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Abstract— Fault-tolerant control (FTC) allows to preserve
performance and stability despite the presence of faults. The
literature considers two main groups of techniques: the passive
and the active FTC techniques. In case of the passive techniques,
the fault is taken into account as a system perturbation, so that
the control law has fault capabilities that allow the system to
cope with the fault presence. On the other hand, in the case of
the active FTC techniques, the control law uses some informa-
tion given by a Fault Detection and Isolation (FDI) module, so
that through some automatic adjustment in the control loop,
the fault is tolerated with minimum performance degradation.
In this paper, a linear parameter-varying (LPV)/linear matrix
inequalities (LMIs)-based technique is used to achieve fault
tolerance and to compare benefits and drawbacks of passive
and active FTC. The proposed approach is applied to a two-
wheel differential robot.

Keywords: Fault tolerant systems, Linear parameter-
varying systems, Autonomous Robots

I. INTRODUCTION

Fault-tolerant control (FTC) allows to maintain current
performance close to desirable ones and preserve stability
conditions in the presence of component and/or instrument
faults [1]. Accommodation capability of a control system
depends on many factors such as severity of the failure, the
robustness of the nominal control system and mechanisms
that introduce redundancy in sensors and/or actuators.

From the point of view of the control strategies, the
literature considers two main groups of techniques, namely
the active and the passive. The passive FTC techniques are
control laws that take into account the fault appearance as a
system perturbation. Thus, within certain margins, the control
law has inherent fault capabilities, allowing the system to
cope with the fault presence. On the other hand, the active
FTC techniques adapt the control law using the information
given by a Fault Detection and Isolation (FDI) module. With
this information, some automatic adjustments in the control
loop are done after the fault appearance trying to satisfy the
control objectives with minimum performance degradation.
The development and characteristics of both active and
passive approaches have been reviewed by the survey papers
appeared in the last decades [2]-[4]. On the other hand,
a comparative study between the two approaches is done
in [5] and [6]. In these works, similarities and differences
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are studied from both philosophical and practical point of
view, and advantages and limitations of each approach are
examined using a wind turbine and an aircraft control system,
respectively.

In this paper, a linear parameter-varying (LPV)/linear
matrix inequalities (LMIs)-based technique is used to achieve
fault tolerance and to further compare benefits and drawbacks
of passive and active FTC. The use of LPV systems theory
for FTC dates back to the end of the 80s, when the concept
of a self-repairing control system was introduced in the
form of a reconfigurable multivariable feedback, where a
gain scheduling design procedure was used to stabilize a
collection of plant models representing the aircraft in various
control failure modes [7]. In [8], an LPV controller is
synthesized using a quasi-LPV model of the Boeing 747-
100/200 longitudinal axis. In faulty situation, the controller is
scheduled using a fault signal generated by an FDI algorithm.
In [9], a polytopic LPV representation is used to handle
multiple actuator failures. A Static Output Feedback (SOF)
technique is used to design multiple controllers such that
closed-loop stability can be maintained for any combination
of multiple actuator failures. In recent years, a lot of effort
has been put into combining LPV and FTC with other
approaches, e.g. admissible model matching [10], virtual
sensors [11] and virtual actuators [12].

This paper has the following structure: in Section II, the
LPV and fault representations are presented. In Section III,
the fault tolerant control strategies using the passive LPV
approach and the active LPV approach are described. In
Section IV, the design by means of LMI pole placement
and the polytopic approximation are presented. In Section
V, the application example, namely a two-wheel differential
robot, is described and a quasi-LPV model is obtained. In
Section VI, the comparison between the passive and active
LPV approaches is performed and discussed, and the main
conclusions are finally summarized in Section VII.

Following the notation used by [13], ¢ stands for the
Laplace variable s in the continuous-time (C-T) case and for
the Z-transform variable z in the discrete-time (D-T) case.
Similarly, T will stand for the time r € R™ in the continuous-
time case and for the time samples k € Z* in the discrete-
time case. The notation 6.x(t) stands for x(¢) for continuous-
time signals and for x(k+ 1) for discrete-time signals. For
real symmetric matrices M, the notation M > 0 stands for
positive definite and indicates that all the eigenvalues of M
are positive. Similarly, M < 0 means negative definite, that
is, all the eigenvalues of M are negative. Given a vector



y= [ Vi v Vi ], diag(v) is defined as follows:

Vi 0 cee 0
0 v ... 0
diag(v) = L .
0 0 Vi

II. LPV SYSTEM AND FAULT DEFINITION

An LPV system is defined by state-space equations whose
matrices depend on some vector of varying parameters

¥(1) € ©:

6.x(x) = A (8(1))x(x) + B (9(1)) u(x) )
¥(1) = C(3(7)) x(7) + D (3(1)) u(1) (@)
where x(t) € R™ represents the state vector, u(t) € R™

denotes the control input and y(t) € R™ are the sensor
outputs. In this paper, we consider that the state is directly
measured and available for the controller design, that is,
C(9(t)) =1 and D(9(r)) =0.

Two types of faults are considered: parametric faults
fa(t) € R4 affecting the matrix 4 and actuator faults
f5(1) € R™ affecting the matrix B. Then, under fault oc-
currence, (1) becomes:

c.x(t) =

Ay (0(7),f4 (1)) x(1) + B/ (0(1), /(1)) u(t)  (3)

where the actuator faults are embedded in the matrix
Br(9(t), f5(1)) as follows:

By (9(1),f3(1)) = B(9(1)) diag (f3(1)) 4)

Each element of the vector f3(T) can take values between
0 and 1, representing the effectiveness of the actuators. For
example, fp; represents the effectiveness of the " actuator,
such that f3 ; = 1 represents the healthy condition and f3; =0
the total loss of the i actuator.

On the other hand, it is assumed that the parametric faults
f4(7) affect the state matrix in such a way that they can be
considered as additional variables that schedule the system.
It is also assumed that they are bounded, and that a lower
and upper bound for each of its elements are known a priori.

III. FAULT TOLERANT CONTROL STRATEGY
A. Passive LPV Approach

In the passive LPV approach, it is assumed that no
information about the faults is available on-line, thus the
controller cannot be scheduled by an estimation of the faults
affecting the system. However, there is some knowledge
available a priori about the boundedness of the faults, that
can be exploited in the controller design phase. Hence, if
a state-feedback control with tracking reference input, as
proposed in [14], is used, the feedback control law results in
the following structure:

u(t)

= 1 (T) + Kpas (9(7)) (x(7) —x,(7)) (5)
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where the state reference x,(t) and the feedforward control
action u,(t) correspond to an equilibrium point for the
reference (7).

The controller gain K4 (0(t)) € R™*"™ should be de-
signed in such a way that some desired specifications, among
which stability, should be satisfied for any value of ¥ € O,
and for any possible value of the faults f4(t) and f3(7).

B. Active LPV Approach

In the active LPV approach, an estimation of the faults is
provided by some fault estimation algorithm, and this infor-
mation can be used to schedule accordingly the controller.
Hence, if a state-feedback control with tracking reference
input [14] is used, the control law is expressed as:

u(t) = () + Kaer (8(7), £4(1), /5(1)) (x(7) —x-(7))  (6)

with the state reference x,(t) and the feedforward control
law u,(t) corresponding to an equilibrium for the reference
7(1). The controller gain K, (9(7), f4(t), f5(t)) should be
designed so as to satisfy the desired specifications for any
possible value of ¥(t), f4(t) and f3(1).

C. LPV Integral Action

Integral control is needed in order to eliminate the steady-
state errors due to inherent uncertainty in the modeling of the
system to be controlled. The fault occurrence gives rise to a
model mismatch that influences the steady-state behavior of
the system. For example, in the passive LPV approach, even
though some properties as stability and desired dynamical
performance can be assured despite the faults thanks to the
robustness of the control law, the tracking performances
could exhibit a degradation because the state reference x, (1)
and the feedforward control action u,(t) are calculated on
the basis of the nominal fault-free model of the system.
Thus, under fault occurrence, an adjustment of x.(t) and
ur(t) could be needed, but this is not achievable as it is
assumed that no information about the fault is available. On
the other hand, if an active LPV approach is used, such an
adjustment is possible and the addition of an integral action
would not be needed. However, steady-state errors in the
fault estimation could lead to a similar problem than the one
arisen in the passive LPV case, although less critical. This
motivates the use of LPV integral action.

In this paper, a method based on state augmentation is
used to add an integral action to the control law [15]. More
specifically, the state of the system (1)-(2) is augmented with
x/(t), the integral of the error e(t) = y(t) — r(1), therefore
arriving to the augmented plant model:

A( T 0 x(1)
{le ) J{ {% } (:)H}[Ll)x](:ir) v

where A7 = 0 in the C-T case and 4; = [ in the D-T case.



Notice that the addition of extra poles will typically lead to
a deteriorated response compared to the one obtained without
integral control.

IV. DESIGN USING LMI POLE PLACEMENT
A. LMI Pole Placement for LPV Systems

An LMI approach for the design by pole placement
constraints is described in [16]. The main motivation for
seeking pole clustering in specific regions of the complex
plane is that, by constraining the eigenvalues to lie in a
predefined region, a satisfactory transient response can be
ensured. A subset D of the complex plane is called an LMI
region if there exist a symmetric matrix o = [oyy] € R™*™
and a matrix = [By] € R"*" such that:

D={zeC: fp(z) <0} (8)

with
fo(z) = o+2B+2B" = [ow + Buz+ Buzli<pycpy )

Using Gutman’s theorem for LMI regions [17], pole
location in a given LMI region can be characterized in terms
of the m x m block matrix

Mp(4,X) =0 X+B® (4X) + BT ® (4X)T

10
= [ogX + BudX +BuXAT] o (10)

Then, a matrix 4 is D-stable (that is, all its eigenvalues
lie in D) if and only if there exists a symmetric matrix X
such that:

{ Mp(4,X) <0 (11

X>0

where Mp(4,X) in (10) and fp(z) in (9) are related by the
substitution (X,4X,X4T) < (1,z,2).

Consider the LPV system (1)-(2) under state-feedback
control law u(t) = K (9(t))x(t). The problem to be solved
consists in finding a state-feedback gain K scheduled by ¥
that places the closed-loop poles of (1)-(2) in some LMI
region D with characteristic function (9).

Notice that, following [18] and with a little abuse of
language, the poles of an LPV system are defined as the
set of all the poles of the LTI systems obtained by freezing
¥(1) to some value 9.

Hence, the pole-placement constraint is satisfied if and
only if there exists X = X7 > 0 such that:

0w +Bu[4(9) + BOK )X + BuX [4(0) + BOK )} <0

(12)

is satisfied for all possible values of ¥.

By means of the auxiliary variable I'(%) = K(9)X, the
matrix inequality (12) becomes an LMI, that can be solved
through convex optimization techniques:

o + B [4(9)X+ BO(D)]+Bue ()X + BON®) } <0

1<k,I<m

(13)
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B. Polytopic Approximation

From a practical point of view, (13) is useless because
it imposes an infinite number of constraints to be solved.
One effective way to solve this problem is reducing the
LMI constraints to a finite number through polytopic LPV
modeling.

An LPV system is called polytopic when it can be rep-
resented by state-space matrices whose dependence on the
parameter vector U, that ranges over a polytope, is affine

[13]:
(s )< (5)]

- {éai(ﬂ) < ;ﬁ > L0 (D) zoéai(ﬁ) = 1}

— —

(14)

In this case, under the assumptions that the input matrix is
constant, that is, B(%) = B, and that the controller structure
is polytopic as well, that is, K (9(1)) = ¥V, 0y (9(1))K;, the
problem reduces to computing a single matrix X = X7 > 0
and N matrices I'; = K;X such that:

(o X + Brr(A4iX + BL) + Bu(4iX +BT)' ] oy <O
(15)

Once the LMIs system (15) is solved, the controller gains
K; can be determined as K; = X~ 1.

Given an LPV system, starting with the assumption that
measurements of ¥ are available in real-time and the range
of U is known a priori, a polytopic representation of the
LPV system can be obtained using the technique described in
[19]. This modeling approach is referred to as bounding box
method because the convex hull generated by such approach
has always the shape of a rectangular bounding box, that is,
an hyperrectangle.

Remark: If the assumption that the input matrix B(%) =
B is constant were not satisfied, the difficulty could be
alleviated by pre-filtering the inputs u, as proposed in [13].
Specifically, define a new input vector & by:

o .x,;(‘t)

IA,;X,;(T) + Bi(7) (16)

u(‘t) = CL;XL;(‘C) (17)

where A4 is stable. The resulting LPV plant is described by:

( o.x(1) ):< A) )( *©) )+( 5 )a(:)

G.x;(T) xa(T)
(18)
that satisfies the assumption.

B(9(1)) Gy
Az

V. APPLICATION EXAMPLE

The application example used in this paper is a two-
wheel differential robot simulator. The simulated robot has
a circular shape with a diameter d = 2r = 0.34m and a mass
m = 2.92kg. The vehicle is driven by two differential drive
wheels that can reach the maximum speed of Zyax = 0.5m/s.
By altering the speed of the individual wheels, the direction
of the movements can be changed.
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Fig. 1. The robotic platform used in the example.

A mathematical model of the robot (Fig. 1) can be
obtained through a balance of the forces and the moments
acting on the system:

{ mz = (FL +Fr— Fdrag,L - Fdrag,R)

\ 19
%mrze = (FR — I +deg7L _Fdrag,R) r (19)

where:

Fdrag.L = kdrag\{L |VL| FdragﬁR = kdragV'R |VR|
vp=2—10 VR =Z+7r0

with kg, = 11kg/m being the drag coefficient in the normal
operating conditions, z the total covered distance, z the linear
velocity, 8 the yaw angle and  the angular velocity. The
system can be controlled using the available control input
F1 and Fp, that are the forces acting on the left and the right
wheel, respectively.

By considering the state vector x = [ z 2 0 6 ]
the input vector u= [ F; F ]T, and embedding the non-
linearities in the parameters, (19) can be put in a quasi-LPV

T
>

form as follows:

X1 0 1 0 0 X1
X 0 ﬁl(x) 0 ﬂz(x) X u
a =0 o o o +B< 0 > 20)
X4 0 r% 1(}2 (x) 0 193 (x) X4
with: .
B 0 1/m 0 =2/(mr)
“\NO0 1I/m 0 2/(mr)
and  vector of  varying parameters O(x) =

[ 01(x) O2(x) O3(x) |7, where ©i(x), ©(x)

V3(x) are defined as follows:

72kdmgx2 /m Xy > |VX4|
-~ ) 2rkaragxa/m —rxq <xa <rxy
01 (x) = a2, 04) = 2rkgragxs/m Xy < Xp < —Ix4
deragXZ/m Xy < |rX4‘
kadmngx(; /m x> |rxa|
_ _ ) —2rkgragxa/m  —rxg <xz <rx4
B2 (x) = a4 (x2,%4) = 2rkragxa /m rxg < Xxp < —rxy
2kdrag”2x4/m X < |rxg]
—4kgragxa /m X3 > |rxa|
_ _ ) —Arkgragxs/m —rxg < Xp < Fxy
03(x) = aga(x2,%4) = 4rkd,.agx4 /m rxg < Xp < —Ixs4
4kdragx2/m x3 < |1yl

and
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VI. RESULTS

The robot can be affected by parametric faults (unexpected
change in the drag coefficient k4e), and sensor/actuator
faults, of either additive or multiplicative faults. In this paper,
we focus on the parametric fault, that can be quite critical
if no measures are taken. In Fig. 2, the time response of the
robot with different values of the drag coefficient is compared
under the following conditions:

« the controller is designed to put the closed-loop poles in

a circle of center (—5.5,0) and radius 4.5 without taking
into account the possibility of faults occurrence; this
choice guarantees a decay rate A € [1s, 10s], a minimum
damping ratio { = 0.5750 and a maximum undamped
natural frequency w; = 8.1816rad/s;

o a bounding box characterization of the quasi-LPV
model is used for designing the controller, using the
following extreme values for the state variables affecting
the quasi-LPV model parameters':

Xt = 0.5 X =05 ¥Pit=-3 xP*=3
« the reference is chosen as follows:
_ , [0.1,0.2]" t<15s
0.5 0] =4 04,037 155<6 <305
[-0.3,-0.7)"  30s <t < 60s

t . t
(1) = Ofxff(t)dt (1) = ({xfffmdr

5
25 30 35
8 |
_—= |
= N |
6= |3 |
ref \
4 K| ‘w‘
Kig™> ‘\‘ |
2 Ko™ \ ‘\‘
k, =0 ‘\ |
drag \ |
0 L
25 30 35 25 30 35
time time
Fig. 2. Time response of the robot under fault occurrence.

It can be seen that the controller has an intrinsic robustness
against faults and can tolerate them until a certain magnitude
without losing the system stability (e.g. kgmg = Skg/m,
corresponding to the red line). However, taking a look at the
position of the poles under fault occurrence (Fig. 3), it can
be seen that even though the fault k(’;mg = 5kg/m does not
affect the system stability, it compromises its performance,
as the desired specification in terms of poles location is no

longer respected.

IThese extreme values have been found by simulating the non-linear
model applying the maximum and minimum possible inputs F,;, = —2.7N
and Fuqe = 2.7N.
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Fig. 3. Pole placement of the robot under fault occurrence without FTC
for different possible values of the faulty drag coefficient.

Using passive FTC, it is possible to enforce the robustness
of the controller under fault occurrence. Once a desired
region of the complex plane has been chosen, it is possible
to find a lower bound for the faulty drag coefficient that
makes the design LMlIs feasible. In this example, for the
circle of center (—5.5,0) and radius 4.5, a limit value of

drag = 7kg/m has been found. Fig. 4 shows a comparison
between the closed-loop poles without FTC and the ones with
passive FTC with such a value of the faulty drag coefficient,
for 10000 different realizations of the robot state matrix. It
can be seen that if no fault tolerance is enforced during the
design phase, the poles can escape from the desired region.
The proposed approach avoids such undesired behavior.

without FTC passive FTC

5
4 .k 4
3 3
2 / 2
/
/
1 / 1
T 0 PR S 0 P S—
E i \
-1 \ -1
-2 \\ -2
-3 -3
-4 -4

=10 -8 - -4 -2 o -0 -8 -6 -4 -2 0
Real(s) Real(s)

Fig. 4. Robot under fault occurrence: comparison between pole placement
without FTC and pole placement with passive FTC (Kd,.agf = Tkg/m).

On the other hand, active FTC is less conservative than
passive FTC because the fault is dealt with as it were a
scheduling variable and not an additional uncertainty against
which robustness must be enforced. A lesser conservative-
ness can be seen analyzing the lower bound for the faulty
drag coefficient that makes the design LMIs feasible for the
desired region of the complex plane. In Fig. 5, it is shown
that active FTC is able to satisfy the desired specifications
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for a circle of center (—5.5,0) and radius 4.5 for any value of
the faulty drag coefficient until 0kg/m. The position of the
closed-loop poles does not depend on the specific realization
of the robot state matrix.

5 5
q=5.5r=4.5 q=5.5r=4.5
* kdrag =11 * kdrag =5
O
g 0 * * 0 * *
E
-5 -5
-10 -5 0 -10 -5 0
5 5
g=5.5r=4.5 q=5.5r=4.5
orag = ! * Kgrag=0
z
g 0 0 * *
E
-5 -5
-10 -5 0 -10 -5 0
Real(s) Real(s)
Fig. 5. Pole placement of the robot under fault occurrence with active

FTC for different possible values of the faulty drag coefficient.

However, a drawback of the active FTC methods is that
the precision of the fault estimation can affect the perfor-
mances in terms of fault tolerance. This is shown in Fig.
6, where it can be seen that as the uncertainty in the fault
estimation grows, so does the variation of the closed-loop
poles position?. This effect may even cause the closed-loop
poles to leave the desired region of the complex plane, as in
the case of an estimation error bigger than 80% of the real
value of the faulty drag coefficient.

The comparison between passive FTC and active FTC
has been carried out for different regions of the complex
plane, all expressed as circles with a certain center (—g,0)
and a certain radius . For a lack of space, the obtained
results are not shown in a graphical form, but summarized
in Table I, where the lower bound on the value of kgmg for
which fault tolerance is guaranteed is given for each circle
in both the passive and the active FTC cases. Moreover, for
the active FTC case, the tolerated uncertainty is shown too.
It can be seen that there is a trade-off between performances
and tolerable fault in the passive FTC case, and between
performance and tolerable uncertainty in the active FTC
case. It appears clearly that the designer of the FTC system
should choose the strategy according to the availability of an
estimation of the fault magnitude and the goodness of this
estimation.

21n this work, the problem of fault estimation is not addressed. Hence,
the uncertainty in the fault estimation is modeled as random noise uniformly
distributed around the real value of the drag coefficient.
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Fig. 6. Pole placement of the robot under fault occurrence with active FTC
for different possible uncertainties of the fault estimation (kgmg = 5kg/m).

TABLE I
COMPARISON BETWEEN PASSIVE FTC AND ACTIVE FTC

Center | Radius k{;m pas. k(/;m act. | Tol. unc. (k(;m = 5kg/m)
(—10.5,0) | 10.5 0kg/m Okg/m 210%
(—9.5,0) 9.5 | 0.5kg/m | Okg/m 190%
(—8.5,0) 8.5 1.6kg/m | Okg/m 160%
(-7.5,0) 7.5 | 2.6kg/m | Okg/m 150%
(—6.5,0) 6.5 | 3.8kg/m | Okg/m 130%
(—5.5,0) 5.5 5.9kg/m | Okg/m 100%
(—5.5,0) 4.5 Tkg/m Okg/m 80%
(—5.5,0) 3.5 8.6kg/m | Okg/m 20%
(—5.5,0) 2.5 | 99kg/m | Okg/m 10%
(—5.5,0) 1.5 | 10.6kg/m | Okg/m 6%
(—5.5,0) 0.5 1lkg/m | Okg/m 0.6%

tolerance can be achieved, with respect to the active FTC.
On the other hand, the latter is sensitive to uncertainties in
the fault estimation that can reduce or even eliminate the
benefits of such approach.

It seems clear that an important direction for further
research is to investigate the design of ybrid FTC controllers
that can merge the benefits of active and passive FTC
controllers, while at the same time reduce or even nullify
their respective drawbacks.
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