
mon invariant cone K C R¢, which is supposed to be
convex, closed, solid, pointed, and having its apex at the
origin (i.e.: Vx € K, A;x € K). For any points x,y € R?
wewritex >y if x—ye Kandx—y>0ifx—y €intk.
For a matrix A we write A > 0 if it leaves the cone K in-
variant. The same notation are used for the dual cone
K*={veR?| infcg(v,x) > 0}.

Consider a functional® f : K — R. In the sequel
we impose the following assumptions on f:

2By functional we mean a function from the state space R with
values in R, as customary in functional analysis.



1) f is positive, i.e., f(x) > 0, whenever x # 0;

2) f is homogeneous, i.e., f(tx) = zf(x) for any
xeK,teR,.

Now we define two values Fyj, and Fyax for any
family .« and for any functional f:

Fmin(fw(z{)

f(ir)lgl E{log f(Ax) |A € o/ }

Fnax (f, <) sup E{log f(Ax) |Aec o }.

f)=1

We use the short notation F,(f,27) = Fpin, and the
same with Fyqy, if the functional f and the family .o

are fixed. Denote also F¥) — 1 Finin(f,<7%). Thus,

min — %

i inf E {log £(Bx) ’ Be o }

mn Tk

Frg,l;l Thus, Fn(]?1 is the smallest ex-
f(x)
over all x € K,x # 0. Let us first make the following

simple observation:

and similarly with

pected value of the logarithm of the ratio

Lemma 1. For every natural k and n we have

(k+n) Fa” < kFysx + nFyox

and (k1) ® g
+n n

(k+n)Fmin = kain + nFmin'

Corollary 1. For an arbitrary functional f and for ev-

< FW (0)

ery k we have Fpin nin 1d Fnax > P -

Lemma 2. For an arbitrary functional f and for any n
we have Fé::r)l <A< Fé{g

Fmax-

In particular, Fyyn < A <

By Fekete’s lemma [7]
of nonnegative numbers {ai}rey such  that
(k + n)agyn < kap + na,, k,n € N, the limit
lim;_,.a; exists and equals to inficyag. Simi-
larly, if (k4 n)agy, > kag + na,, k,n € N, then
limy ;o ax = supycn ax. Applying Lemma 1 we see that

F(m))’

min

for any sequence

limy oo %) = supcy FX) (denote this limit by
and limy .. A = infren FY (denote this limit by

F,E;f,z). Invoking now Lemma 2 we obtain the following

Proposition 1. For every family < and for every func-
tional f we have

Fmin < F<00) < A < Fn(:;;z < Fmax-

min

“

Thus, to approximate the Lyapunov exponent one
can take an arbitrary functional f and get the values Fi,
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and Fiax as a lower and upper bound respectively. Iter-
ating, one obtains the bounds Frffr)l and Fn(]@x, which, by
Corollary 1, are, at least, not worse. If the two inner in-
equalities in (4) become equalities, then Frffr)l and FIEIIQX
converge from different sides to A, which allows us to
compute A with an arbitrary prescribed accuracy. Suffi-
cient conditions for that are given in Theorem 2 below.
Finally, in the ideal case, when Fii, = Fiax, all the in-
equalities in (4) become equalities. In this case we get
a sharp value of A immediately, just by evaluating Fyy,.

Such “ideal” functionals f are called invariant.

Definition 1. A functional f is called invariant for a
Samily o/ ifV x € K\ {0},

—flx) + E{logf(Ax)‘AGd}Econst.

Thus, f is invariant if and only if F,j, = Fnax. In
view of Lemma 2 both these values equal to A.

Corollary 2. For any invariant functional f the con-
stant in Definition 1 is equal to the Lyapunov exponent

Aof .

Certainly, invariant functionals do not necessarily
exist for all families that have invariant cones. For non-
negative matrices sufficient conditions were obtained
in [16], we shall cite that result in Theorem A (Sec-
tion IV). However, even if an invariant functional ex-
ists, it may be very difficult to find or to approximate.
Nevertheless, as the following theorem says, the very
existence of an invariant functional guarantees that for

F (k) and Fél’gl both

an arbitrary functional f the values F_

converge to A at a linear rate.

Theorem 2. For an arbitrary family o7 and for every

functional f we have Féi:,z = A.
If, in addition, there is an invariant functional for

F(“’) —

min

this family, then for every functional f we have
A. In this case

k)

Fak — Fo,

min

<

Ck', keN,

where the constant C depends only on <7 and on f.

Thus, for every functional f we have Frg;)x — A If
the family .27 possesses an invariant functional on the

F () and

cone K, then for every functional f the values F,
F,El];)x converge from two sides to the Lyapunov expo-
nent A, and the distance between them decays as Ck~!.
This provides a theoretical opportunity to compute the
Lyapunov exponent with a given precision, using an ar-
bitrary functional f. To realize this idea we need to

FIEQX and F (k)

compute the values hin for large k. Each



computation actually requires the resolution of an opti-
mization problem, for which one needs to find a global
optimum of the function y;(x) = 1 E {log ! }g:;) ‘ Be
dk}, on the cone K. Therefore, the functional f
should be chosen in a special way, to obtain an objec-
tive function (x) that is convenient for global mini-
mizing/maximizing. In the next section we define two
families of functionals f (each depending on one d-
dimensional parameter), and then we apply them for the
cone K = R‘fr (i.e., for the case of nonnegative matri-
ces).

3. Two special functionals f(x)

In this section we define two families of function-
als f, which then will be applied to compute the Lya-
punov exponent of nonnegative matrices. Let &7 be an
arbitrary finite family of matrices sharing an invariant
cone K. For every point x > 0 consider the functional
f(-) =ry(-) defined on K as follows:

r(y) = min{r>0’y§rx}. 5)

Geometrically, this functional is a norm on K, whose
unit ball is KN (x —K). If r(y) <1, then y < x,
therefore Ay < Ax for any matrix A > 0, and hence
ry(Ay) < ry(Ax). Consequently, for this functional we

have

Fnax = maxE {log +(A4) ‘ A€ mf} 6)
y>0 r(y)
- E{logrx(Ax)‘Ae,;zf}. %)

Let us denote

a(x)=E {logrx(Ax) A€o };a = inf a(x).

Similarly we define oy(x) = an;)x and o =
infy~o o (x). Applying now Lemma 2, we con-
clude that og(x) > A for each x > 0 and k € N, and
therefore o > A. To obtain a lower estimate for A
we take an arbitrary v € intK* and consider the linear
functional f(x) = (v,x). Again, this functional is a
norm on K, whose unit ball is the intersection of K with
a half-space. For this functional we have

(v,Ax)
(v,x)

Fmin:infE{log ‘ Aed}.
xek

Denote

(v,A
(v.

() = infE {iog

veintK*

7;;) ‘Aeﬁf};ﬁ_ sup B(v).

Similarly we define S (v) = Fn(]l;)] and B; = inf,~o B.

Lemma 2 now implies that f;(v) < A for every v €
int(K*) and k € N.

Thus, we have the following bounds for the Lya-
punov exponent of a matrix possessing an invariant
cone:

Bv) < A4 < o). ®

In general, they are not easy to compute. For in-
stance, to evaluate (v) we need to find the global min-
imum over x € K of the function

E {log (,Ax) ‘ Ae.gz%} )
(v,x)
= —log(v,x) + i pjlog(vAjx). (10)

Jj=1

This function is not convex in x, it is actually quasicon-
cave, and hence its minimization may be hard. Nev-
ertheless, in case K = R% the value B (v) is not only
computable, but can be efficiently optimized over all
v € intK*, and the same is for oy (x).

Remark 1. If we work with a general cone K, then it is
more convenient to apply the linear functional f(x) =
(v,x) to get not a lower bound (as Bi(v)), but the upper
one. Doing so, we write Fyay for the functional f(x) =
(v,x) and obtain

V) = max pilog(v,Aix). an
Y(v) <K ()= j; j g ( j )

The objective function y(x) =Y, pjlog(v,Ajx) is
concave, and hence its maximum on the convex set {x €
K | (v,x) = 1} can be efficiently found. The same can
be done for every k:

%) = max)=1 E {log (v, Bx) ‘ Be%k}.

x€K, (vx

(12)
The shortcoming of this estimate is that it is very hard
to minimize over the set v € intK*, even in the case
K= Ri. Nevertheless, choosing appropriate v one can
obtain good upper bounds Y(v) that converge fast to A
as k — oo. We use this bound in Theorem 5 for approxi-
mating Lyapunov exponents of general sets of matrices.

4. The bounds

In this section we gather the material presented
above and present the theorems that allow to estimate
the Lyapunov exponent. They make use of the develop-
ments above. The first two theorems are concerned with
nonnegative matrices, while the last one is for general
matrices, but does not allow for a guaranteed accuracy.



Theorem 3. For any compact set of nonnegative matri-
ces, and for any natural k, let us define o, By respec-

tively as

d
y (—logvj +E {log<z aijv,)
i=1

inf E

. max log
uelR i

d
( Zaije“f”f) ’Aedk ,
i=1,...d =1

13)

sup min
veR+d I<j<

Ae oF } .
(14)
Then, we have

Br A

< < o, keN. (15

Theorem 4. For every family of nonnegative matrices
satisfying
(a) there is at least one strictly positive product of ma-
trices from <f (with repetitions permitted);
(b) matrices from </ do not have zero rows nor zero
columns,

and for every vectors x,v > 0 we have B (v) < A <
oy (x), ke N, and

oy (x) — Be(v)

< Ck', keN,

where the constant C depends on <7 | x and v.

Note that conditions (a) and (b) are assumed in most of
papers studying random products of nonnegative matri-
ces (see [9, 13, 16]). In the full version of our paper, we
show that for any set of matrices (i.e. with positive and
negative entries), our method also enables one to derive
upper bounds on the Lyapunov Exponent. In the follow-
ing theorem, X > 0 means that the matrix X is positive
semidefinite.

Theorem 5. For every positive definite matrix V, the
value T(V)

L
2 ys o,

I} (V) sup

r(VX)=1

E {1og tr(VBXB") ‘B c ot }

is an upper bound for A(</), and it converges fo it as
k — oo,

To compute I'; (V') one needs to find the maximum
of a smooth concave function on the intersection of the
cone #; of semidefinite positive matrices with a hy-
perplane {X € & | tr(VX) = 1}. This problem can
be efficiently solved by standard tools of semidefinite
programming (see for instance [5]). In many cases the
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most natural choice is to take V = I (the identity ma-
trix), which yields the following upper bound:

(1) sup

=— E {log tr(BXB") )Bed" }
2k X0, t(x)=1
(16)
One can show that this upper bound is better than the

standard upper bound with the Euclidean norm:

Proposition 2. For every matrix family we have
Ii(I) < +E{log||B|] | Be %}, ke N.

5. Numerical example

In this section, we show the efficiency of our
method on a randomly switching system. As mentioned
above, all optimization problems that we need to solve
for computing these estimates are convex unconstrained
problems. We apply standard tools of convex optimiza-
tion, namely, the matlab function fiminunc, which uses a
quasi-Newton procedure (the so-called BFGS-scheme),
together with a cubic line search procedure. All compu-
tations took a few minutes on a standard desktop pc.

As a general observation, our upper bound gener-
ally converges faster than the Euclidean bound (that is,
the bound obtained from (2) with the Euclidean norm)
towards the real value in the first steps of the algorithm.
This makes it possible to have a fair upper estimate
without having to compute too large products of matri-
ces. On the other hand, for our lower bound, not only it
also converges faster than the previously available lower
estimates (see [13]), but in addition, generally these
other lower bounds do not allow to reach a satisfactory
accuracy at all. Even though they converge asymptot-
ically towards the exact value, they appear to be often
relatively far from it for the largest values of k that a
classical computer can handle (say, k = 14 or so). We
graphically present our results in terms of the Lyapunov
radius p = exp(A), because in most applications, it
is the “physical” quantity that one wants to compute.
More precisely, p is the minimal r such that 7 /r is sta-
ble almost surely (writing “.</ /r” for {A/r:A € </}).

We ran our algorithms on randomly selected non-
negative matrices. We report here the results of com-
putation of p on two different sizes: reasonably small
matrices of dimension 5, and large matrices of dimen-
sion 60. For both these sizes, we generated dense and
sparse matrices. For the dense matrices, the entries are
drawn uniformly and independently between zero and
one, while for the second case, we sparsify the matri-
ces by putting each entries to zero with a probability
p =35/7. For matrices of size 60, computing long prod-
ucts rapidly becomes prohibitive. As one can see on
Fig. 5 (c) and (d), already with products of length 1



(©)

(d)

Figure 1. Evolution (with the length of the computed
products) of the different bounds for random matrices of
dimension 5 ((a) and (b)) and 60 ((c) and (d)). In ((b) and (d)),
we sparsify the matrices by independently putting each en-
try to zero with a probability 5/7; the other entries are i.i.d
homogeneously between zero and one. (In (b) all the lower
bounds give the trivial zero bound.)

size | k | lower bound | upper bound | accuracy
10 12 5.175 5.205 0.6%
20 12 10.16 10.22 0.6%
30 11 15.28 15.35 0.4%
40 11 19.74 19.78 0.2%
50 11 24.67 24.83 0.7%

Table 1. Results of our algorithm on random pairs of ma-
trices. For all matrices, each entry was drawn i.i.d. at ran-
dom homogeneously between zero and one. In the second
column, k indicates the length of the products computed in
order to derive the bounds in columns 3 and 4.

we have a fairly good approximation of the Lyapunov
exponent, while the estimate with the Euclidean norm
is still far from convergence. As one can see in figure
(b), if the matrices become so sparse that zero rows can
appear, then our lower bound f; may vanish. In this
case we apply the modified bound ﬁk. Table 1 summa-
rizes the scalability of our method when the size of the
matrices increases. For the same effort of computation,
the accuracy seems to be somewhat independent of the
dimension.
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