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Fast and Saturating Attitude Control for a Quadrotor Helicopter

Oliver Fritsch, Bernd Henze and Boris Lohmann

Abstract—1In this paper a continuous, nonlinear state feed-
back attitude controller for a quadrotor helicopter is presented.
The design is based on an energy shaping approach and prior-
itizes the alignment of the thrust direction due to its prominent
role for the translational dynamics. Since the controller tends
to saturate the control torques, it achieves short settling times.
Almost global asymptotic stability of the desired attitude is
proven for arbitrary unknown moment of inertia matrices
and the performance of the closed loop system is analyzed by
simulations.

I. INTRODUCTION

A quadrotor helicopter is a highly maneuverable vertical
take-off and landing aircraft, which offers the ability of
hovering. As shown in Fig. 1, it is basically a rigid body
with four rotors arranged in a common plane which generate
thrust forces and drag moments. The effects of the four single
rotors can be summarized in the center of gravity as a total
thrust force F' pe§pendicular to the plane and a torque vector
T =[rx 7, 7] . Since the direction of the (total) thrust is
body-fixed, the execution of almost all translational motions
requires tilting the whole quadrotor helicopter systematically.
Consequently, a desired thrust direction is usually the output
of a higher level position controller or the remote control
command of a human operator and is forwarded to the
attitude control. Accordingly, the thrust direction plays a
prominent role in the attitude control task of a quadrotor
and its alignment should be prioritized compared to the
orientation around the thrust axis. This paper extends the
thrust direction control presented in [5] to a complete attitude
control which still focuses on the alignment of the thrust. An
energy shaping approach is used to design a continuous state
feedback controller for the nonlinear system. The resulting
controller is able to exploit the available control torques to
a great extent or even saturate them during the regulation
process leading to a fast transient behavior. Almost global
asymptotic stability of the desired attitude is proven for
arbitrary unknown moment of inertia matrices.

Though our control task belongs to the broad field of
rigid body attitude control (see e.g. [2] for a survey of the
topic), only a few works consider control input constraints
[6], [3], [8] and even less address thrust direction control or
analogous problems [7], [3]. To the best knowledge of the
authors a saturating attitude control prioritizing one body
axis has not been presented before.

In Section II we give a brief introduction into attitude
parametrization using quaternions. A detailed problem state-
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Fig. 1. Quadrotor with body-fixed frame B and control inputs F', 7, Ty, T=.

ment together with the plant model is introduced in Section
III. Based on an energy shaping approach, the attitude
controller is developed in Section IV, before almost global
asymptotic stability of the desired attitude is proven in
Section V. In Section VI the performance of the controller
is studied in simulations before conclusions are drawn in
Section VII, along with an outlook for future research.

II. ATTITUDE PARAMETRIZATION

In order to specify the attitude of the quadrotor we use
a body-fixed frame B attached to the aircraft as shown in
Fig. 1 and an inertial North East Down reference frame N.
The origins of both frames are located at the center of mass
of the vehicle. In body coordinates, the thrust vector always
points in the negative z-direction. It follows that aligning the
thrust direction of the quadrotor helicopter is equivalent to
aligning the z-axis of the body-fixed frame.

For the attitude parametrization we use quaternions (see
e.g. [11]), which are directly built up by the axis and the
angle information of a rotation. This parametrization admits
an advantageous decomposition into two principal rotations
which is a crucial step for the development of our control
law. In more detail this decomposition can be found in [5]
and in a slightly different context also in [4].

A. Interpretation of a quaternion

A unit quaternion q € S? with S = {q e R* : qT'q = 1}
can be used to describe the rotation that maps a coordinate
frame X on a coordinate frame Y. Its four elements are
composed of the angle and axis information of this rotation

q1 e’
e sin —
— || = 2 1
q 0 L ) (D
g4 2

where e € R? is the normalized axis vector and « is the
rotation angle. It is clear from (1) that —q represents the
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same mapping from X to Y and that the reverse rotation
from Y to X is given by the conjugate quaternion

a=[-a ¢ —a¢ da 2
B. Multiplication of quaternions
The multiplication of two quaternions is defined as
bs PpP3 —P2 P1| [©1
r=qop= —P3 P4+ P1 P2| (G2 3)

P2 —pP1 P4 D3 q3
—P1 —P2 —P3 P4 q4

Wi(p)
and corresponds to a consecutive execution of the rotations
parametrized by q and p. The second rotation defined by p
is specified in the coordinate frame resulting from the first
rotation q. Note that W is an orthonormal matrix.

C. Kinematics

Let g describe the rotation from frame X to frame Y and
T . .

let w = [wm Wy wz] be the angular velocity of X with
respect to Y given in X, then the derivative q is given by

. 1 w 1
Q=W 5] = We@e. @
where W, is obtained from W by deleting the last column.

D. Decomposition into principal rotations

With the modified sign function

1 if a>0
senla) = {—1 it a<0 ©
and a given quaternion q mapping X on Y it is clear from
the preceding discussion that § = Sgni(q4) - q represents the
same mapping but with & = 2 - arccos(gy) € [0, 7] being
the smallest possible rotation angle. With that in mind, we
decompose q into a product of two quaternions q, and q_,

q=q-580(q4) = (dey ©9-) - 580(q4) - (6)

The quaternion q, is used to indicate how the z-axis of
Y is tilted against the z-axis of X. As shown in Fig. 2, it
parametrizes a rotation through an angle ¢ about an axis e,

®

Fig. 2. Initial coordinate system X, auxiliary coordinate system A and
target coordinate system Y.

in the xy-plane mapping from X to an auxiliary frame A.
The second quaternion q. describes the remaining rotation
through an angle ¥ about the z-axis mapping from A on Y.
Accordingly, q,, and q. are of the structure

]T

L =00 ¢ qu]”

Qzy = [qgc Qy 0 dp @)

and the corresponding angles are

© = 2arccos(¢p) and ¥ = 2arccos(quw). (8)

Using (7) and (3), the product (6) can be written as

1" sEn(gs). ©)

Since q,,q, > 0 holds and since we define ¢, > 0, we also
establish ¢,, > 0, which means that ¢, € [0, 7]. Note that

the decomposition (6) is not unique if q = [ql g2 0 O} g &
]T

q= [Qsz+QZQy Guwqy — 429z 9z49p quwdp

¢ = 7. Then, for any quaternion q,, = [qz gy 0 0| there
can be found a suitable q, and thus a suitable ¢ such that
(6) is fulfilled and vice versa. As long as neither g, = 0 nor
Gw = 0 the time derivatives of q,, and q. read

- 44 qeq
qx yqpp _273 2(]7;
. j 1 9eqy 924
an=|0=5"% o 2|e. 0
. 0 0 0
L9 qx dy 0
[0 0 0 0
. 0 1 0 0 0
G=|.|=5 (11)
qz 2qp —Quwqy qQuwqz —Yquwdp
| dw 4z9y  —4z9x  4z9p

They follow from (7), (6), (3), (4), (dzy)3 = 0, and the
exploitation of the unit length of the quaternions.

III. PROBLEM STATEMENT AND PLANT MODEL

Let the attitude of the quadrotor helicopter be given by the
quaternion q; mapping the inertial frame N on the body-
fixed frame B. Then the objective is to design a control
law which aligns frame B with a desired frame D, whose
orientation with respect to N is specified by a constant
quaternion qg. According to (3) and (2),

qQ=3Qqy°Qq (12)

is the rotation error between the frames B and D. With w
being the angular velocity of the quadrotor helicopter given
in B, the control objective can thus be formulated as

a—=[000+1]", w—0 as t—oo. (13)
A decomposition of the error quaternion, as in (6),
q= (qmy o QZ) : Sg—n(Q4) (14)

reveals that q,, represents the error between the current and
the desired thrust direction, whereas q. describes the rotation
error around the thrust axis. With (9) and (8) the equivalences
a=[000 £1]" e qu=q.=[0 00 1] < p=0=0

(15)

can be identified.
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Regarding the quadrotor helicopter as a rigid body and
neglecting the weak gyroscopic effects of the rotors, the
attitude error dynamics are given by

(16)
7)

. 1
q= —§WR(q)w )

w = J_l(Jw xw)+ I,
E X is the state vector with X =
S3xR% J =J7 > 0 is the moment of inertia matrix
given in B, and T = [Tm Ty Tz} is the control torque
produced by the rotors given in B. For a quadrotor the
magnitude of the available control torque in the zy-plane
Toy = |[Ta Ty}T is significantly larger than the available
control torque in the z-direction 7. This is due to the fact
that the rotors mainly produce forces in the negative body-
fixed z-direction which, multiplied with their lever arms, give
the control torque in the xy-plane. In contrast, the rotors
produce only little aerodynamic drag torques around their
rotation-axis, which, summed up, give the z-component of
the control torque. Thus, we assume that the control torque
is bounded as follows:

where x = [q w

”szH < Tay s || <72\ (18)

where 7., and 7, are positive constants and 7., > T..
As will be clarified later, the dynamics of ¢ are mainly
influenced by 7,,. Since moreover the ability of aligning the
thrust vector is a crucial requirement for the control of the
translational dynamics of a quadrotor, we aim at designing a
control law that exploits 7, as much as possible for a fast
reduction of . This prioritization leads to a more or less
sequential completion of the attitude control task.

IV. CONTROLLER DESIGN

In order to describe the proposed attitude controller, we
first introduce some functions. The first function Agf

[0, 7] — [0, (] is defined as
¢ ifo<¢<q
AZ(O =1 G iFG<C<C. (19
G FE i Gu<(<m

where (; and (,, are positive constants. Ag; linearly increases
from zero to (;, is then followed by a plateau until ¢, and
then linearly decreases to zero again. Furthermore, we use
the function

XE (G (%), va(x)) =

() ifC<G
(&2 )0t (£ )i fG<C<6, @0
tha(x) if G2 < ¢

which provides a linear interpolation between the scalar
functions 11 (x) and 9 (x) with respect to ¢ € R. Finally,

for (1 < (2 < C3 < (4 we define ngg;‘ (¢, 11(x),2(x)) ==
X<1 (C 1 (x), ng 1, 1h2 (%), 1n (x))? which provides a lin-
)

ear interpolation from 1 (x) to 12(x) and back to 11 (x).

A. Shaping of the Potential Energy

The design of the controller is based on the energy
shaping approach as described e.g. in [10]. Since the attitude
dynamics are fully actuated this design scheme is easy to
apply and offers a transparent physical interpretation. The
overall energy of the plant consists only of the rotational
energy F,,. By adding an artificial potential energy E.,
we shape the energy of the closed loop system such that it
is given by a C'!'-function

1
V(x) = Eror(w) + Epor(q) = §wTJw + Epoi(q), (21)

which satisfies V' (x4;) = 0 at the desired equilibrium points
xg41 and x4o defined in (13) and V' (x) > 0 elsewhere. Note
that the sublevel sets of V' are compact, since E,.,; is radially
unbounded and since the attitude space itself is compact.
Computing V, we get

V(x) =wlJw+ LEZ;;((I) q
10FE,,
=wlr - 572;( )WR(q) w, (22)
T(q)”

where we can identify T(q) as the torque field resulting from
E,ot(q). By choosing a control law

7=T(q) - DX)w, (23)

where D(x) > 0 is a damping matrix, (22) simplifies to
V(x) = —w Dx)w <0. (24)

It follows that the compact sublevel sets of V are positively
invariant or in other words stability of the desired attitude. In
order to prove asymptotic stability, we apply the Krasovskii-
LaSalle invariance principle in Section V.

To shape the energy, we assign a potential energy function

Epot(@, 19) = E@(‘P) + Eﬂ(‘/)a 19) ) (25)

where  E,(¢) = ¢, /w AZ(¢) d¢ (26)
0

Ey(p,9) = cos’ 019/ A ) d¢ 27)

and c,, cy are positive constants. The potential energy F;
given above is constructed such that it exhibits its only
minimum at (¢,9) = (0,0) and (considering the non-
uniqueness of ¥ at ¢ = 7) its maximum value for (p, ) =
(m,9). One more critical point is located at (¢,d) = (0, 7).
To exclude further critical points one has to parametrize F,
and Ey, such that

8Epot(‘p719) _ 8Etp(</7) + 8E19(</7519)
dp Oy dp
holds for (p,9) € ]0,7[x[0,7]. In order to motivate the
choice of the potential energy, it is helpful to analyze the
torque field that it generates. As in (22), Ep; is calculated
to identify the torque T,

: OEpoi (0,9 OF 0t (0,9) §
Eipot(x) = 2Eestlel) oy OBperle0)

>0 (28)

~T"(q@w. (29)
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Using (8), (10) and (11), the time derivatives ¢ and 1 read

19:‘\/f—i7 (qupqp el +ef >w. (30)

Here, e, e and e denote the unit vectors

: T
p=—e,w,

) Gz . Ay 0
®= g qoy L= —(()Jx , €= (1),(31)

which span an orthonormal basis of R3. By inserting (30)
and (31) into (29), the torque T is obtained. We further
decompose T into parts according to the corresponding
energy components F, and Ey and their effective directions
e,, e and e;. This results in

T(a) = T5(a) + To(a) + T (a) + T(q) (32)
T 0] 00 1.]"
xry Z
where
AE, OEy(p,9) 4=\/1-4;
Ti(a)= 6;&) eq, Ti(q)= %(1;0 )qp\/lfq?u o (33)
o) 9 9 0 -
T (a) = 2252 e, T (a) = 22552 — e,
Using (26), (27), and (8), we can rewrite (33) as
TY = c,ALr (p) ey,
TZ = —cosg( sm(% Cﬂ/ AY(C) dC - ey,
) (34)
T = L cos3( )sin(%) - coAy"(9) e,

7
™ = —qi_ cos‘%%) -clgAﬂ;‘(ﬁ) e,.

The chosen potential energy function (25) extends the poten-
tial energy F, introduced in [5], by a further component Ey.
The energy F, can be thought of as the potential caused by a
saturating torsion spring arranged between the actual and the
desired thrust direction. Accordingly, it generates a torque
T7 depending only on ¢, which ensures the alignment of
the body-fixed z-axis. See [5] for a detailed discussion. The
energy component Ey serves to generate control torques that
reduce the error angle ¥ defined about the desired thrust axis.
In detail, the torques Tf, Tf_ and TZ are induced by Ey
and their influence decays with increasing . While TY can
be regarded as the "intended" torque, which for a constant
, acts around the z-axis analogous to Tg, the components
Tf_ and Tg can be considered "parasitic". This is because
Tg always counteracts T and Ti induces a motion around
e, which does not contribute to a decrease of ¢ according
to (30). At the same time, Tli reduces the available control
authority for T, since in view of (18)

[Ty || = \/(I\Til\—IITZII)2 HITYR < 7oy Vo, 0 (35)

must hold. Just like compliance with (28) (which in turn is
equivalent to | T2 — | T2 > 0) is a matter of parametrizing
E,o¢ the same holds for guaranteeing (35) and

T.| =T <7 Ve,0, (36)

which is the second constraint arising from (18). Note that
we formulate (35) and (36) as strict inequalities in order
to reserve some control torque for damping purposes. Note
also that I, is constructed, such that no discontinuities in
T occur in particular at states where ¢ = 7 or ¥ = 7.

B. Damping Injection

We complete the control law (23) with a damping matrix

D(x) =Kay(x) (d@ (x)e@eg—i—dleLe{) +r,(x)d, (x)ezeZT

=[O i)

which is composed of the damping coefficients d(x), d
and d,(x). They allow an individual damping of the angular
velocity components w, =elw=—¢, w; =elw and w. =
el'w, which are obtained by projecting w on the basis vectors
given in (31). The submatrix D, (x) in (37) reads

Gy | a | @
l—qf7

(37)

2
dy(x q; —qzq
D.,(x) = =% LJ @ q —Guly y} %)

and the gains 4, (x) and £, (x) serve to saturate the damping
torques if necessary. They are defined as

Kagy(X) = min 1,K5),
0= B, (39)
= 1 1 N
e (X) £>0,|T, £nl*clgzo.zz|:7"z( ’ I{)
where w,, = [ww wy}T. The choice of the damping

coefficients dy,(x), d, and d.(x) given below is motivated
by some assumptions on the motion of the controlled system
and on the inertia matrix J. These assumptions serve only
to facilitate the design of the damping, but are not required
to derive the stability properties of the closed loop.

Regarding the symmetry of a quadrotor, we assume a
diagonal inertia matrix J = dlag(J L1, Jg) Moreover,
since 7, >> T, and since 7, is mainly exploited to reduce
(p, we assume a sequential completion of the control task.
This means that first ¢ is driven to zero while ¢ remains more
or less constant and only afterwards ¢ is reduced to zero.
This implies that in the first phase the simplifying assumption
W || w || ey is justified and provided that £, = 1, the scalar
differential equation

Jip =T, —dy(x) - ¢ (40)

approximately holds, where T,, = || T%|| — | T2|| > 0. It can
be seen from (34) that near ¢ = 0 the torque T, can be
considered linear in ¢. Thus, if ¢ is sufficiently small, (40)
approximately becomes

Jip=—cp—dy(x) ¢ if 0<p<g¢, @)
where ¢ < ¢, is a positive constant. By choosing
Ap, oy *
dp(%) = X&' ot as" (9500, d5(x)) 5 (42)

where d, and Ay are positive constants, the dynamics (41)
are rendered linear. A sophisticated damping strategy d, (x)
is applied in the region ¢ € ® = {p : v + Ap < ¢ <

—Ap}. There, a strategy similar to the bang-bang solution
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of a time optimal control is applied. This requires to indicate
a switching curve s,(¢) < 0 where the transition from
acceleration (¢ < 0) to deceleration (¢ > 0) occurs. If
¢ > s(¢p), the damping d7,(x) is chosen to enable maximum
acceleration based on (40). In case of ¢ > 0, this means
supporting the torque —7, by a positive damping d,(x) > 0,
such that the maximum torque 7, is exploited. In case of
¢ < 0, the damping is set to zero to avoid counteracting
—T,. If ¢ < s(¢) < 0 maximum deceleration is desired,
which can be achieved by choosing d(x) > 0 so high
that —T,, is overcompensated and 7, is used to slow down.
Summing up, we choose

To 50 (p)

d:;(X) = st( ) ((pa Lpdec(x)vd:mcc(x)) s (43)
—%ﬁ{% if ¢ > v,

where  dj,..(x) = —32+ 3% ifv,>29>0 (44
0 if 0> ¢,

d:)dec(x) = _% - ﬂTy (45)

and r, as well as v, are positive constants. It is clear from
(43) that 0 < r, < 1 defines a region of interpolation
between acceleration and deceleration in order to render the
resulting torque continuous. An examination of (44) reveals
that the small constant v, > 0 prevents the damping from
growing unbounded when ¢ approaches zero. The switching
curve we use in (43) reads

50(0) = —\/12maw — 201

and is the phase-plane trajectory () solving Ji¢ = Ty,
and entering ¢ < ¢; with a velocity ¢ = —vVgmar < 0.
For the damping influencing w; we simply choose

d, =6,

1
Tay(pr — @) <0 (46)

(47)

to be constant. Note that according to (42) and (38) this
ensures that Dy, (x) = diag(d,,d,) > 0 if ¢ < ¢ or
@ > ¢, and this way effectively omits difficulties with
determining e, and e near ¢ = 0 and ¢ = .

The damping d.(x) is designed analogously to d,(x)
based on the dynamics

Jod) = — do(x) -0,

which result from the assumptions that x.(x) = 1 and
that the first phase, the alignment of the thrust direction,
is terminated. Thus ¢ = 0 and consequently @ | w | e,
holds. Explicitely, the damping d.(x) is

d:(0) = XZ2_ e (00X g (9,02, 2(0)). 0. ) . (49)

where AY and 0, are positive constants. Note that the
additional outer interpolation function is necessary to account
for the non-uniqueness of 9 if ¢ = 7. Again, the dynamics
(48) are rendered linear for 0 < ¢ < 19, where |T%| = cy?.
The damping d%(x), which is active for ¥ € © = {¥ :
191+A19<19<19U—A19} and ¢ < @, + Ay, is given by

dz(x) = XT19 o (197 zdec( )7 dzacc( )) . (50)

|T.| — (48)

The corresponding switching curve is

s9(¥) = —\/vgmw — 2j2_1fz(19l —-19) <0, ShH
the damping used for acceleration and deceleration reads
|| To £ 0
5 + 5 if ¥, > 1519
L) =  — Ll 4 2o if 9y > 0. > 0 (52)
0 if0>4,,
_ |TZ‘ _ 2 1 9 —
3. 1?2 if 9, < ’Uf
faee(¥) = LT gy < <0 (53)
0 if 0 <4,

and Vymar > O vy >0 and 0 < ry < 1 are constants. Note

that we use U, - 1‘12 w. instead of ¥ to distinguish
az,

between the cases in (52) ‘and (53). This is done because
d.(x) is only effective in connection with w, and according
to (30) the quantity ¢, represents the part of ¥ that depends
on w,. Note moreover that if the assumption ¢ = 0, required
for (48) to hold, is fulfilled, then 1 coincides with 1(93.

V. STABILITY PROPERTIES

In this section we prove almost global asymptotic stability
of the desired attitude by showing first that the set of desired
equilibrium points is asymptotically stable and second that
all other equilibrium points are unstable. As it is analyzed
in [1], almost global asymptotic stability is the best we can
achieve with a continuous control law.

By inserting the control law (23) derived in the previous
section in the dynamics (16), (17) and setting the left hand
side to zero, the equilibrium points of the closed loop system
can be identified as the members of the sets

Xo={xex:a=[000 21" w=0},

Xa={xeX:a=[00£1 0" w=0}, 4

Xugz{xeX:q:[ql q2 0 O]T,w:O}.

Xy denotes the set of desired equilibrium points, whereas
X,1 and X5 denote the sets of the undesired ones. Note
that x e Ay < p=9=0,x€ Xy < ¢=0,9 = and
x € Xy2 < ¢ = 7 holds. In order to apply the Krasovskii-
LaSalle invariance principle one first has to determine the set
£ :={x € X|V(x) =0} in which the time derivative V" is
zero. Inserting (37) in (24) and remembering that ., (x) > 0
and k. (x) > 0 shows that

V(x) = —Fgy(x) (dy, (x)w2 + dJ_Wi)— k2 (x)d, (x)w? (55)

only vanishes if d,(x)w? = diw] = d.(x ) = 0 holds.
Outside the equilibrium pomts in the set X := X\(X; U
Xu1 U Xy2), this condition is only fulfilled in the subset &1,
which is the set of all states with zero angular velocity, and in
the sets &, &3, £, in which w # 0 while w, = d,, (x)wiJ =
d.(x)w? = 0. Thus, the sets &2, £3, &4 are subsets of the state
space regions where d,(x) = 0 or d.(x) = 0. Explicitly
stated, the sets £1,E9, £, &4 are

Slz{xefzwzo},
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52—{xeé\?:wefb,ﬁe@,w_aew—l—\/fZTﬂez;éO,

0 S « S —T¢S¢(Q0),O S ﬁ S —7'19819(19)},

53:{x622:<p€<1>,19§é®,w:ae¢,

0 <a< —res,(p), },

€4={x€X:<p§gol+Acp,19e®,w:\/fi—q%uﬁez,

o<6g—mwwﬁ.

Next, we show that X}, &),1 and X, are the only invariant
sets in £ = 51 U 52 U 53 U 54 U Xd U Xul U Xug. Imagine that
x € &1, then 7 # 0 and since w = 0, we have w # 0 from
(17). Thus, the state will exit the subset & instantaneously,
which shows that no invariant sets are contained in &;.

If the state of the closed loop system is inside the subset
&s, then no damping occurs and hence using (34) the torque
can be identified as 7 = T = TZ + TZ +TY +TY =
e, +v-e; + 1qiq2 7-e, with g > 0 and n > 0. Based
on (46) and (51), an uf)uper bound for a: and 3 is given by

(56)

L := max(—s, (), —sy(m)) > max(a, 3) > 0.

A lower bound for the angular velocity w is received solving

1 1-
Eroto = 5wOTJwO = 5)\(J)g2 >0
in which FE,.:o is the rotational energy and wq the angular
velocity at the time ¢ = 0 and A(J) represents the largest
eigenvalue of J. Now as long as x € &, it holds that F,,; =

wl'rt = ap+ Bn > 0 and consequently

(57)

0<w? <wlw=0a?+p5% (58)

Using (30), one recognizes that ¢ = —a < 0 and since

w = 0, it holds that ¥ = — 1‘12 —w, = —3 < 0. Together
—q

with (56) we can hence reformulate and extend (58) to obtain
0<w?<a®+p%=a(—¢)+B(—0) < —L(p+9). (59)

Now, let g € ® and 9y € O be the error angles at ¢t = 0.
The time ¢ solving the equation

t
<w+Am+«m+Am=om+ﬂ@+/k¢+mﬁ<m>
0

certainly is an upper bound of the time at which the state
must leave &. By inserting (59) in (60) and evaluating the
integral, we obtain the inequality

2
w” ~
(P + Ap) + (01 + AV) < (po +0o) = 1. (6])
which reveals that # itself is upper bounded by
fo o (it A+ (W — (i +AD) o

g2

Note that & might also be left because «, 8 or w violate their
constraints. Since & is left in any case, it cannot contain any

invariant sets. A similar argumentation holds for £ and &4,
but is omitted here due to space limitations. Moreover, also
the union of &, &, & and &, cannot contain any invariant
sets. Indeed, the state may cross over from &; into each of the
other sets and also from & to &3 or £4 but no other transitions
are possible. Hence, the union of the sets of equilibrium
points given in (54) is the largest invariant set contained in £
and according to the Krasovskii-LaSalle invariance principle
every trajectory converges to Xy, X1 or Xyo.

In order to prove almost global asymptotic stability of
X4, representing the desired attitude, we first notice that
V(x) =0,Vx € Xy, V(x) = Ey(0,7) > 0,¥x € Xix
and V(x) = E,(m) > 0, Vx € X,2. Note that Ey(0,7) =
Epot(0,7) < Eg(m) because E, (1) = max(Epo(p, 1))
and moreover (28) holds. If we choose any initial state xg,
such that V(xg) < Ey(0,7), we exclude X, and X,
from the initial sublevel set of V(x) and the solution can
only approach Xj;. Hence, X is a set of asymptotically
stable equilibrium points. Since the set {x € X|V(x) <
Ey(0,7)} is adjacent to all members of X1, the preceding
argumentation also proves that the equilibrium points in
X,1 are unstable. Now, if we choose any initial state xg,
such that V(x¢) < E,(m), we exclude X5 from the initial
sublevel set of V(x) and the solution will approach X, or
Xy1. Again, the set {x € X|V(x) < E,(m)} is adjacent
to all members of X3, which consequently are unstable
equilibrium points. It follows that the union of all stable
manifolds of the unstable equilibrium points contained in
Xy1 U X2 is of smaller dimension than the state space. It
is known that an m-dimensional invariant manifold of an n-
dimensional system has Lebesgue measure zero if m < n,
see e.g. [9]. This proves almost global asymptotic stability
of Xy. It is worth noticing that although some assumptions
on J were made during the design process, the proof holds
for arbitrary unknown J.

VI. SIMULATION RESULTS

In order to analyze the performance of the proposed
controller 51 simulation runs have been executed. While the
controller and the initial conditions were unchanged for all
simulations, the plant was varied by changing the moment of
inertia matrix J by adding a symmetric random matrix AJ
to a nominal diagonal inertia matrix J, which was also used
for the controller design. The elements of the uncertainty AJ
were constrained by —0.1-(3)11 < (AJ);; < 0.1-(3)11 and
the positive definiteness of J = J + AJ. The lines in Fig. 3
correspond to the closed loop system incorporating the nomi-
nal plant (J = J), whereas the shaded areas mark the regions
which contain the signals resulting from the remaining 50
simulations. All controller and plant parameters are listed in
Table I. The initial conditions for the simulations are given
by the quaternion qo = [0.992 0.087 —0.008 O.O87}T
corresponding to the error angles pg = 1701g5rad and ¥ =

10755rad and the angular velocity wo = [0 0 1.7]Trad/s
corresponding to ¢ = 0rad/s and ¢} = 1.7 rad/s,
One can clearly see that the controller prioritizes the thrust

alignment and thus the transient behavior divides into two
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TABLE I
CONTROLLER AND PLANT PARAMETERS.

Controller parameters
p; =10 == rad

Vpmaz = 1.425rad/s Ap = AY =5 L= rad

180 180
9, =15 % rad  Vymae = 0.624rad/s p, = F,, = 175 - ﬁ rad

¢p = 0.817Nm/rad 8, = 0.1999 Nms/rad 7, = 19 = 0.75

cyg = 0.109Nm/rad §, = 0.0961 Nms/rad v, = vy = 0.1rad/s
Plant parameters

J = diag(8.5,8.5,14) - 103 m2kg
J=J+AJ

oy = 0.15 Nm
7, = 0.03Nm

phases. In the first phase lasting approximately 1.2 s the angle
 is made to zero meaning that the thrust vector is aligned.
In a second phase ¢ ~ 0 is preserved, while the error angle
¥ is reduced to zero meaning that the desired orientation
around the thrust axis is established.

As can be seen by the evolution of ¢, the first phase starts
by accelerating the thrust vector until ¢ has approached the
switching curve s,(¢). Then, the behavior changes from
acceleration to deceleration and in the region ¢ < ¢; a
soft transient to zero follows. During the whole process the
control torque T, is exploited very well or even saturates
at || Ty = Toy.

Since the torque available in the z-direction is much
smaller than the one in the xy-plane, the reduction of ¥
takes considerably longer, than the decrease of . At the
beginning the initial angular velocity w.o = 1.7rad/s even
leads to an increase of ¢ although the maximum available
torque 7, is used to counteract the motion. Note that the
saturation of 7, in this first phase is mainly due to the
damping, since the torque 7, stemming from the potential is
small for large ¢. After ¢ has decreased to zero, finally the
reduction of ¥ begins. Again, a phase of acceleration is kept
up until the switching curve sy(¥) is approached and the
deceleration is initiated. A soft transient to zero follows in
the region ¥ < 1J;. In the nominal case the desired attitude is
eventually reached after approximately 2 s. For all remaining
simulations it takes no longer than approximately 2.5 s.

VII. CONCLUSION

In this paper we have presented a fast and saturating
attitude controller for a quadrotor helicopter. The nonlinear
controller is based on an energy shaping approach and
considers asymmetric control torque constraints. Almost
global asymptotic stability of the desired attitude has been
shown for arbitrary unknown moment of inertia matrices.
The performance of the controller has been illustrated by
simulations, which also have shown that the available control
torques are exploited to a great extent or even saturated. The
proposed controller prioritizes the alignment of the thrust and
leads to a more or less sequential completion of the attitude
control task.
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