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Abstract— An indirect downsampling approach for continuous-
time input/output system identification is proposed. This modus
operandi was introduced to system identification through a sub-
space algorithm, where the input/output data set is partitioned
into lower rate m subsets. Then, a state-space discrete-time
model is identified by fusing the data subsets into a single
one. In the present work the identification of the input/output
downsampled model is performed by a least squares and a
simplified refined instrumental variables (IV) procedures. In
this approach, the inter-sample behaviour is preserved by the
addition of fictitious inputs, leading to an increase of excitation
requirements of the input signal. This over requirement is
removed by directly estimating from the data the parameters
of the transfer function numerator. The performance of the
method is illustrated using the Rao-Garnier test system.

I. INTRODUCTION

Identification of continuous-time (CT) systems is a fun-
damental research topic, since most physical systems are
inherently continuous. However, due to the digital treatment
of information, data is usually available in the discrete-time
(DT) form, making the identification of DT systems more
widespread. Nevertheless, difficulties arise when trying to
recover the CT model parameters from the DT ones. See
[10], [12], [16], [17] for a detailed discussion on indirect
identification of CT systems.

During the last years, a new interest has raised to identify CT
models directly from the DT data. Although direct identifi-
cation methods avoid conversion between models, they have
the drawback of having to handle the numerical evaluation
of non-measurable time-derivatives in noisy environments.
Extensive surveys of methods to solve this problem can be
found in [3], [5], [13], [17], [20].

In [10] an indirect approach is proposed that circumvents the
numerical problems of the model conversion between DT
and CT due to fast sampling. The system is sampled as fast
as it needs and then tuned to a convenient sampling period
using a downsampling approach. Some of the parameters of
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the CT system may be directly estimated from the data. A
prescribed number of zeros of the DT model is also secured.
The downsampled (DS) algorithm was compared with the
state-space (SS) methods of Contsid [3], [5] using a fast
sampling example. Besides outperforming the Contsid SS
methods, it also showed a performance comparable to the
Simplified Refined Instrumental Variables for CT (SRIVC)
method [19].

Contrary to the SS models, the conversion between the IO CT
parameters and the IO DT parameters is not straightforward
and the needs to be done through adequate SS realizations.
In the present work, the DS approach is extended to the
identification of transfer function (TF) models. The paper is
organised in the following way: In Section II the indirect
identification of CT input/output (IO) models is addressed
using a least squares (LS) algorithm. In Section III the DS
model is described and the LS algorithm is extended to
estimate the parameters of the DS IO model. The SRIV [21]
is adapted to the DS IO model identification in Section IV.
In Section V, the performance of the proposed algorithm is
assessed using the Rao-Garnier test system [12], a bench-
mark simulation example. Conclusions are drawn in the last
section as well as some directions for the future work.

II. INDIRECT CT IO MODEL IDENTIFICATION

Consider the CT multiple-input single-output system

dny(t)

dt
+a1

dn−1y(t)

dtn−1
+. . . any(t) = b0

dnu(t)

dt
+· · ·+bnu(t),

(1)
where y ∈ R, u ∈ Rnu , ai ∈ R, i = 1, . . . n, and
bj ∈ R1×nu , j = 0, . . . , n. Defining the derivative operator

p =
d

dt
, equation (1) may be written in the compact form

A(p)y(t) = By(t), where

A(p) = pn + a1p
n−1 + · · ·+ an, (2)

B(p) = b0p
n + b1p

n−1 + · · ·+ bn. (3)

The problem of system identification may now be stated as
the estimation of the coefficients of the polynomials A and
B from a record of the samples of the IO data u(kTs) and
y(kTs), for k = 0, 1, . . . , N −1, where N is a suitable large
number and Ts is the sampling period. The DT data may be
modelled by

α(q−1)y(k) = β(q−1)u(k), (4)
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where x(k) = x(kTs), q−1 is the delay operator
q−1x(k) = x(k − 1) and

α(q−1) = 1 + α1q
−1 + · · ·+ αnq

−n, (5)
β(q−1) = β0 + β1q

−1 + · · ·+ βnq
−n. (6)

The coefficients of α(q−1) and β(q−1) have a non-linear and
non-straightforward relation with the coefficients of A(p) and
B(p), that depends on the inter-sample behaviour of u(t).
However, there is a direct relation between SS realisations of
(1) and (4). For instance, assuming a zero-order-hold (ZOH)
inter-sample behaviour, the exact conversion of a CT system
SS realisation

ẋ(t) = Acx(t) +Bcu(t),
y(t) = Ccx(t) +Dcu(t)

(7)

to the DT system SS realisation

x(k + 1) = Adx(k) +Bdu(k),
y(k) = Cdu(k) +Ddu(k)

(8)

is given by

Ad = eAcTs , (9)

Bd =

∫ Ts

0

eAc(t−τ)dτBc, (10)

Cd = Cc, (11)
Dd = Dc. (12)

Since this is an injective relation (for an adequate Ts), the
CT SS model can be recovered from the inverse relations of
(9)–(12). Observe that the system matrix is recovered using

Ac =
1

Ts
logAd. Consequently, Ad cannot have real negative

eigenvalues with odd multiplicity because this would lead to
a matrix Ac with complex entries. As a result, some care
must be taken to avoid identified DT models with negative
real poles.

If (8) is in the observable canonical form (OCF), i.e.,

Ad =


0 · · · 0 −αn
1 · · · 0 −αn−1

...
. . .

...
...

0 · · · 1 −α1

 ,

Bd =


βn − β0αn

βn−1 − β0αn−1

...
β1 − β0α1

 ,
Cd =

[
0 · · · 0 1

]
and Dd = β0,

(13)

and Tco is the similarity transformation matrix between CT
realisation (7) and the correspondent OCF, then the relation
between the coefficients of A(p) and B(p) and of α(q−1)

and β(q−1) is forthright [7], [11]. Defining

θA =
[
an an−1 · · · a1

]T ∈ Rn, (14)

θB =
[
bTn bTn−1 · · · bT0

]T ∈ R(n+1)×nu , (15)

θ̄α =
[
αn αn−1 · · · α1

]T ∈ Rn, (16)

θ̄β =
[
βTn βTn−1 · · · βT0

]T ∈ R(n+1)×nu , (17)

then

θA =
1

Ts
T−1
co log

{[
e2 e3 · · · en−1 −θ̄α

]}
Tcoen,

(18)
with ei, i = 1, . . . n, the vectors of the canonical basis of
Rn and with I(θA) =

∫ Ts
0
eAcτdτ it becomes:

θB =

[
T−1
co I−1(θA) −T−1

co I−1(θA)θ̄α
01×n 1

]
θ̄β . (19)

The available data is usually contaminated with random
noise which is either produced by disturbances or introduced
in data acquisition and measurements. As a result, a term
accounting for noise must be included in both CT and DT
models. The collected data is thus modelled by

α(q−1)y(k) = β(q−1)u(k) + ε(k), (20)

where ε(k) is the noise term. Hence y(k) = ϕ(k)θ + ε(k),
with

ϕ(k) =
[
−y(k − n) · · · −y(k − 1) (21)

u(k − n) · · · u(k)
]
,

θ =
[
θTα θTβ

]T
, (22)

and θα = θ̄α and θβ = vec(θ̄Tβ ). The coefficients of α(q−1)
and β(q−1) can now be estimated by the well known LS
estimator (LSE) given by θ̂ =

(
ΦTΦ

)−1
ΦTY, where

Φ =
[
ϕ(n)T ϕ(n+ 1)T · · · ϕ(N − 1)T

]T
,

Y =
[
y(n) y(n+ 1) · · · y(N + 1)

]T
.

The coefficients of A(p) and B(p) may be recovered through
equations (18)–(19). If θ̂α is calculated before θ̂β , then θB
may be directly estimated from the data. This can be done
by reformulating the LS problem in a way that θ̂α and θ̂β
are calculated separately. Given that θ̂ is the solution of the
LS problem θ̂ = minθ ‖Y − Φθ‖22 , it can be rewritten as

θ̂ =
[
θ̂Tα θ̂Tβ

]T
= min
θ̂α,θ̂β

‖Y − ΦY θα − ΦUθβ‖22 . (23)

Lemma 1: Let θ̂α and θ̂β be the solutions of (23). Then they
are also the solutions of

θ̂α = min
θα

∥∥∥Y \Φ⊥U − ΦY \Φ⊥U θY
∥∥∥2

2
, (24)

θ̂β = min
θβ

∥∥∥Y \Φ⊥Y − ΦU\Φ⊥Y θβ
∥∥∥2

2
, (25)

where A\B stands for the orthogonal projection the column-
space of A into the column-space of B and B⊥ is a matrix
whose columns span the orthogonal complement of the
column-space of B.
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Proof:

Define E := Y −ΦY θα−ΦUθβ and decompose Y and ΦY
in the following manner:

Y = Y \ΦU + Y T \Φ⊥U
ΦY = ΦY \ΦU + ΦY \Φ⊥U ,

Then

Y − ΦY θα − ΦUθβ = Y \ΦU − (ΦY \ΦU θα − ΦUθβ)︸ ︷︷ ︸
E\ΦU

+
(
Y \Φ⊥U − ΦY \Φ⊥U θα

)
︸ ︷︷ ︸

E\
Φ⊥
U

.

Given that the column-spaces of E\ΦU and E\Φ⊥U are
orthogonal to each other, we have∥∥Y T − ΦY θα − ΦUθβ

∥∥2

2
= ‖E\ΦU ‖

2
2︸ ︷︷ ︸

ΣU

+
∥∥∥E\Φ⊥U ∥∥∥2

2︸ ︷︷ ︸
Σ
U⊥

and

min
∥∥Y T − ΦY θα − ΦUθβ

∥∥2

2
= min {ΣU + ΣU⊥}

= min {ΣU}+ min {ΣU⊥} .

Since ΣU belongs to the column-space of ΦU , for a given
θα there is always a θβ such that ΣU = 0. Consequently,

min
θα,θβ

∥∥Y T − ΦY θα − ΦUθβ
∥∥2

2
= min

θα
{ΣU⊥}

= min
θα

∥∥∥Y T \Φ⊥U − (ΦY \Φ⊥U
)
θα

∥∥∥2

2

and
θ̂α = arg min

θα

∥∥∥Y T \Φ⊥U − ΦY \Φ⊥U θα
∥∥∥2

2
.

Equality (25) can be proven in an identical way by decom-
posing Y = Y \ΦY + Y \Φ⊥Y and ΦU = ΦU\ΦY + ΦU\Φ⊥Y .

2

Using Lemma 1, θ̂α is estimated first. Then, θ̂A is calculated
through (18) and θB directly estimated from the data solving

Y \Φ
Y⊥

= Φ̄U

(
θ̂α, θ̂A

)
\Φ

Y⊥
vec
(
θTB
)

+ E\Φ
Y⊥

(26)

in the LS sense. From (19), (26) and after some calculations,

Φ̄U

(
θ̂α, θ̂A

)
=

[(
I(θ̂A)Tco

)
⊗ Inu θ̂α ⊗ Inu

0nu×nnu Inu

]
ΦU .

(27)
θ̂A and θ̂B are not the solution of the LS problem

min
θA,θB

∥∥Y − ΦY θα − Φ̄U (θα, θA) θβ
∥∥2

2
, (28)

because Φ̄U depends on θα. When the direct term b0 is
zero, the last rows of both θB and θ̄β disappear and Φ̄U

becomes Φ̄U

(
θ̂A

)
= I(θ̂A)Tco. Moreover, for fast sampling

lim
Ts→0

I = TsIn and Φ̄U becomes independent of θ̂A (and

consequently of θ̂α). Under these conditions, θ̂A and θ̂B

are approximate solutions of (28). The identification of DT
fast sampled systems is well known to be an ill-conditioned
problem. In the next section will try resolve this difficulty
by using a downsampling approach.

III. DOWNSAMPLED CT IO MODEL SUBSPACE
IDENTIFICATION

To overcome the difficulties of fast sampling the same
procedure described in [10] is adopted. A larger sampling
period is considered, i.e., the sampling period is multiplied
by a factor m. The output data is divided into m subsets Y` =
{y(`Ts), · · · , y[(km+ `)Ts], · · · , y[(N`m+ `)Ts]} , N` =
int(N − 1− `)/m where int(·) stands for the integer part.
A DT IO model describing these subsets is built. In order
to preserve the inter-sampling behaviour, fictitious inputs
consisting of the input values at the discarded sampling
instants are added to this model. Thence, every subset may
be described by

αm(q−1)ym(k, `) = βm(q−1)um(k, `), ` = 0, . . . ,m− 1,
(29)

where

ym (k, `) =y [(km+ `)Ts] ∈ R, (30)

um(k, `) =


u[(km+ `]Ts)

u[(km+ `+ 1)Ts]
· · ·

u[(k + 1)m+ `− 1)Ts]

 ∈ Rmnu (31)

and the polynomials are defined as:

αm(q−1) = 1 + αm,1q
−1 + · · ·+ αm,nq

−1, (32)
βm(q−1) = βm,0 + βm,1q

−1 + · · ·+ βm,nq
−1, (33)

with αm,i ∈ R, βm,j ∈ R1×mnu , i = 1, . . . , n, j = 0, . . . , n.

A SS system realisation equivalent to (29) is

xm(k + 1, `) = Amxm(k, `) +Bmum(k, `),
ym(k, `) = Cmxm(k, `) +Dmum(k, `),

(34)

with Am ∈ Rn×n, Bm ∈ Rn×mnu , Cm ∈ R1×n and Dm ∈
R1×mnu . Also x [(km+ `)Ts] = xm (k, l) . The conversion
of the CT system SS realisation (7) into (34) is given by:

Am := eAcmTs , (35)
Bmi := ψiBc, (36)
Bm :=

[
Bm0

· · · Bmm−1

]
, (37)

Cm := Cc, (38)

Dm =

{
Dc , m = 1[

Dc 0 · · · 0
]

, m > 1,
(39)

with ψi = eA(m−i−1)TsI (θA) ∈ Rn×n. See [10] for more
detail. As it happens for m = 1 in the previous section, this is
an injective relation for every m. Thus, the CT SS model can
be recovered from the inverse relations of (35)–(39). Again,
the most straightforward relation between the coefficients of
(34) and (29) is when the former is in the OCF. Now define

θm =
[
θTαm θTβm

]T
, (40)
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with

θαm=
[
αm,n αm,n−1 · · · αm,1

]T ∈ Rn (41)

θβm=
[
βm,n βm,n−1 · · · βm,0

]T ∈ R(n+1)mnu , (42)

and

ϕm(k, `) =
[
−ym(k − n, `) · · · − ym(k − 1, `)

uTm(k − n, `) · · · uTm(k, `)
]
.

(43)
Re-write IO model (29) as:

ym(k, `) = ϕ(k, `)θm + εm(k, `), k = n, . . . , N`, (44)
` = 0, . . . ,m− 1,

where em(k, `) is the noise term. Stacking ym(k, `),
ϕm(k, `) and εm(k, `) in Ym, Φm and Em as

Ym =
[
ym(n, 0) ym(n, 1) · · · ym(n,m− 1)

ym(n+ 1, 0) · · · ym(n+ 1,m− 1) · · ·
]T
,

Φm =
[
ϕTm(n, 0) ϕTm(n, 1) · · · ϕTm(n,m− 1)

ϕTm(n+ 1, 0) · · · ϕTm(n+ 1,m− 1) · · ·
]T
,

Em =
[
εm(n, 0) εm(n, 1) · · · εm(n,m− 1)

εm(n+ 1, 0) · · · εm(n+ 1,m− 1) · · ·
]T
,

the whole data record is described by Ym = Φmθm + Em
and θm estimated by the LSE

θ̂m =
(
ΦTmΦm

)−1
ΦTmYm. (45)

Notice that βm,0 = Dm and, from (39), the last (m − 1)
blocks of this vector are zero. So, in the sequel, the corre-
sponding blocks will be removed from θm and ϕm(k, `). If
(34) is in the OCF, then

vec
([

BTm DT
])

= Mαθβ (46)

with Mα :=

 Imnnu −θα ⊗
[

Inu
0(m−1)nu×nu

]
0nu×mnnu Inu

 .
On the other hand, using (36)–(37) and after a few calcula-
tions

vec
(
BTm
)

= (Mψ ⊗ Inu) vec
(
BT
)
, (47)

where Mψ =
[
ΨT

1 ΨT
2 · · · ΨT

n

]T ∈ Rmn×n and

Ψi =
[
ψ

(i)T
0 ψ

(i)T
1 · · · ψ

(i)T
m−1

]T
∈ Rm×n, (48)

with ψ(i)
` ∈ R1×n being the ith row of ψ`, ` = 0, . . . ,m−1.

Using (47) in (46) and the fact that θB =
[
BTT−Tco D

]
,

where Tco the similarity transformation matrix between DT
realisation (34) and the correspondent OCF, a relation be-
tween θB and θβm can be found:

vec
(
θTB)
)

=M†θβm , (49)

where

M =

 Mψ ⊗ Inu
(
θα ⊗

[
Inu

0(m−1)nu×nu

])
0nu×nnu Inu

 (50)

and consequently

M† = M†ψ ⊗ Inu −
(
M†ψ ⊗ Inu

)(
θα ⊗

[
Inu

0(m−1)nu×nu

])
0nu×mnnu Inu


(51)

After estimating θm, θ̂A and θ̂B can be calculated through
(18) and (49), respectively, with θα, θβ and Ts replaced by
θ̂α, θ̂β and mTs, respectively.

The number of columns of the regression matrix ϕm(k, `)
of the downsampled model has increased to accommodate
the inter-sample input values. As a result, the excitation
requirements of the input signal have also increased. Since
the downsampled model has n+(mn+1)nu parameters and
the objective is to estimate a CT model with n+ (n+ 1)nu
parameters, there is clearly an over-excitation requirement.
This over-requirement can be removed by directly estimating
θB from the data. This means that θαm is estimated first using
Lemma 1 and then θB is found by solving

Ym\Φ⊥Ym = Φ̄Um\ΦY⊥m vec
(
θTB
)

+ E\Φ⊥Ym , (52)

where Φ̄Um = Φ̄UmM and
[
ΦYm ΦUm

]
= Φm. When the

CT system TF is strictly proper, i.e., when the direct term
b0 is zero, M reduces to M = Mψ ⊗ Inu . Moreover, if the
number of zeros, nz, of the CT TF is previously known, M
can be set to the first nz columns of Mψ ⊗ Inu .

IV. INSTRUMENTAL VARIABLES FOR DOWNSAMPLING

It is well known that the LSE for DT models is optimal only
when the equation error ε(t) (or εm(k, `) for the DS model)
is white noise. Unfortunately, this almost never happens in
practice and the LSE is usually very inaccurate. Conse-
quently, when the output data is contaminated with noise,
the estimated DT models frequently cannot be converted to
CT because they have negative real poles and the logarithm
of the state matrix has complex entries [22]. A DS SRIV is
proposed in this section to solve this problem. This estimator
is essentially an extension of the well known SRIV [21] for
DS DT model identification.

The LSE for the DS DT model solves m LS problems
simultaneously. In order to increase the accuracy, the LS
problems may be solved by the SRIV estimator. This leads to
an iterative process where in every iteration-i θm is estimated
by

θ̂IV (i)
m =

[(
ΦIV (i)
mf

)T
Φmf

]−† (
ΦIV (i)
mf

)T
Ymf , (53)

where Ymf , Φmf are built in the same way as
Ym, Φmf with ym(k, `) and um(k, `) replaced by the

filtered signals ymf (k, `) =
1

α̂
(i−1)
m (q−1)

ym(k, `) and

umf (k, `) =
1

α̂
(i−1)
m (q−1)

um(k, `), where α̂(i−1)
m (q−1) is

the estimate of αm(q−1) in the previous iteration. Φ
IV (i)
mf is
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similar to Φmf but with ymf (k, `) replaced by yIV (i)
mf (k, `),

the filtered outputs of the model estimated in the previous
iteration, i.e.,

yIV (i)
mf

(k, `) =
1

α̂
(i−1)
m (q−1)

yIV (i)
m (k, `), (54)

yIV (i)
m (k, `) =

β̂
(i−1)
m (q−1)

α̂
(i−1)
m (q−1)

um(k, `). (55)

This process is initialised with the LS estimates. The IV
estimator θ̂IV (i)

mf in (53) may be seen as the solution of(
ΦIV (i)
m

)T
Ymf =

(
ΦIV (i)
mf

)T
Φmf θm +

(
ΦIV (i)
mf

)T
Emf

(56)
in the LS sense. In order to reduce the excitation require-
ments, θB can be estimated from the data. Again, using
Lemma 1, θα is estimated first and θB is the solution of(

Φ
IV (i)
mf

)T
Ymf \Φ⊥Ymf

=(
Φ
IV (i)
mf

)T
Φ̄Umf \ΦY⊥mf

vec
(
θTB
)

+
(

Φ
IV (i)
mf

)T
E\Φ⊥Ym

(57)
where Φ̄Umf = ΦUmfM and

[
ΦYmf ΦUmf

]
= Φmf . But,

this can only be done if α̂(i)
m has no negative real zeros with

odd multiplicity. To solve this problem a two stage DS-SRIV
algorithm is used. A DS DT time model is identified at the
first stage and refined at the second stage with θB being
directly estimated from the data and θ̂βm then calculated
from θB . Since the goal at the first stage is to obtain αm(q−1)
that can be converted to A(p), its main requirement is to
generate convenient sets of IV, yIV (i)

m , i = 1, . . . , such that
α

(i)
m converges to an appropriate value. Therefore, becomes

irrelevant whether u(t) has sufficient excitation to estimate
all parameters of βm(q−1). Even if this does not happen,
multiple solutions of this polynomial exist and any one of
those can be chosen. Under these conditions, estimate (56)
is well known to be the minimal norm solution. At stage two
the process is repeated but with θαm converted to θA and θB
estimated directly from the data. The polynomial coefficients,
β̂

(i−1)
m , of the IV filter (55) are calculated from θ̂(i−1) using
θ̂βm =Mvec

(
θTB
)
, where M is defined in (50).

V. CASE STUDY

In this section, the two-stage algorithm is appraised via
a fourth order non minimal phase system with high rate
sampled data from the idcdemo of Contsid Toolbox [3], [6]
and appearing often in the literature, e.g. [9], [12], [17]:

G(s) =
−6400s+ 1600

s4 + 5s3 + 408s2 + 416s+ 1600
. (58)

System (58) has two pairs of complex poles,
pc1,2 = − 2 ± j19.90 and pc3,4 = −0.5± j1.94, and a
zero, z = 0.25. Since the poles and zeros are well apart, it
should be feasible to identify the system.

This CT system was simulated using Ts = 0.01 sec, a ZOH
inter-sample behaviour and a pseudo random binary sequence

TABLE I
MONTE CARLO SIMULATION RESULTS FOR SNR=20dB.

a1 a2 a3 a4 b3 b4
5.0000 408.00 416.00 1600.0 -6400.0 1600.0

m=6 5.0037 408.00 416.00 1599.5 -6399.6 1608.3
(0.0303) (0.58) (1.41) (2.9) (16.9) (19.4)

m=7 5.0043 408.01 415.99 1599.5 -6399.7 1608.5
(0.0301) (0.58) (1.42) (2.9) (16.9) (19.4)

m=8 5.0049 408.01 415.98 1599.5 -6399.6 1608.6
(0.0297) (0.57) (1.42) (2.9) (16.8) (19.4)

m=9 5.0044 408.00 415.98 1599.5 -6399.6 1608.5
(0.0300) (0.58) (1.43) (2.9) (16.9) (19.4)

m=10 5.0041 408.00 415.98 1599.4 -6399.5 1608.4
(0.0301) (0.59) (1.42) (2.9) (17.1) (19.6)

m=11 5.0049 408.02 415.98 1599.5 -6399.8 1608.6
(0.0305) (0.59) (1.42) (2.9) (17.0) (19.4)

m=12 5.0054 408.02 415.99 1599.5 -6399.9 1608.7
(0.0326) (0.60) (1.43) (3.0) (17.2) (19.9)

m=13 5.0071 408.03 415.97 1599.4 -6399.8 1609.1
(0.0340) (0.66) (1.44) (3.2) (17.7) (19.7)

m=14 5.0042 408.01 415.97 1599.5 -6399.4 1608.7
(0.0354) (0.71) (1.46) (3.4) (18.2) (19.7)

m=15 5.0060 408.12 416.08 1599.9 -6401.3 1609.0
(0.0579) (1.08) (1.68) (4.7) (23.8) (20.4)

SRIVC 5.0024 408.07 416.15 1599.8 -6401.3 1607.2

(0.0223) (0.38) (1.19) (2.2) (13.2) (19.9)

(PRBS) with 10 stages and a switching time Tsw = 7Ts =
0.07 sec as input.

However, the TF of the discretised system for ZOH and a
sampling period of Ts = 0.01 sec has a pair of poles pd1,1

=
0.995± j0.01 and a discrete zero zd1 = 1.003. That is, the
pair of poles and the zero cluster around the point 1+j0 and
the zero almost cancels one pole. This is due to the very small
sampling period and translates into numerical difficulties for
the DT identification algorithm.

For the deterministic case, the system was identified with
algorithms DS-LS and DS-SRIV for m = 1, . . . , 15, since a
choice of m > 15 results into aliasing. The estimated model
always coincided with the true model.

Monte Carlo Simulations (MCS) with 100 experiments for
SNR of 20dB and 0dB, respectively, were run to evaluate
the effect of noise. The simulations were done keeping the
above mentioned conditions and adding a bandwidth limited
noise at the Nyquist frequency to the output.

As expected, the models of the DS-SRIV were much more
accurate than those of the DS-LS. The DS-LS was used
to initialise the DS-SRIV. For SNR = 20dB convergence
was achieved for every m ≥ 6. For m < 6 the DS-
LS often estimated unstable models which caused the DS-
SRIV algorithm to crash. This later situation also happened
for SNR = 0dB but for a wider range of m, where the
algorithm converged only for m ≥ 12. Due to aliasing,
sometimes it also crashed for 13 ≤ m ≤ 15. The DS-SRIV
was compared with the SRIVC implemented in the Matlab
Contsid Toolbox.

Table I displays the MCS results for SNR= 20dB. The first
row presents the true values of the parameters of TF (58).
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TABLE II
MONTE CARLO SIMULATION RESULTS FOR SNR= 0dB.

a1 a2 a3 a4 b3 b4
5.0000 408.00 416.00 1600.0 -6400.0 1600.0

m=12 4.9882 407.72 414.33 1597.3 -6390.3 1604.6
(0.3326) (5.23) (13.46) (27.9) (162.9) (233.3)

SRIVC 5.0168 408.10 417.27 1599.9 -6422.0 1601.0
(0.2015) (3.25) (12.24) (21.8) (139.7) (232.2)

The other rows show the respective sample mean value and
standard deviation (between brackets) for the DS-SRIV, with
m = 6, . . . , 15, and SRIVC algorithms. In every case,
the mean values are very close to the true parameters; the
standard deviations are generally small, although they are
smaller for the SRIVC. This is due to the fact that the DS-
SRIV only solves an approximation of the LS problem (28).
For high values of m, the observed larger standard deviations
are due to aliasing.

For SNR= 0dB similar results can be seen in Table II. Here,
the standard deviation is increased by a factor of 10 which
corresponds to the increase of the noise.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, indirect LS and SRIV estimators for CT
systems based on a downsampled approach is been proposed.
The CT system is re-sampled at a rate decreased by a
factor m, thus splitting the IO data records into m subsets.
These subsets are described by a DT DS model where the
input values at the discarded sampling instants are treated
as fictitious inputs in order to preserve the inter-sampling
behaviour. The DS model is estimated using simultaneously
the m data subsets. The problem of the over-excitation
requirement originated by the DS approach is resolved by the
direct estimation of the B(p) parameters. The effectiveness
of this approach is illustrated using a case study often
adopted in the literature.

In the future, to enhance the robustness of the algorithm,
the instability of the intermediate models needs to be in-
vestigated. Considerable strategies to tackle this problem
such as the restriction of the estimates of θαm to be stable,
the reflection of the unstable poles into the unit circle
and the generation of the IVs and the filtered signals in
the frequency domain whenever instability occurs will be
considered. Also, the case of coloured output noise needs
to be further analysed. To do this, both the extension of
the Refined IV and of the Prediction Error Methods to
downsampling will be considered.
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2006.

[2] K. J. Aström, P. Hagander and J. Sternby, Zeros of sampled systems.
In Automatica, Vol. 20, pp. 31–38, 1984.

[3] H. Garnier and M. Mensler. The CONTSID toolbox: a Matlab toolbox
for continuous-time system identification. Presented at SYSID2000,
Santa Barbara, CA, USA, 2000.

[4] H. Garnier, M. Mensler and A. Richard, Continuous-time model iden-
tification from sampled data: implementation issues and performance
evaluation. In International journal of Control, Vol. 76, pp. 1337–
1357, 2003.

[5] H. Garnier and L. Wang (editors), Identification of continuous-time
models for sampled data. London: Springer-Verlag London Limited,
2008.

[6] H. Garnier, M. Gilson and V. Laurain, The CONTSID toolbox for
Matlab: extensions and latest developments. Presented at SYSID 2009,
Saint-Malo, France, 2009.

[7] T. Katayama, Subspace methods for system identification. London:
Springer Verlag, 2005

[8] L. Ljung, System identification: Theory for the user. Englewood Cliffs,
NJ: Prentice-Hall, 1987.

[9] L. Ljung, Initialisation aspects for subspace and output error identifi-
cation methods. Presented at EEC2003, Cambridge, UK, 2003.

[10] P. Lopes dos Santos, T-P Azevedo Perdicoúlis, J. A. Ramos, J.L.
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