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Abstract—In this paper, we consider a task-allocation prob-
lem where N agents are to be assigned /N distinct tasks without
a central coordinator. The agents communicate over a connected
network and we assume that each agent has a preference for a
distinct unique task, i.e., without loss of generality, agent ¢
prefers task ¢ and is unhappy with any other task (# i).
With the assumption that each agent starts by picking an
arbitrary random task, we can divide the preferred task-
allocation problem into two phases: (i) to reach the set of N!
unique assignments from the set of N total configurations—
presented elsewhere; and (ii) to reach the single preferred
assignment from the set of N! unique configurations.

In this paper, we consider the phase (ii) of this preferred
assignment problem, i.e., we assume that the network is already
in one of the N'! unique configurations. In particular, we assume
that each agent has a unique task that may not be preferred and
each agent does not know its preference until it sees the task
and evaluates its cost. Under mild conditions on the network
connectivity, we propose a swap-stick algorithm and show that
this algorithm reaches the preferred assignment in finite-time
(a.s.) using Markov-chain arguments. The analysis in this paper
is further extendable to show the convergence of the phase (i)
assignment problem.

I. INTRODUCTION

In order to motivate the problem, we consider a formation
control setup where each agent would like to occupy a
preferred (distinct) spot in the formation. Each agent starts
by randomly occupying a location where it computes the cost
of staying at this location. We assume that (i) the costs are
not known a priori; and (ii) for each agent ¢ there is a distinct
(optimal) location with minimum associated cost, i.e., no
two agents have the same optimal location. Such setup is of
interest when the agents perform basic operations at arbitrary
locations and over time learn their preferred spot in the
formation and, in a sense, is in fact an instance of an adaptive
allocation problem. Similarly, in wireless communication,
the agents start communicating using arbitrary but distinct
channels and learn (over time) their preferred channels by
hopping across different channels.

The preferred assignment problem is a simplified formula-
tion of the general assignment problem where /N agents are
required to pick N distinct tasks such that the overall network
cost (some function of the local costs) of the agent-to-task
matching is minimized. When the cost function is linear,
the assignment problem is termed as the linear assignment
problem that can be solved using linear programming and
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can also be cast as a network flow problem [1]. The well-
known Hungarian algorithm [2] and the auction algorithm [3]
have been considered to solve the linear assignment problem
in polynomial time. However, these solutions are centralized
and rely on a central process to handle all of the computation
and information in the system. A related algorithm is Fisher-
Yates shuffle [4], [S] where the goal is to randomize an array
containing N integers, [1,..., N]. However, when such a
randomization is to be achieved over a sparse graph with no
central dispatcher, the existing centralized algorithms are no
longer applicable.

With the recent interest in multi-agent coordination and
formation, and target/facility/resource allocation problems, it
is desirable to have distributed solutions to the assignment
problem, see [6], [7], [8] and references therein. Of particular
interest are [9] and [10] that describe a distributed auction
algorithm for the assignment problems. The cost model used
in these references allows for complex agent-to-task costs
where an agent may prefer non-distinct and multiple tasks.
Roughly speaking, this requires an agreement on the cost
structure and preference among the agents, which is carried
out via average consensus [11]. As average-consensus is
typically asymptotic, finite-time assignment in [9] and [10]
that is further conflict-free may not be guaranteed. In other
related literature [12], [13], task allocation is considered as
a reward maximization (as opposed to cost-minimization)
problem. It is not unnatural to assume that such a reward
is revealed when an agent encounters a task for the first
time. However, the maximum reward that an agent may get
is known at each agent a priori. A simple example is a social
network where individuals pick an envelope containing a job
description, required skill, and expected compensation; the
individuals maximize their reward when they perform a task
that matches their skill.

In this paper, we consider a simplified cost model where
the cost, c;;, of agent i being assigned task j is ¢;; = 0
and c¢;; > 0 when ¢ # j. Clearly, the preferred assignment
is matching agent ¢ to task ¢ resulting in zero network cost—
any other assignment will result in a (strictly) positive cost.
However, we assume that the labeling in the task-space is
unknown a priori and, the label of a task (or its cost) is
revealed to an agent only when the agent encounters it.
The preferred assignment problem is to pick the least-cost



configuration out of all possible N! unique configurations'.
In this context, we provide a swap-stick algorithm that starts
by each agent picking an arbitrary random task and consists
of two steps: (i) Swap step—Two agents swap their tasks
if one of them does not have its preferred task; and (ii)
Stick step—Two agents stick to their tasks if they have their
preferred tasks. Using the arguments from Markov chains, we
show that this algorithm reaches the preferred assignment in
finite-time.

We now describe the rest of the paper. Section II describes
the problem formulation whereas the swap-collide is pre-
sented in Section III. We present the swap-stick algorithm
along with its convergence properties in Section IV. We then
consider generalization of the proposed agent-to-task cost
structure in Section V. Finally, we present simulations in
Section VI and Section VII concludes the paper.

II. PROBLEM FORMULATION

Consider a network of N agents in the setV = {1,..., N}
to be assigned N tasks in the set 7 = {1,..., N}, uniquely,
such that the following cost function, ¢ = ) . , ¢;j, is
minimized, where ¢;; is the local cost of performing task j
at agent 7. We assume the local cost function to be:

=7,

Cii = 0,
= i # .

>0,
Clearly, the minimum over all possible (i, ) matchings
with ¢ € V and j € T is achieved when agent ¢ is matched
with the ith task, i.e., with this matching ¢ = 0. We term this
as the preferred assignment problem and seek a decentralized
solution where the local cost, c;;, is only revealed when
agent ¢ encounters the jth task.

Let x;(t) be the state of the agent 7 at time t. When
each agent randomly picks a task, i.e., x;(0) for each i is a
random integer in the set 7 = {1,..., N}, it can be easily
verified that the network state, x(0) £ [x1(0),...,zx(0)]7,
lies in one of the possible NV states. We further assume
that the network is already in one of the possible N! unique
configuration, i.e.,

.1‘1(0) 75 l‘j(O),Vi,j,

Then the preferred assignment problem is to find a protocol
such that x(t) reaches (and stays in) the preferred state

)

Uil‘i (0) = T

2

for some finite ¢ from any of the possible NN! initial condi-
tions, Xp.

A. Communication model

We assume a generalized gossip-based communication
policy [15], in which at each iteration the symmetric com-
munication graph consists of pairwise disjoint links?, chosen

IWe assume that the network is already in one of the N! unique
configurations or may use the swap-collide algorithm from [14] to reach
this state.

2A graph is said to consist of pairwise disjoint links if at most one link
is incident to each vertex.
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(randomly) from the set of allowable links. Consider the N
agents to communicate over an undirected graph, G = (V, ),
where £ is the edge set containing pairs of connected
vertices. Furthermore, let A denote the adjacency matrix
of the graph. We assume the following generic communi-
cation model, which subsumes the widely used gossiping
protocol for real time embedded architectures [16], and the
graph matching based communication protocols for internet
architectures [17]. Define the set M of symmetric 0-1 N x N
matrices:

M={A|1TA=1", A1=1, A<A}. (@)

In other words®, M is the set of adjacency matrices, such
that, every node is incident to exactly one edge (including
self edges) and allowable edges are only those included in €.
Let D be a probability distribution on the space M. We make
the following assumption of connectivity on the average:

Assumption (C.1): The sequence of time-varying adja-
cency matrices, {A(t)};>0, governing the inter-agent com-
munication, is an i.i.d. sequence in M with distribution D.
Also the mean adjacency matrix, A, given by

/M A dD(A),

is assumed to be irreducible and aperiodic.

The stochasticity of A is inherited from the elements
of M. We are not concerned with the properties of the
distribution D as long as the weak connectivity assumption
is satisfied. The matrix A, being irreducible, depends on the
allowable edges £ and the distribution D. In order to show
the applicability of assumption (C.1) and justify the notion of
weak connectivity, we note that such a distribution D always
exists if the graph (V,€) is connected, for example, the D

generated by the simple pairwise gossip protocol in [16].

A=E[A(t)] )

III. SWAP-COLLIDE ALGORITHM

In [14], we provided a decentralized task-allocation al-
gorithm that reaches one of N! unique configurations (any
permutation of 7) from any of the possible N¥ initial
conditions in finite-time (a.s.). The algorithm consists of a
swap-step and a collide-step given as follows and can be
operated in a memoryless or a memory-based scenario.

A. Memoryless

At each time t + 1,¢ > 0, if agent ¢ is connected with
agent j (i # j), then agents ¢ and j perform one of the
following operations: (i) Swap: If z;(t) # x;(t), the agents
swap their tasks, i.e.,

(t+1) (1), (3)
(t+1) z;(t). (6)
(ii) Collide: If z;(t) = x;(¢), then one of the agents, say i,
randomly picks a new task, i.e.,

9(T \{zi(t)}),
(1),

3The inequality A < & is to be interpreted component-wise in (3).

t
t =

Ly
Zj

(7
®)

zj(k+1)



where ¢(-) is a task generator function that randomly (with
uniform distribution) chooses a task from the tasks in its
arguments. Since the goal in swap-collide is to converge to
any unique assignment, we denote by C the set of all possible
(N!) unique assignments. As a performance metric of our
distributed assignment algorithms we define the (random)
hitting time of the set C as follows:

Te = inf{k >0 | x(k) € C}, )

where, by convention, the infimum of an empty set is taken to
be oco. In other words, T denotes the earliest time at which
the network reaches or hits the acceptable configuration set
C (provided an acceptable configuration is ever reached).
Convergence of the assignment algorithm or achievement
of an acceptable task configuration corresponds to whether
T¢ is finite or not. The following result characterizes the
reachability properties of the memoryless swap-and-collide
algorithm.

Theorem 1: Let assumption (C.1) on the communication
graph hold. Then,

(i) The process {x(k)} is a Markov chain on Z%. More-
over, the random time T¢ is a stopping time with respect
to (w.r.t.) the filtration generated by the Markov chain.

(ii) The Markov chain {x(k)} is transient with C as the set
of absorbing states. Hence,

P(Te < ) = 1. (10)
The proof of the above theorem is not included in [14] but
an avid reader may readily see that the analysis of swap-
stick in Section IV is directly applicable to swap-collide.
A characteristic of swap-collide is that the agents have no
mechanism to realize that a network-wide unique assignment
is reached and thus indefinitely operate in swap mode. In
order to avoid this problem, one can extend the swap-collide
to the case when each agent possesses memory as follows.

B. Memory-based

In addition to z;(k), let node ¢ maintain a flag,
fi(k) € {0, 1},

initialized to 0. The modified algorithm leads to the following
update of the node states and flags: At time k+1, if (4,j) € G
and ¢ # j, the nodes 7 and j perform one of the following
steps depending on the status of their flags:

Case I: If f;(k) = f;(k) = 0, the nodes perform the
basic swap-and-collide and update their flags as follows. Flag
Update: node ¢ sets its flag to 1 if all the N objects pass
through it, i.e.,

1, if UMz ()Y =T,
0, otherwise.

fi(k+1):{ (1)
The flag update at node j is done similarly by looking at
its past and current allocations.

Case II: If at least one of f;(k) and f;(k) is 1 (say f;(k)
1 in the following for definiteness), the nodes perform the
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following: (i) No State Update: The nodes do not swap their
state, i.e.,

(i1) Flag Update: Both nodes set their flags to 1, i.e.,
filk+1)= fj(k+1) =1

We note that in the above update rule, the node memory is
only used in the flag update steps. Also, it is readily seen that
as soon as an node gets to set its flag to 1, it essentially halts
the state update process. In turn, the algorithm terminates in
finite time (a.s.) iff every network node gets to set its flag to
1 in finite time (a.s.)

In addition to the hitting time, T¢, of the set C, we define
the following random times (for each network agent 7):

12)
13)

T: = inf{k>0] fi(k) =1}, (14)
Te = 121%}5\/%’ (15)

where, by convention, the infimum of an empty set is co.
As before, Ty denotes the earliest time when the network
reaches the acceptable configuration set C, of which the
agents are generally unaware. From the above discussion,
it follows that agent ¢ stops its state update process at the
random time Tci (provided it is finite), whereas, the entire
network halts the update process at the random time T¢
(provided it is finite).

The following result summarizes the convergence of the
modified swap-and-collide algorithm introduced above and
determines a distributed algorithm termination criterion.

Theorem 2: Let assumption (C.1) on the communication
graph hold. Then,

(i) The process {x(k)} is a Markov chain on Z%. More-
over, the random times T¢, 77 and T are stopping
times w.r.t. the filtration generated by the Markov chain.

(ii) The Markov chain {x(k)} is transient with C as the set
of absorbing states. Hence,

P(Te < 0) = 1. (16)

(iii)) The algorithm terminates network-wide in finite time
a.s., i.e.,

P(Te <TE <Te < o0) =1. (17)
The proof of Theorem 2 is more involved and is beyond the
scope here. We note that the first and second assertions are
similar to those of Theorem 1 and show that the network
reaches C in a.s. finite time. In general, the network agents
may not be aware of this hitting time 7. However, unlike
the memoryless case, eventually the agents realize that the
network has reached C and terminate the state update process.
This follows from the third assertion of Theorem 2 which
states that in a.s. finite time (larger than the actual hitting
time 7¢), all the network agents set their flags to one thus
terminating the state update process on a unique acceptable
configuration. Finally, in passing, we note that the availability
of agent memory has implications beyond the design of



distributed stopping criteria; it can be shown by pathwise
comparison arguments that by replacing the task generation
in (7) by

zi(k+1)=g(T\ Uf:o{zi(l)})a

the convergence time (time to reach C) and the halting time(s)
can be approached earlier. However, in that case, the process
{x(k)} no longer stays Markov.

IV. SWAP-STICK ALGORITHM

We now describe the basic swap-stick algorithm.
Let {z;(¢)} denote the sequence of intermediate allocations
(also referred to as states) at agent ¢ as the iterative algorithm
progresses. We assume that x(0) € C where C is the set
of all (IN!) permutations of 7 and x is a vector of agent
states. At each time ¢t + 1,¢ > 0, if (4,5) € A(t) and i # j,
the agents ¢ and j perform one of the following operations:
(i) Swap: If z;(t) # i or x;(t) # j, the agents swap their
tasks, i.e.,

xi(t + 1)

(18)
19)

(1),

(ii) Stick: If x;(t) = ¢ and x;(t) = j, then the agents keep
their tasks, i.e.,

xi(t + 1)

(20)
2y

Remarks:

(a) Autonomous: The above algorithm does not assume
that the agents know the costs of any task a priori. Each
agent evaluates the cost of the particular task it encounters.
Without loss of generality, we have assumed that this setup
results into agent 4 having O cost at task ¢. The algorithm
can be modified such that each agent first computes the cost
of its current task and then enters into either the swap or
stick mode; motivating an autonomous operation that does
not require any pre-processing.

(b) Cooperative: The swap-step is crucial for the informa-
tion propagation within the network. It may seem counter-
intuitive that an agent loses its preferred task when its
neighbor does not also have its preferred task at the same
time. However, the effectiveness of the swap-step can be
shown by the following example. Consider Fig. 1 where the
agent index is provided within the circle and its current task
is listed at the top. Clearly, if agent 5 were not to swap its
preferred task, the left and right components of the network
will never encounter their preferred tasks. With the swap
between agent 5 and any one of its neighbors, the tasks begin
to flow in the network. In this sense, the swap-stick protocol
is cooperative, where an agent temporarily goes into a non-
optimal state for the benefit of the entire network.

(c) Decentralized: It is readily seen that the swap-stick
algorithm does not require any central coordination. In
addition, none of the agents are required to know the graph
topology or the preferred tasks. The operation at each agent
is decentralized. We have the following results.
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Fig. 1.

An example to show the effectiveness of the swap-step.

Lemma 1 (Task preservation): If the network state starts
in a unique configuration, i.e., x(0) € C, then it remains in C,
ie., x(t) €C, for all t > 0.

Proof: At any t > 0, an active link, say (¢,5) € A(t),
either swaps z;(t — 1) and x;(t — 1) or keeps the tasks
at t — 1. Hence, no task is dropped from the network. Since
the number of agents and the number of tasks are the same,
we have x(t) € C for all ¢ > 0. [ |

Lemma 2 (Fixed-point): The preferred state, xp, is the
fixed-point of the algorithm, i.e., once the algorithm reaches
the preferred state, it stays in the preferred state.

Proof: Define tp as the time when the state becomes

X(tp) = Xp, (22)

i.e., the ¢th agent has its preferred task ¢. Then the swap-stick
always operates in the stick-step and the lemma follows. H

A. Markovianity

The following lemmas establish the Markovianity of the
process {x(¢)}.

Lemma 3: [Markov chain] Let assumption (C.1) on the
communication graph hold and let x(0) € C. Then the
process {x(t)}, generated by the swap-stick algorithm, is
a Markov chain on C. Moreover, the random hitting time ¢p
is a stopping time with respect to the filtration generated by
the Markov chain.

Proof: By Lemma 1 we note that once initialized in the
set of the acceptable configurations, the process {x(t)} never
leaves the set C. The Markovianity of {x(¢)} then readily
follows from the fact that the random adjacency matrices
A(t) are temporally i.i.d. and the memorylessness of the
swap-stick algorithm, i.e., the local assignment dynamics at
a given instant ¢ is only a function of the current network
configuration. That tp is a stopping time, follows readily
from standard arguments [18] and the lemma follows. ]

Lemma 4: [Absorbing state] The preferred state, xp, is
the unique absorbing state of the Markov chain {x(¢)}.

The proof of Lemma 4 is omitted due to space limitations.
The main idea behind the proof is that for each configuration
x € C, such that, x # xp, there exists another configuration
y € C with y # x, such that,

Pxy > 0. (23)

The above combined with Lemma 2 leads to the fact that
any configuration, x # xp, is not absorbing and hence, xp
is the unique absorbing state.



Lemma 5: [Transient states] Each state, x # xp, is a
transient state of the Markov chain, {x(¢)}, with unique
absorbing state xp.

The proof of Lemma 5 is omitted due to space limitations.
The main idea behind the proof is that given the Markov
chain is in some configuration x # xp at an instant ¢, there
exists a time ¢ < ¢’ < oo, when the chain reaches the unique
absorbing state, xp, i.e.,

P(x(t) =xp | x(t) = x) > 0. (24)

The above readily establishes the fact that any non-absorbing
state (# xp) reaches the absorbing state in finite-time and
is thus, a transient state of the Markov chain.

B. Finite-time (a.s.) convergence

We now characterize the reachability properties of the
swap-stick algorithm. As a performance metric, define the
(random) hitting time of the preferred state, xp, as

tp = inf{t > 0|x(t) = xp}, (25)

where, by convention, the infimum of an empty set is taken
to be infinity. In other words, ¢tp denotes the earliest time
at which the network reaches hits the preferred state, xp
(provided a preferred state is ever reached). Convergence of
the preferred assignment problem or hitting the preferred task
corresponds to whether ¢p is finite or not.

Theorem 3: Let assumption (C.1) on the communication
graph hold. Then

P(t p< OO) =1.

Proof: The proof follows from Lemmas 3, 4, and 5. &
We note that Theorem 3 does not only establish the
convergence of the proposed approach, i.e., starting from an
arbitrary initial configuration in C, the network reaches the
preferred configuration in finite time a.s., it naturally provides
a distributed termination criterion. Indeed, as soon as the
network reaches xp, the stick operation prevents further

assignment swapping among the agents.

V. ARBITRARY COST ASSIGNMENT

The preferred assignment problem we described in this
paper can be motivated to have the following assumption on
the agent-to-task cost structure. The local cost minimizers (at
each gent) are unique and distinct. We now briefly study the
swap-stick algorithm when this assumption does not hold.

As the first case, we consider when the local minimizer
is unique at each agent but not distinct. Without loss of
generality, consider agent 9 in Fig. 2 to have cost, cg = 0,
for task 3 where all the other costs, ¢;,7 = 1,...,8 follow
the description in (1) and suppose that the network state
is according to Fig. 2. Since agent 9 does not have its
preferred task, whenever a link is active with agent 9 being
one of the nodes, agent 9 will always force a swap. This
swap will result in another agent to have an non-preferred
task and the network (which can be easily seen to be in
the optimal configuration according to this cost) will move
to a non-optimal state. Although this setup violates our

assumption as the local minimizers are not distinct, the
following modification may be helpful.

If two agents have non-preferred tasks they swap. If one
of the agent has its preferred task, it engages in the swap
operation with a probability o and does not engage with a
probability 1 — o' for some a € (0,1]. As t = oo, a’ — 0
and in our case agent 9 is unable to swap after a while as its
neighbors will not engage. Loosely speaking, as the network
keeps returning to the state in Fig. 2, it tends to stick in this
state as ¢ goes large. The precise analysis of this modification
is beyond the scope of this paper.

Fig. 2.

Non-distinct task preference.

The second case is when the local minimizer is not unique
but the union of the local minimizers result in 7. In other
words, each task is preferred at least at one agent. Consider
both agents 1 and 9 (in Fig. 2) to have the minimum cost 0
for both tasks 1 and 9. Since the algorithm starts in a unique
configuration, it can be shown that the fixed-point will be
either [1,...,9]7 or [9,2,...,8,1]7. It is straightforward to
show that once the network state reached any one of these
points, it will stay there because of the stick-step. The key
assumptions here are that each task is preferred at least at one
agent and the network starts in a unique configuration. For
the sake of simplicity, we assume that local cost minimizers
(at each gent) are both unique and distinct, but the uniqueness
can be easily removed and Theorem 3 can be adjusted
accordingly.

VI. SIMULATIONS

We consider N = 9 nodes connected randomly according
to: (i) a circulant graph; and (ii) a nearest neighbor rule.
We assume that the ¢th agent prefers the ith task. The graph

J I

4 !

3

o

Fig. 3. (Left) Circulant graph with a (unique) random task assignment.
(Right) Nearest-neighbor graph with a (unique) random task assignment.

topologies are shown in Fig. 3 (Left) and Fig. 3 (Right),



where the initial (random but in C) task allocation is also
marked at the top of the agents. This initial assignment is a
result of the swap-collide algorithm (see [14]) that results in a
unique agent-to-task pairing. Clearly, this task assignment is
arbitrary, random, and may not be preferred at all agents. The
swap-stick algorithm (over a meaningful set of iterations)
for each of these configurations is show in Fig. 4 (circulant
graph) and Fig. 5 (nearest-neighbor graph). Each curve in,
for example Fig. 5, represents the state of an agent and shows
the trajectory of this state as the function of the algorithm
iterations.

10 : : ‘
Agent 9

Agent 8
Agent 7
Agent 6
. Agents. .
Agent 4

Agent states

825 830 835
Swap-stick iterations

840

Fig. 4. The swap-stick algorithm for the agent/tasks in Fig. 3 (Left).

=
o

Agent 9

Agent 8

Agent 7

Agent 6
Agent s,
Agent 4

Agent states

P N W b OO OO N 0 ©

530 535
Swap-stick iterations

Fig. 5. The swap-stick algorithm for the agent/tasks in Fig. 3 (Right).

VII. CONCLUSIONS

In this paper, we present the preferred assignment problem
where [V agents have to be assigned N tasks such that each
agent has a unique and distinct task preference. We assumed
that the agents already have a unique assignment (or the
network can be configured in this unique assignment with
the swap-collide algorithm we presented elsewhere.) Under
some mild assumptions on network connectivity, we provide
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a swap-stick algorithm and show that it converges to the
preferred assignment among the agents using Markov chain
arguments. We note that the agent-to-task cost structure of
this paper is not the most general; nevertheless, the main goal
in this paper is to motivate decentralized algorithms with
finite-time performance guarantees (as opposed to consen-
sus based asymptotic strategies.) Using the swap-stick (and
swap-collide) intuition one may be able to generalize the
cost structure to complex scenarios where, in addition, the
number of agents and tasks may also be different.
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