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Abstract— Solving the time-optimal path planning problem,
where a system is brought from an initial to terminal state in
minimal time while obeying geometric and dynamic constraints,
has been an active area of research for many years. Very often
the problem is divided into a high-level path planning stage
where a feasible geometric path is determined and a low-level
path following stage where system dynamics are taken into
account. This paper combines both approaches for differentially
flat systems into a single optimization problem. The geometric
path is represented as a convex combination of two or more
feasible paths and the dynamics of the system can subsequently
be projected onto the path which leads to a single input system.
The resulting optimization problem is transformed into a fixed
end-time optimal control problem that can be initialized easily.
Throughout the paper, the quadrotor, a challenging non-linear
system, is used to illustrate the proposed approach.

I. INTRODUCTION

The time-optimal path planning problem considers bring-
ing a system from an initial state to a terminal state, while
obeying the dynamic and geometric constraints. Solving this
problem efficiently can be of great interest for maximizing
productivity of robot systems, minimizing lap time in car
racing and many other applications.

Due to the complexity of the problem, a decoupled ap-
proach is often followed, which solves the motion plan-
ning problem in two stages [1]. First a high-level planner
determines a geometric path, while accounting for obstacle
avoidance and other geometric constraints but ignoring low-
level, dynamic constraints. Subsequently, in the path follow-
ing stage, a time-optimal trajectory along the geometric path
is determined taking into account dynamic constraints [2],
[1], [3]. Although this approach requires lower computational
effort, it often results in sub-optimal solutions.

In this paper, we consider the motion planning for dif-
ferentially flat systems. For such systems, there exists a
particular set of outputs that characterize all states and
inputs of the system. Therefore, solving the motion planning
problem through flatness avoids the integration of the (often
highly nonlinear) differential equations. For differentially
flat systems, an efficient formulation for the path following
problem was recently derived in [4], [5]. Inspired by the
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problem formulation and the aforementioned two-level ap-
proach, a combined path planning–path following approach
is proposed in this paper. The geometric path is parametrized
as a convex combination of two or more outer paths, which
are a function of a scalar path coordinate s with an unknown
time dependency. Using a transformation of variables, the
optimal control problem is formulated as a fixed end-time
problem with s as independent variable that can be initialized
easily.

Although the proposed method can be applied to any
differentially flat system, the time-optimal flight of a quadro-
tor is the focus of this paper. Other approaches for the
time-optimal control of a quadrotor have been proposed
in [6], [7], [8]. The authors of [6] describe a direct method
using discretized control inputs and solve the resulting
optimization problem using genetic algorithms and nonlin-
ear programming. In [7] a direct method is proposed that
exploits the differential flatness of the system. Similar to
our approach, the trajectory is parametrized as function of
a scalar path coordinate with unknown time dependency.
However, contrary to what the authors claim, the resulting
optimization problem can be very challenging to solve and
would require good initialization to ensure convergence. The
authors of [8] use Pontryagin’s minimum principle on a
simplified two-dimensional quadrotor model to find time
optimal trajectories. The approach, however, is limited to a
simplified model and constraints to keep the computations
tractable. Also, geometric constraints, as obstacles, are not
considered. However, the solutions are analytic and provide
an interesting benchmark for direct methods.

Section II describes first the concept of differential flatness
followed by a general statement of the optimization problem
in section II-B. Then, an efficient formulation of the path fol-
lowing problem is derived. Finally, section II-D describes our
combined path planning–path following approach. Section III
illustrates the developed methodology with several flight
scenarios for a quadrotor and benchmarks them against [8].

In the following, we will use ∂ k
τ g(τ) to denote the k-th

derivative of g(τ) with respect to τ . For small k, we will use
the shorthand notation ġ to denote the derivative with respect
to time.

II. PROBLEM FORMULATION

A. Differential flatness

Before addressing the path following problem, let us first
recall the notion of differential flatness, introduced in [9].

Definition (Differentially flat system). The system

ẋ = f(x,u), (1)
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Fig. 1. Two-dimensional first principles quadrotor model and controls

with state x ∈ Rn and input u ∈ Rm, m≤ n, is differentially
flat if there exists a variable z∈Rm, the so-called flat output,
such that

z(t) = g(x(t),u(t), . . . ,∂ α
t u(t))

and

x(t) = Φ(z(t), . . . ,∂ β−1
t z(t)),

u(t) = Ψ(z(t), . . . ,∂ β

t z(t)),
(2)

where Φ and Ψ are smooth functions and α,β ∈N. The flat
output characterizes all the state motions and corresponding
input history. It is a powerful concept in motion planning
as it avoids integration of the differential equations. In the
following, we consider systems of the form (1) with output
y ∈Rm. We assume that the system is differentially flat with
flat output z = y.

Example (Two-dimensional first-principles quadrotor
model [8]). The quadrotor is controlled by two inputs, the
total thrust force FT and the pitch rate ω , and has three
degrees of freedom, the horizontal and vertical position x
and z, and the pitch angle θ , as shown in Fig. 1.

The equations of motion are

ẍ =
FT

m
sinθ , (3)

z̈ =
FT

m
cosθ −g, (4)

θ̇ = ω, (5)

where g denotes the gravitational acceleration and m is the
quadrotor’s mass. This system is differentially flat with the
coordinate y = (x,z) as flat output and input u = (FT ,ω).
Indeed, from the first two equations it follows that the state

θ = arctan
ẍ

z̈+g
.

We also find the system inputs as a function of the flat outputs

FT = m
√
(z̈+g)2 + ẍ2,

ω =

...x (z̈+g)− ẍ
...z

(z̈+g)2 + ẍ2 .

Similarly, the full quadrotor model is differentially flat with
flat outputs the coordinate of the center of gravity and the
yaw angle [10].

B. Optimization problem

Consider a geometric path yr(s) ∈ C β , a regular, i.e.
∂syr(s) 6= 0,∀s ∈ [0,1], parametrized curve as a function of
a scalar path coordinate s. The time dependency follows
from the relation s(t). Without loss of generality it is
assumed that the trajectory starts at t = 0, ends at t = T
and that s(0) = 0 ≤ s(t) ≤ s(T ) = 1. Furthermore, it is
assumed that the velocity along the path is non-negative,
i.e. ṡ(t) ≥ 0 and that the boundary conditions x0,xT are
consistent with yr(s), such that x0 = Φ(yr(0), . . . ,y

(β−1)
r (0))

and xT = Φ(yr(1), . . . ,y
(β−1)
r (1)).

In this paper we want to find an input signal u(t) and the
a geometric path yr(s) that allows for the fastest execution
time such that (i) the geometric path is followed exactly by
the system output y(t) = z(t):

z(t) = yr(s(t)),

(ii) without violating constraints on states and inputs

u(t) ∈U , x(t) ∈X ,

(iii) without violating geometric constraints

yr(s) ∈ Y ,

and (iv) in minimal time T .
The problem can be seen as a combined path planning

and path following approach. For differentially flat systems,
the path following problem can be solved by projecting the
system dynamics along the path onto a linear single-input
system that is trivial to integrate [3], [4], [5], which avoids
the integration of a high-dimensional non-linear state space
model.

C. Optimal path following

Let us first fix the geometric reference yr and formulate
the time-optimal path following problem. In a first step, the
system dynamics are projected along the path by applying
the chainrule [4].

ẏr(s) = ∂syr(s)ṡ,

ÿr(s) = ∂
2
s yr(s)ṡ2 +∂syr(s)s̈,

and so on, which allows us to rewrite states and input in
terms of the path coordinate s and its time derivatives:

x = Φ(s, ṡ, . . . ,∂ β−1
t s),

u = Ψ(s, ṡ, . . . ,∂ β

t s).

Now, inspired by [3], instead of using the time t as
independent variable, we rewrite states and inputs such that
the path coordinate s is the independent variable. This is
accomplished by the transformation of variables

ṡ2 = b(s),

s̈ =
∂sb(s)

2
,

∂
3
t s =

∂ 2
s b(s)ṡ

2
=

∂ 2
s b(s)

√
b(s)

2
,

(6)
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and so on, such that [5]

x = Φ(yr(s),b(s), . . . ,∂ β−2
s b(s)) = Φ(s),

u = Ψ(yr(s),b(s), . . . ,∂ β−1
s b(s)) = Ψ(s).

Also, by using dt = ds
ṡ , the terminal time

T =
∫ 1

0

1√
b(s)

ds. (7)

With the above transformation the optimization problem
is formulated as the optimal control problem with pseudo-
time s, differential states b(s) up to ∂

β−2
s b(s) and control

∂
β−1
s b(s)

minimize
b(·)

∫ 1

0

1√
b(s)

ds,

subject to ∂
i
sb(0) = b0i , ∂

i
ss(1) = bTi , i = 0, . . . ,β −2,

b(s)≥ 0,∀s ∈ [0,1],
Φ(s) ∈X ,∀s ∈ [0,1],
Ψ(s) ∈U ,∀s ∈ [0,1],

(8)

where b0i and bTi are computed such that x0 =
Φ(yr(0),b00 , . . . ,b0β−2) and xT = Φ(yr(1),bT0 , . . . ,bTβ−2).
Note that we have obtained a fixed end-time optimal control
problem, which, in general, is easier to solve than a free end-
time problem. Indeed, the solution of free end-time problems
solution can change strongly non-linearly with varying end-
times.

In a second stage we also consider the geometric reference
path as an unknown. How to deal with the geometric path
and constraints is treated in the following section.

D. Combined optimal path planning and path following

Due to the possible complex geometry of the environment,
imposing yr(s) ∈ Y directly in the optimization problem
can pose quite a challenge. To circumvent this difficulty,
the geometric reference path yr(s) is defined as a convex
combination of feasible paths yi(s) ∈ Y , i = 1, . . . ,k:

yr(s) =
k

∑
i=1

yi(s)pi(s),

with
k

∑
i=1

pi(s) = 1 and pi(s)≥ 0,∀s ∈ [0,1],

and pi(s),yi(s) ∈ C β . Fig. 2 shows two functions y1(s) and
y2(s), which stay clear of the geometric constraints in the
hatched areas. The geometric reference yr(s) is defined as
the convex combination of both functions, here with p1(s) =
1−
√

s and p2(s) =
√

s.

y1(s)

yr(s)

y2(s)

Fig. 2. Geometric reference yr(s) as a convex combination of two paths
y1(s) and y2(s) in a constrained environment

Similarly, the system dynamics can be projected along the
path onto a linear single-input system:

ẏr(s) =
k

∑
i=1

(∂syi(s)pi(s)+∂s pi(s)yi(s))
√

b(s),

ÿr(s) =
k

∑
i=1

(∂syi(s)pi(s)+∂s pi(s)yi(s))∂sb(s)/2

+
k

∑
i=1

(
∂

2
s yi(s)pi(s)+2∂s pi(s)∂syi(s)+∂

2
s pi(s)yi(s)

)
b(s),

(9)

and so on, such that we can rewrite the states and inputs to
the system as

x = Φ(pi,∂s pi, . . . ,∂
β−1
s pi,b(s), . . . ,∂ β−2

s b(s)) = Φ(s),

u = Ψ(pi,∂s pi, . . . ,∂
β
s pi,b(s), . . . ,∂ β−1

s b(s)) = Ψ(s).

The path following problem (8) is extended with the
control ∂

β
s pi(s), i = 1, . . . ,k and states pi(s) up to ∂

β−1
s pi(s),

i = 1, . . . ,k to arrive at following optimal control problem

minimize
b(·),pi(·)

∫ 1

0

1√
b(s)

ds,

subject to ∂
i
sb(0) = b0i , ∂

i
ss(1) = bTi , i = 0, . . . ,β −2,

k

∑
i=1

pi(s) = 1,∀s ∈ [0,1],

b(s)≥ 0,∀s ∈ [0,1],
pi(s)≥ 0,∀s ∈ [0,1], i = 1, . . . ,k,
Φ(s) ∈X ,∀s ∈ [0,1],
Ψ(s) ∈U ,∀s ∈ [0,1].

(10)

Note that the optimal control problem does not require the
integration of a possibly high-dimensional non-linear state
space model and that it has been reduced to a smaller
dimension. Indeed only the scalar functions b(s) and pi(s)
have to be determined. Moreover, the problem is transformed
into a fixed end-time problem, which can be initialized easily.

E. Initialization

A typical issue when solving highly non-linear optimal
control problems is the need for an accurate initial guess for
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the optimization algorithm to converge. In many cases it is
non-trivial to even determine a feasible initial guess. Due to
the geometric nature of our proposed formulation, however,
a feasible initial guess is easily found. Consider the case of
a rest-to-rest motion.

To impose zero state at start and end, we must make sure
that ∂tyl

r(s)|0,T = 0, for l = 1, . . . ,β −1. From equation (9),
it follows that ∂ l

s pi(s)|0,1 = 0 and ∂ l
s yi(s)|0,1 = 0, for l =

1, . . . ,β −1 and i = 1, . . . ,k will impose a zero state on the
boundaries. Note, that ∂ l

s b(s) = 0 for l = 0, . . . ,β −2 cannot
be imposed as this would render the goal function (7) infinity.

To initialize pi(s) we can now choose any positive function
that adds up to one and obeys the constraints, for example

pi(s) =
1
k
,

the central path. For b(s) we can choose any a small function
b(s) = ε(s) such that we travel quasi in steady state along
the path, such that constraints are not violated. Initial guesses
for other cases can be derived in similar fashion.

III. BENCHMARKS AND EXAMPLES

In this section, we consider some simple quadrotor flight
scenarios to illustrate the developed methodology and bench-
mark our method against [8]. Using the two-dimensional
first principles quadrotor model (3), we demonstrate time-
optimal horizontal and general displacements. The numerical
model parameters are adopted from [8]. The thrust input is
constrained to 1m s−2 ≤ FT/m≤ 20m s−2 and the rotational
rate to −10rad s−1 ≤ ω ≤ 10rad s−1. In all examples, we
start and stop in steady state, i.e.

ẋ(s) = ż(s) = θ(s) = 0, for s = 0,1.

θ(s)= 0 implies that ẍ(s)= 0 and z̈+g> 0. These constraints
are added to the optimization problem either explicitly or
implicitly by choosing the parameterizations of the outer
paths, similar to [5].

The optimization problem is modeled using CasADi [11]
and solved with Ipopt [12].

A. Horizontal displacement

Consider purely horizontal displacements from (0,0) to
(xT ,0). The outer paths are defined as

y1 = (xT q(s),−1) and y2 = (xT q(s),1),

with q(s) = s5 +5s4(1− s)+10s3(1− s)2 a smooth polyno-
mial such that ∂ i

sq(s) = 0 for s = 0,1 and i = 1,2. Also, the
constraints pi(0) = pi(1) = 0.5 for i = 1,2 are added to the
optimization problem such that the quadrotor starts and stops
at z = 0.

Optimal times T are calculated for five distances xT =
3,6,9,12,15m and compared to the travel times T ∗ reported
in [8] in table I. The calculated times consistently outperform
the results of [8] by a small amount. This is probably due
to the explicit parametrization of the controls in [8], which
are either at their maximum or minimum value or zero. The
solver time for these trajectories is around 0.6 s for problem
sizes around 1000 variables.

xT [m] T [s] T ∗ [s]

3 0.8902 0.8977
6 1.223 1.231
9 1.478 1.488
12 1.694 1.705
15 1.885 1.895

TABLE I
OPTIMAL TIMES FOR HORIZONTAL DISPLACEMENTS
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Fig. 3. Optimal horizontal maneuver with (bottom) and without (top)
ground constraint. The quadrotors are drawn in equal time steps.

Assuming the quadrotor is taking of from the ground, these
maneuvers would require the quadrotor to go underground
as z becomes negative as is clear from Fig. 3 (top). Our
method can easily cope with this constraint by defining the
outer paths as

y1 = (xT q(s),0) and y2 = (xT q(s),1),

ensuring a positive value for z. In [8], these geometric
constraints cannot be taken into account. For xT = 6m both
trajectories are shown in Fig. 3. The trajectory time for the
positive trajectory is 1.227s, which is only marginally more
compared to the unconstrained case.

B. General displacement

We consider general two-dimensional displacements from
(0,0) to (xT ,zT ). For geometrically unconstrained problems
we define the outer paths as

y1 = (xT q(s),−c) and y2 = (xT q(s),zT + c),

where c is a chosen constant and constraints are added on
pi(s) for s = 0,1 such that the trajectory start at (0,0) and
stops at (xT ,zT ).

As a benchmark, an optimal trajectory is calculated for
xT = zT = 5m. The constant c is chosen c= 0m. The optimal
trajectory is shown in Fig. 4. Our computations lead to a final
time of 1.289s, which is shorter than the 1.4 s reported in [8].

Moreover, in the proposed framework geometric con-
straints can be easily added to the optimization problem.
Consider flying the quadrotor to xT = zT = 5m through
a hoop with diameter 0.5 m, positioned vertically with its
center at (2.5m,2.5m). To ensure the quadrotor flies through
the hoop, we define the outer paths as

y1 =
(
xT q(s),(xT r(s)−2.5)2 +2.75

)
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Fig. 4. Optimal general maneuver to (5m,5m). The quadrotors are drawn
in equal time steps.

Fig. 5. Optimal constrained maneuver to (5m,5m). The quadrotors are
drawn in equal time steps.

and
y2 =

(
xT q(s),−(xT r(s)−2.5)2−2.25

)
,

with r(s) = s3 + 3s2(1− s) a smooth polynomial such that
∂sr(s) = 0 for s = 0,1. The optimal trajectory is shown in
Fig. 5 along with the outer paths. The corresponding controls
are shown in Fig. 6. Note the aggressive controls causing the
quadrotor to flip and use its thrust for breaking.

CONCLUSIONS

The paper proposes a framework to solve the time-optimal
path planning problem for differentially flat systems. Hereto
we developed a combined path planning, path following
approach. The geometric path is represented as a convex
combination of two or more feasible outer paths, which
avoids complex geometric constraints in the optimization
problem. Subsequently, the system dynamics are projected
onto the parametrized path, which leads to a single input
system. The resulting optimization problem is transformed
into a fixed end-time optimal control problem which can be
solved efficiently by interior-point solvers, such as Ipopt [12].
Several examples on a two-dimensional non-linear quadrotor

0
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20

u
[N

]

0 0.5 1 1.5 2

−10

0

10

time [s]

ω
[r

ad
s−

1
]

Fig. 6. Optimal controls for the constrained maneuver to (5m,5m).

model demonstrate the effectiveness of the proposed ap-
proach. Theoretical results from literature [8] are outper-
formed. Moreover, geometric constraints are easily added to
the optimization problem, which allows modeling complex
flight scenarios.
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