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Stackelberg Strategies for
Singularly Perturbed Stochastic Systems

Hiroaki Mukaidani, Masaru Unno, Toru Yamamoto, Hua Xu and Vasile Dragan

Abstract—In this paper, a linear closed-loop Stackelberg
strategy for a class of singularly perturbed stochastic systems
(SPSS) governed by Ito differential equations is considered.
Necessary conditions for the solution are established via a set of
cross-coupled algebraic Lyapunov and Riccati equations (CAL-
REs). After studying the asymptotic behavior of the solution for
these stochastic equations, two new numerical algorithms based
on Newton’s method and semidefinite programming (SDP) for
solving CALREs are given. A numerical example is solved to
demonstrate the efficiency of the proposed algorithm.

I. INTRODUCTION

Nash strategy and Stackelberg strategy are two important
strategies in dynamic game. In the last decades, there are
some theoretical studies on these strategies in optimal and
robust control problems. In these problems, the solution of
Nash strategy involves some parallel optimization problems.
On the other hand, the solution of Stackelberg strategy
involves a hierarchical combination of some optimization
problems. Both strategies are appropriate when cooperation
is not possible or when cooperation cannot be guaranteed
(see e.g., [11, [2], [3] and reference therein). The difference
lies in that Nash strategy is used in a parallel decision
staructure while Stackelberg strategy is used in a hierarchical
decision structure. Compared to Nash strategy, Stackelberg
strategy seems intrinsically more difficult to analyze. In fact,
in order to find Stackelberg strategy, a set of cross-coupled
algebraic Lyapunov and Riccati equations (CALRESs) has to
be solved. There are various reliable approaches for solving
CALREs numerically. In [1], the iterative algorithm has been
introduced. However, there is no proof on the convergence
of the algorithm. Furthermore, this algorithm is very slow
in terms of convergence speed. In order to improve these
drawbacks, Newton’s method has been applied to this prob-
lem [10]. Although the Newton’s method achieves the fast
convergence and the local uniqueness, only the deterministic
systems have been studied.
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Nash strategy for a class of stochastic controlled linear
systems modeled by multiparameter singularly perturbed It6
differential equations has been initiated in [11], [12], [13].
Meanwhile, the linear Stackelberg strategies for a class of
singularly perturbed systems (SPS) [8] have been investi-
gated by using two-time scale decomposition technique [4].
After that, in order to obtain an exact strategy set for SPS,
the numerical algorithms were discussed [5], [10]. Taking
into consideration the fact that recent advances in numerical
approaches have allowed the revision of existing algorithms,
the new numerical approach for solving a set of cross-
coupled stochastic algebraic Lyapunov and Riccati equations
(CSALRES) corresponding to linear closed-loop Stackelberg
strategy will be studied in this paper.

In this paper, the linear closed-loop Stackelberg strategy of

the singularly perturbed stochastic systems (SPSS) with state
dependent noise is investigated. For the stochastic case, it is
shown that the existence condition of Stackelberg strategy set
is given by using the CSALREs as necessary conditions for
the first time. The rigorous proof is basically demonstrated
along the lines of the proofs of the deterministic case
[1] by adapting those proofs for the extended stochastic
model. After defining a set of CSALREs, the uniqueness
and boundedness of solution and their asymptotic structure
are studied. In order to obtain a set of solution of CSAL-
REs, Newton’s method is applied. Furthermore, in order to
reduce the computational difficulty, a new algorithm based
on semidefinite programming (SDP) is also given. Finally,
in order to show the validity and reliability of the developed
theory, a simple numerical example and simulation results
are demonstrated.
Notation: The notations used in this paper are fairly standard.
The superscript T’ denotes matrix transpose. I,, denotes the
n X n identity matrix. | - | denotes its Euclidean norm
for a matrix. detM denotes the determinant of M. vecM
denotes an ordered stack of the columns of M [15]. ®
denotes Kronecker product. Uj,, denotes a permutation ma-
trix in Kronecker matrix sense [15] such that Uy, vecM =
veeMT, (M € R*™). E[] denotes the expectation. The
trace of M is denoted by Trace M.

II. PRELIMINARY RESULTS

Throughout this paper, let (2, F, {F;}+>0, P) be a given
filtered probability space where there exists a standard one-
dimensional Wiener process w(t), t > 0. The following two
lemmas play a key technical role in this paper [7], [16].

Lemma 1: Assume that stochastic system is asymptoti-



cally mean-square stable.

dz(t) = Ax(t)dt + Apx(t)dw(t). ()
Let us define
J=E [ / OOxT(t)CTC’x(t)dt . ()
0

If (A, A, | C) is exactly observable, then (A4, A,) is stable
iff the following stochastic algebraic Lyapunov equation
(SALE):

3)

has a unique positive definite solution P = PT. Moreover,
J = E[zT(0)Pz(0)].

Lemma 2: Let us consider the following stochastic LQ
control problem:

ATP+PA+ APA,+CTC =0

min J(u) := B [ /0 TxT(t)Q:c(t) +ul () Ru(t)]dt|, (4a)
s.t. dz(t) = [Az(t) + Bu(t)]dt + Apz(t)dw(t), (4b)

where Q = Q7 > 0and R = RT > 0.

It may be noted that the notation and definition of asymp-
totically mean-square stability and exactly observable are
given in [7], [16].

Assume that there exists arbitrary w(t) such that the
closed-loop system is asymptotically mean-square stable.
Suppose that the following stochastic algebraic Riccati equa-
tion (SARE) has a solution X.

ATX + XA+ ATXA, - XSX +Q=0, 5)
where S = BR™!BT.
Then, an optimal feedback control is given by
u(t) = Kz(t) = —R7'BT Xa(t). (6)

Moreover, J(u*) = E[zT(0)Xz(0)].

On the other hand, the feedback gains K can be obtained
by solving the following SDP. Moreover, X is a maximal
solution X™*, which is the unique optimal solution.

maximize Tr [X], (7a)
subject to
ATX + XA+ ATXA,+Q XB
III. PROBLEM STATEMENT
Consider a linear time-invariant SPSS [9]
dz(t) = [Acz(t) + Bieua(t) + Bacua(t)]dt
+Apex(t)dw(t), (8)
where
o Aqy Aqo o By
Ae = |:E_1A21 6_1A22 :| » Bie := |:E_1B2i :| ’
_ | Am pAp12 _ | @u(t)
APE - |:€51Ap21 6571Ap22 ’ .’L‘(t) - $2(t) .
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z;(t) € R™, i =1, 2 are the state vectors, u;(t) € R™ is
the i-th control input. ¢ > 0 and p > 0 are small parameters.
In order to simplify discussions, suppose that § > 1/2 is
independent of €. It should be noted that the parameters ;4 and
d have been introduced in [9]. w(t) € R is a one-dimensional
standard Wiener process defined in the filtered probability
space [6], [7]. It should be noted that the fast state matrix
Ao may be singular.

The cost function for each strategy subset is defined by

1
B )Y
=l

“!‘UZT (t)R”’U,Z (t) + U;F (t)Rij’U,j (t)dt:| s

oo

[T () Qi(t)
9
where

Rii>07 Rijzoa iaj:L 23 17&‘77

Q; = ChCin CliCin | _ [ Qu Qi
' ChLCin ChLC: QL Qi |’

It is assumed that the decision-maker denoted by Player
2 is the leader, and Player 1 is the follower. Under the
assumption that both players employ closed-loop strategies
u; = u;(x, t), astrategy set (uf, uj) is called a Stackelberg
strategy if for any admissible strategy set (u;, ws), the
following conditions hold.

Jo(ul, uh) < Jo(ul(ug), ug), Yuy € R™2, (10)
where
J1 (4 (ug), ug) :Irqliiln J1(u1, ug), (11)
and
uj = uy(u3), (12)

Closed-loop Stackelberg strategies of the linear quadratic
problems for the deterministic SPS have been studied in [4],
[51, [10]. According to these studies, it is well-known that the
closed-loop Stackelberg strategies have the following form.
wi(x, t) = Fa(t). (13)
It is shown that the gain F; is dependent on the initial state
of the systems x(0). To eliminate this dependence on x(0),
it is assumed that E[z(0)] = 0, E[z(0)zT(0)] = I,, under
an uncorrelated stochastic process, where n := ni + no.
On the other hand, without loss of generality, it is assumed
that there exists an appropriate mapping from the admissible
control inputs of the leader to the admissible control inputs
of the follower [1].
The following theorem yields the extension of the existing
results of [1], [4] for a stochastic case.



Theorem 1: Suppose that the following CSALREs has

solutions M;. > 0, N; and F5.

Agngs + MleAFe + AZ);-MIEA])E

+My.S1c My + Fy RiaFy + Q1 = 0, (14a)
ApMae + My Ape + Al M. A,

+ M Soc My + Ff RyoFy + Qo = 0, (14b)
NlAEg + Ape Ny — S1eMacNo — NoMo. S

+S5e M1oNy + No My So + Ape N1AL. =0, (140)
N2 AT, + ApeNo + Ape Ny AL + 1, = 0, (14d)

Ri2F>N1 4 Roa FoNo + BzTg(MlaNl + M. N3) = 0,(14e)

where Fy := —R'BI.M,., Si. := Bi.R;{' BY, So. :=
Bi.R'Roy Ry'BY., Ap. := A. + B1.Fy + Bo.Fa.
Then, this strategy set denotes the Stackelberg strategy.

Proof: Given arbitrary us, the corresponding w; is ob-
tained by minimizing J; with respect to u;. Let us consider
the minimizing problem for the closed-loop stochastic system
with arbitrary strategies us(t) = Fox(t).

oo

min J; :EB/ [T () Qr,x(t)+ul (t)Ryyui (t)dt|,(152)
Uy 0

s.t. dz(t) = [Apex(t) + Breua (t)]dt+ Apex(t)dw(t),(15b)

where Ang = AE + BQsFQ and QFI = Q1 + F2TR12F2.
By using Lemma 2, the optimal state feedback controller
ud(t) is given by

uf(t) = Fra(t) = =Ry Bl Mycx(t), (16)
where
Fl(Mlsv FQ) = A£25M15 + MlEAF2€ + AZ;EMIEAPE
—M1S51e My + Qp, = 0. (17)

Then, it is easy to show that SARE (17) is equivalent to
(14a). On the other hand, if Ap. is asymptotically mean-
square stable, then the cost J> can be obtained by using
Lemma 1 and E[z(0)2zT(0)] = I,,.

Jo(uf, up) = Tr [Ma], (18)

where My, is the solution of the following SALE (19).

F2(M167 M2€7 FZ) = AggMQE + MQEAFE + AZJEM25Ap5
+MicS2: My + Qp, =0, (19)

where QF2 = QQ + FQTRQQFQ.
Therefore, SARE (14b) holds. Let us consider the La-
grangian H

H(My., My, I5) =Tr [My.] + Tr [N F1(M., F3)]
+Tr [NoFy(Mie, My, F>)], (20)

where N;, ¢ = 1, 2 are symmetric matrix of Lagrange
multipliers.

As necessary condition, in order to minimize for My,
the Lagrange multiplier technique results in the following
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equations.
OH
M = NlA}gs + Ape Ny — S1:Mac Ny — No Mo, S,
€
+S85e M1 Ny + Na My Soc + Ape N1 AL = 0,(21a)
OH
oL = NoAf + ApeNy + Ape N2 AT+ 1, =0, (21b)
10H T
208, = R12F5N1 + RoaFo No + B, (M. N1 + M3 No)

=0. 21c)

Hence, (14c), (14d) and (14e) can be derived, respectively.

This is the desired result. [ ]

Since A., B;. and A, have the term of £, the solution

M;. of CSALREs (14), if it exists, must contain terms of

€. Hence, in order to investigate the asymptotic structure

of CSALREs (14), the following partitioned matrices are
Mi EMig

introduced.
EM;E EMi?, :| ’ Nl = |: :| ’

FiI:[Fﬂ Fz },i:1,2,

N;
Nj,

Nio

Mi = |: Ni

where

M;1 == M1 (€), Mg := M;s(e), Mz = M3(e),
Nip = Ni1(€), Nig := N12(€), Ni3 = Ni3(5)7
Fi1 == Fi(e), Fiz := Fi(e).

Let us define the following coefficient matrices.

A A
Ape = Ac+ BicFi+Bac By = [ 6_121;21 6_15111322 ] ’
B Lo 11 12
Sie = BleRll BlE - |: 5_18{2 5_2513 :| '
— — S 6715
Soe = Bic Ry R Ry By, = { 5’1251'35 672522 ] '

By substituting matrices Ap., Ape, Sic, M;e and N; into
CSALREs (14), and letting ¢ = p = 0, the parameter
independent CSALREs (14) are also obtained. Then the
asymptotic structure of CSALREs (14) is established in the
next theorem.

Theorem 2: Assume that the parameter
CSALREs (A.1)-(A.5) have solutions such that

independent

detJ (My, Ma, Ni, Na, F)

=11 0
Ea1 B
= Ha1 B2
—51 ® N — Ny ® 51 0
N ® BT N, ® BY
=13 0 0
=03 0 0
E33 Sz E35 | #0, (22)
~ Eaz 0 ZEm
No®@ Roa + N1 ® Ri2 Esq4 Zss



where

= =1,® Ag + A% ® I, + AZ;M].AIN

=13 = I, ® (Bng + R12F2)T
+[(BgM1 + R12F2)T ® In]Unmia

Eo1 i= I, @ (So My — Sy My) T +(So My —S1 M) @ I,
Zo3 1= I,, @ (Roo Fy + BI My)"
+[(R22F2 + BgMQ)T ® In)Upm;,
E31 = =51 ® (BNy) — (PN;) ® Sy
+85 @ (BNo) + (PN2) ® Sy,
E3p := =51 ® (PN3) — (PN2) ® S,
E33:= By @ (PNy) + (P N;) ® Ba,
Esa =1, ® Ap + Ap @ I,, + A,N1 AT,
Eas := I, @ (SoMy — Sy My) + (So My — S1 M) ® I,
Eu3:= — By ®@ (PNy) — (PNo) ® Ba,

Es4 = I, @ (RiaF> + B3 My),
E55 = I, ® (Roo > + B M),

AF Z:A—SlMl—BQFQ, P .= |:In1 O:|,

0 O
A11 A12 Sli S’i2
A= S; = )
[ A1 Az } ’ [ 5% Sis ]
_ | Am 0 | Bu
wom [ 0] m= 3]

o Mil 0 o Nil NZE
Ml_[MiQ Mi3:|7NZ_[Ni2 Niz |’
F=[F1 Fp].

Then there exists small £ > 0 such that for all € € (0, &),

CSALREs (14) admits solutions M;. > 0, F; and IV;, which
can be written as

— Mil +O(€) €MiT+O(52)

e = [ eM;z 4+ O(e?) sMiz 102 | (23a)
[ Nau+0(e) NL+O0()

N; = [ Nis +0(g) Ny +0(e) ] (23b)

Fy=[ Fu+0() Frnt+0() ]. (23¢)

Proof: 1t can be done by applying the implicit function
theorem to CSALREs (14). Since the used technique is
similar to the reference [10], it is omitted. |

In order to obtain the solutions of CSALREs (14), the
following new numerical computation based on the Newton’s
method is given:

n (n+1 (n+1 n n+1

AT AR AT Y A,
+(B25 (") + Ry F(”))TF(n+1)
+FMT 1>(BQE ™ LR FM + LY =0, (24a)

(Spe M) — SleMQ;”)TMf:*”
M (S M — 81 ML)
+AG)T MY + MY AG) + AL MV A,
<B%M§”> + Rop Fy")T Y™V

+E" T (BLMGY + Rao FyV) + Ly =0, (24b)

—N(")Ml(:H)S -5 Ml(ZH)Nl(”)
+ NS MY 8o + Sp MY N
R
+N{ME"TOTBL 4 By YU N
A N(n+1> LN DT g N 4T
H(S2e M{Y — S1. M )Ny
Né”“’(SzEMf? = S1M)" + g =0,
NI MY S, — S MY NG
+NSVFS T B 4 By BTV NG
+AGINTHD 4 N AG)T
FANSTVAT 1 LY =,
BEM{ZTIN 4+ BTN,
 Rop FS"TU NG 1 Ry D )
+H(RioF" + BL M) N{" Y
+(Roa F{™ + BEM{M N 4 L = o,

NO _ Ny N%
eMz |7 7" Nis  Ni

FO=[ Fy Fo ], A% = A+ B F" + By F{™,
L0 = M8, M) — OB — M By, Y
F(")TR F(”) + Q1.

LY = MU S1. Mg + MY S MY —
—F§"> B%Més) — M By Py

—F" Ros B + Qo

N M 8 4§D N

AN M S + Sy MY NS
—N{M M Sy, — Sy ™ NS

(24c)
(24d)

(24e)

M(O) _ |: ]\Z_ﬂ 5]\:45

EMiQ

Mf:)SQEMl(::L)

Lén) _

NV " BY — By Fy N,
£ = NS, + S0 N
NMEMTBY — By P\ NS 41,
LY = —RipF{ N — Rop F{™ 2(”>
~BL(MP N DN,

The following corollary indicates that the algorithm attains
the quadratic convergence under the above initial conditions.

Corollary 1: Assume that the conditions of Theorem 2
hold. Then, there exists a small * such that for all ¢ €
(0, €*), Newton’s method (24) converges to the exact
solution of M}, N and F5 with the rate of the quadratic
convergence. Moreover, the convergence solution M}, F5
and N is unique solutions of CSALREs (14) in the neigh-
borhood of the initial condition (24). That is, the following
relations are satisfied.

MO = ML <O@E"), n=0, 1, ..,  (25)
INTY = NF| <O@E"), n=0, 1, (25b)
IFS — Ff| < 0(2"), n=0, 1, ... (25¢)
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Proof: Since the proof of this theorem can be done by
using Newton-Kantorovich theorem [14], it is omitted. M
The leader’s strategy F> of (14e) can be obtained by
solving CSALRESs (14). Newton’s method involves comput-
ing the Jacobian matrix at every iteration step. Thus, one
uses Newton’s method (24), due to the large dimension and
singularity of Jacobian matrix it may be hard to obtain
the solutions. In order to avoid such disadvantages, a new
algorithm based on SDP with linear matrix inequality (LMI)
is given.

Step 5. Compute F2("+1).

vec FQ("H)

= [Nl("ﬂ) ® Rig + NQ(nH) ® Rago] ™
vee[ B (M{I TV NI 4 2t N ) 30)
Step 6. If the algorithm converges, then Fz(n+1) is the
solution, STOP. Otherwise, increment n — n + 1

and go to Step 2, until all LMIs (26), (27), (28) and
(29) are simultaneously satisfied.

Let us consider the following new algorithm which is

based on LMI.

Step 1. Initialization: Set FQ(O) = —Ryy BL.Z., where
Z. is the positive definite stabilizing solution of
Z.AAAYZ. — 7.5 7. + Q2 =0.

Step 2.Solve the SDP problem as formulated by (7), with
respect to Ml(?+1), subject to (26).

maximize Tr [Ml(gﬂ)}, (26a)
subject to
n+1 n+1
q)l(Ml(s 1)) Ml(e )B1€ >0, (26b)
BLM{I™Y Ry =

QM) = AP 4 MV Are +
n+1 n)T n
A55M1(8+ )Aps + F, R12F2( )+ Q.
Step 3. Solve the following SDP problem, with respect to

MQ(:H), subject to (27).

maximize Tr [M{"™), (272)
subject to
AT MDA 4 AT A,
M5
FFMT Ry F™W 4.0y > 0, (27b)

where AS[?E) = A, — Slle(gH) + ngFén).
Step 4. Solve the following SDP problem, with respect to
NQ(nH), subject to (28).

maximize Tr [N{"Y], (28a)

subject to

NEADT | DN 4 4, NS AT,
11, > 0. (28b)

Step 5. Solve the following SDP problem, with respect to

N subject to (29).

maximize Tr [anﬂ)], (292)

subject to

Nl(n_‘—l)Ang)T"‘A(FfLE)Nl(n—i_l) +ApaN1(n+1)AZ;5
M N s,
+528M1(g+1)N2(n+1) + N2(n+1)M1(g+1)525
> 0. (29b)

It should be noted that convergence of the above algorithm
cannot be guaranteed. However, it is observed that the pro-
posed algorithm can be worked well in practice. Furthermore,
it is worth pointing out that each iteration can be done by
applying the LMI Control Toolbox with Matlab directly.

IV. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of the proposed

scheme, a simple example is given. The system matrices are
given as follows.
[0 1 0.1 0.5¢
Aa:__E—l —€_1]’APE:[E e :|7

o

5=2, ji=05, Blgz{gl } 325:[ 05 }

2e~ 1
(1 0 0 0
le-o 2:|7Q2:|:01:|7

Ri1 =2, Ri2=0.5, Ry1 =0.1, Ry =2.

The small parameter is chosen as € = 0.1. It should be noted
that the Newton’s method (24) converges to the exact solution
with a computational error of the order of e—11 after four
iterations. Moreover, for the same example, it can be verified
that another algorithm that is based on SDP converges to
same solutions. In this case, for the computational error of
the order of e-9, 38 iterations are needed.

In this case, the exact strategies Fj, ¢ = 1, 2 and the
solutions of CSALREs (14) are given below.

Fy =[ —8.7843e-2 —2.4015e-1 |,
Fy=[ —3.0797e-1 —5.8549e-1 |,

M — 1.5606  1.7569e-2
e ™ 1 1.7569e-2 4.8030e-2 |’
Mo — | 40230e-1 2.0831e-3
22 7 | 2.0831e-3 3.5164e-2 |’

N, = [ 3.672le-2 7.7362e-3 } ’

7.7362e-3 —3.1389e-2
7.8400e~-1 5.3871@—1]

N = [ —5.387le-1  4.0143e-1

It is worth pointing out that the proposed strategies F; can
be computed for the small parameter ¢.
V. CONCLUSION

The linear closed-loop Stackelberg strategies of the SPSS
have been investigated. First, necessary conditions for the
existence of the strategy set has been developed via a set
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of CALRESs. After establishing the asymptotic structure of
CALRE:s for the SPSS, Newton’s method for solving the
CSALRs has been introduced. As a result, the local quadratic
convergence of the proposed algorithm was attained. Further-
more, in order to reduce the computational difficulty, SDP
based algorithm is also given. The numerical example shows
the effectiveness and usefulness of the proposed scheme.
Finally, it is believed that our work will serve in reviving
interest in the more general question of equilibrium refine-
ment in the theory of stochastic Stackelberg game strategy.

VI. APPENDIX
Let M;1, Mja, M3, Ni1, Nia, N3, Fo1 and Fhy be the
limiting solutions of CSALREs (14) as p — +0, ¢ — +0.
Then we have
M1 Api + AEHMM + MlTQAFm + /_1£21M12
+A;11M11Ap11 + My 11 My + M5S13Mq,

+My1S19Myo + MESE M + Qpiy =0, (A.1a)
Agzlf\_ﬁs + My1Ap12 + Mf;ilm

+My1S12 M3 + M{3S13Mis + Qr12 = 0, (A.1b)
Mi3Apas + AfyyMis + Mi3S13Mis + Qriz = 0, (A.lc)
My Apiy + AfTran + Mngz‘_lml + AITrglMQQ

+A§11M21Ap11 + My1So1 My + MiySo3 Mo

+ My Sao My + MESE My + Qroy =0, (A.2a)
A}Trlezg + Moy Ap1a + Mgg;lmz

+ M1 800 My + M3 Sa3 M3+ Qraz = 0, (A.2b)
Mos Apas + AfpyMas + My3S23Mis + Qraz =0, (A2¢)
N11A§11 + Ap11Ni1 + N12A1T712 + Ap12N12

+Ap11 N1t AL — S11 Moy Noy — Noy Moy S1a

—S12M33Noy — Noy Mo ST,

—S19Ma3NJy — Noo M3 ST,

+S91 M11Nay + Nay MiySa

4S99 My Noy + Noy Mi9S3,

+S92 M13 N3y + NaoM1355, = 0, (A.32)

Ni1Afoy + N2 Afg,

—(Na1 Ms1S12 4+ Noy Moo S13 + Nao M3 Sis)

—(N21Mi1 S22 4+ Nay Mi2S23 + Nao My3S13) = 0,(A.3b)
Ni3Afgs + Ap2aNig + Ny ALy, + Apai Nio

— ST Ma1 Noy — Ny M S1a

— STy My Noy — Noo M2 13

—S13M23N23 — NogMa3S1s

—SQTzMusz — Ngngngg

— S35 M3 Nog — Nog M12S23

—S93M13N23 — NogMi3S23 = 0, (A.30)
Not ATq1 + Ap11Na1 + Nog AT + Ap12Noo

+ ANy Al + Iy, =0, (A.4a)
Ny AL, + Nop AL, =0, (A.4b)

Noz AL oy + ApaaNoz + NLAL, + Apay Noy

735

Ny —) (A4c)
R12F51 N11 + Ri2Fpo NIy + RoaFoy Noj + Roo Foo N,

+B3, M1 N1y + Bo, M, Nyy + By MisNi,

+ B, Moy Noy + BL, M, Noy + BL, Moz N, = 0, (A.5a)
Ri2F1 N1 + RiaFoo N1 + RooFoy Nog + RogFog N,

+BJ, M1 N12 + B, M{yN1s + B3 Mi3Ny3

+ B, Moy Nog + B, M), Noy + BE, Myz Noz = 0, (A.5b)

where
[Au A12:|+|:311:| F1+|:312:| By = |:AF11 AFlQ] ’

Az Ago Boy Bas Arpo1 Ara
Qri = Qi+ F3 RisFy := {QITM gF?} :
Fi2 WFi3
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