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On computing inner-outer factorizations of periodic systems

Andreas Varga

Abstract— A numerically reliable state space algorithm is
proposed for computing inner-outer factorizations of causal
periodic descriptor systems. The main computational ingredi-
ents are the computation of a special condensed Kronecker-like
form of periodic pairs using orthogonal reduction algorithms
and the solution of periodic Riccati equations. The proposed
approach is completely general, being applicable to arbitrary
causal periodic systems with time-varying state dimensions.

I. INTRODUCTION

The inner-outer factorization is a powerful tool which is
useful in many applications in control theory of both standard
and periodic systems, including the solution of spectral
factorization widely used in optimal control, signal process-
ing and communication, normalized coprime factorization
with applications to v-gap norm computation, solution of
loop transfer recovery problems and Hs/H ., -optimal model
matching synthesis problems of controllers or fault detection
filters.

The periodic inner-outer factorization (PIOF) of a causal
periodic system can be defined as a series coupling of a
causal periodic inner system and a causal periodic outer
system, or equivalently, in terms of the product represen-
tation of the corresponding proper transfer function matrices
of appropriate lifted representations of these systems (see
next session). The existing computational algorithms employ
either lifting-based approaches relying on reliable algorithms
for standard discrete-time systems [1] or state-space methods
developed for special cases of periodic systems, as for
example, periodic systems with injective input-output maps
and without zeros on the unit circle [2]. Besides excessive
computational burden, the lifting based approaches are not
preserving the structure of the lifted system representations
and therefore needs to additionally determine periodic real-
izations of the outer and inner factors, which involve delicate
numerical computations [3].

In this paper we propose a general algorithm to compute
the PIOF of arbitrary causal periodic systems. The main
novelty with respect to the approach described in [2] for stan-
dard periodic systems is its ability to compute the PIOF for
causal periodic descriptor systems with arbitrary zeros and
time-varying state dimensions. Also there are no restrictions
regarding the injectivity of the system input-output map. The
main computations consist in the reduction of the original
problem to a simple case by employing a special deflating
technique and the solution of the associated periodic Riccati
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equation of reduced dimension. The underlying computa-
tional techniques employ structure exploiting and structure
preserving algorithms, which directly lead to state-space
realizations of the factors. The employed computational
algorithms are numerically reliable, by using extensively
reduction techniques based on orthogonal transformations.

II. PRELIMINARIES

We consider linear periodic time-varying discrete-time
descriptor systems of the form

Erx(k+1) = Agx(k)+ Bru(k) 0
y(k) = Cra(k) + Dyu(k)

where the matrices F), € R *™+1 A, € R**" B, €
Ryvexm - € RP*™ Dy € RP*™ are periodic with period
N > 1. The periodic system (1) will be alternatively de-
noted by the periodic quintuple S := (Ey, Ay, By, Ck, Dy).
We assume that ijzl v = Z,If:l ny is always fulfilled.
Periodic systems of this general forms have been considered
in several works (see for example [4], [5], [6], [7]). In what
follows we summarize some notations and definitions for
periodic systems used throughout the paper.

A. Causal periodic systems

The case of causal systems, when v, = ng4+; and Ej
are invertible matrices, plays an important role in most
of applications. For a causal system (1), we denote the
monodromy matrix at time k by

1 -1 -1
‘I'E,;lAk = Ek+N—1Ak+N*1Ek+N—2Ak+N*2 B Ay

The eigenvalues of W B A, are called characteristic mul-
tipliers of the periodic pair (Fy, Ay). Let D denote the
interior of the unit disk centered in the origin and let D
denote its closure including the points on the unit circle
too. We denote . the complement of D with respect to
the complex plane C (i.e., D, = C \ D). We say that S is
stable (or equivalently the periodic pair (Fy, Ay) is stable) if
all characteristic multipliers have moduli less then one (i.e.,
A(\IIEk—lAk) C D). Note that W1 , has always n; —n null
eigenvalues, where n := min{nkk}. The rest of n eigenvalues
of U B A, form the core characteristic multipliers and are
the same for all values of k. For non-causal systems (e.g.,
with Fj singular or even non-square), similar notions like
finite and infinite characteristic multipliers can be defined
using lifting-based representations (see for example [5]).
The definitions used for reachability and observability of
causal periodic descriptor systems are those of [4], which
also apply for the more general non-causal case. For causal
systems, we will use the following simpler definitions of
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stabilizability and detectability. The causal periodic system
S is stabilizable if there exists a periodic Fj, of appropriate
dimensions such that the periodic pair (E), Ay + BiFy) is
stable. Similarly, the causal periodic system S is detectable
if there exists a periodic Ly, of appropriate dimensions such
that the periodic pair (Ey, A + LiCy) is stable.

B. Similarity transformations

_Two periodic systems S := (Ey, Ay, Bg, Cy, Dy) and
S := (Fx, Ak, By, Ck, Dy,) are called similar if the matrices
of their state-space representations are related by

By, = U EyViey1, Ay = Uy Ay Vi, B, = Uk B, G, = O}V,

with Uy and Vi N-periodic nonsingular matrices. Two

similar systems have the same input-output map.
C. System couplings

The coupling of two periodic systems
S = (B Al Bk et DYy and S, =
(E,(f ,A,C ,B(2SC C<2§C D(2 ) we denote with &y x Sz =
(Ek,Ak,Bk,Ck,Dk) and has a realization with the
state-space matrices

series

1 1 1) ~(2
s [E 0] 5 _[a® socp
0o BY o AP |
. BWp@ N
Bk = kBIE)Q)k 5 Ck = |: O’E}) D](cl)cl(f) :| )

Dy =D\"DY

A similar realization corresponds to the parallel coupling of
two periodic systems S; and Sy denoted by S1 @ Ss.

We denote by [S; S2] and [ §1
2

concatenated couplings, respectively, which have obvious
state-space representations. For example, the realization of

the input and output

[S1 82 := (Ek,ﬁk,ék,ék,ﬁk) has the matrices
~ E(l) 0 N A(l) 0
Ek = k (2 b Ak = k 2)
o EBY 0o Al
B B 0 3 DIPE)
Bk) = ]6 B’E?) ) Ck: = |: O/(c Ck :| )

B[ o b ]
D. Inversion and conjugation

The inverse of S = (Ey, Ay, Bk, Ci, Dy) for invertible

Dk is
87! = (Ey, Ap—ByDy 'Cy, By Dyt —

D;'Cy, DY) (2)

More general inverses of periodic systems are discussed in
[7].

_The conjugate system S~ is defined as S~ =
(E, Ak, Bk, Ck, Dy), where (see [8])

AT o ~ [ EF, 0
:|7 Ak_|: O 9

Ek:{B,{ 0 ~1

~ —cr

E. Lifted representation

}, Gi=[0 I]. Dp=0

We can formulate the factorization problems addressed
in this paper and interpret the obtained results in terms
of the transfer-function matrix (TFM) corresponding to the
associated stacked lifted representation of [9], which uses the
input-state-output behavior of the system over time intervals
of length IV, rather then 1. The lifted input, output and state
vectors are defined as

ug(h) = [WT'(AN+Ek)---uT(ARN+k+ N -1)]T,
Gp(h) = [y" (AN +k)---y"(hN +k+ N —1)]",
Zp(h) = [#T(ARN +k)---2T(hN+k+ N —1)|T

and the corresponding lifted system at time moment k£ can
be represented by a linear time-invariant (LTT) discrete-time
descriptor system of the form

By 7i(h + 1) = Ay 74 (h) + Biain(h)

U(h) =Crn(h) + Dyun(h) (3)
where
[ Ag —FE; O O
O
A —2E} = L Buns O |@
0 . Agyine —FErine
|—2Ep4n1 O -+ O Apynat |

is the pole pencil of the periodic pair (A, Fj) and

=S .

Bg = dlag{Bk,...,Bk+1\j_1},
OlfS' = dlag {Ck'7 . '7Ok7+]V—1}’
Dk :diag {Dk7-~-aDk+N—1}-

The pN x mN TEM of the lifted-system at time moment &
corresponding to S we denote by

GR(z) =

It can be shown that the TFM G%(z) of a causal system
(i.e., E invertible) belongs to a special type of proper TFMs
for which G, (cc) is finite and has a lower block-triangular
structure, with all diagonal blocks of the form p x m. Only
proper TFMs with this special property correspond to causal
periodic systems.

The previously defined operations with periodic systems:
series coupling, parallel coupling, inversion (2), or conjuga-
tion, can easily be expressed in terms of TFMs as follows:

CL By — AN 'BS + D

G (2) = GRH(2) G2 (2),
GO (2) = G (2) + G (2),
G (2) = (GE(2) 7L,
Gy (2) = (G5 (1/2)7.

In what follows we assume that the lifting of input and output
concatenated systems is done by preserving the original
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separation of the inputs and outputs (instead of lifting jointly
the inputs and outputs). This has the important consequence
that the lifted TFM of an input concatenated system [S; Ss |
can be built by concatenating the individual lifted TFMs
column-wise, i.e.

G S =169 (2) G (2)]

Similarly, the lifted TFM of output concatenated systems can
be built by stacking the individual lifted TFMs row-wise.

F. System zeros, left/right Kronecker structures

The zeros of the periodic system S can be defined as the
zeros of the lifted TFM G (2) and thus of the associated
system pencil

PS(z) = 5)

c, D

a5 B, B ]

We call the periodic system S minimal phase if P (z) has
only zeros in ID. This pencil also provide information on the
left and right Kronecker structure of G¢ (z). For example, to
a full column rank G (z) corresponds a system pencil P (z)
without right Kronecker structure. For further details on the
determination of system zeros and the Kronecker structure
see Appendix A.

III. THE PERIODIC INNER-OUTER FACTORIZATION

In this paper we consider the computation of a factorized
representation of a causal periodic system S in the form

S = §+*S8,
= [Si,l Siyg] * |: 88’1 :|
= 5@1 *8071 (6)

where §; and S, ; are periodic systems with special prop-
erties. The lifted TFMs corresponding to the factorized
representation (6) can be expressed similarly as

G3(2) = G (2)Gye (2)

So,1
— 167 ) 6] | O ]
S

=Gy ()G (2)

The factorization S = S; 1 *S,,1 in (6) is called an periodic
inner-outer factorization (PIOF) if G‘,j’”l (z) is an inner TFM
satisfying Gil(z)Gfl(z) = I, and G‘,j”’l(z) is an outer
TFM, having full row rank and only zeros in the closed unit
disk D. The full factorization S = S; x S, with G¢*(z) an
inner and square TFM is useful in solving optimal controller
and filter synthesis problems. The inner system S,  is called
the complementary inner factor and its conjugate 57 is an
all-pass left annihilator of the periodic system S.

In the rest of the paper, we describe computational algo-
rithms for the PIOF, where we address first the simple case of
causal periodic systems with time-varying state dimensions
without zeros on the unit circle and having injective input-
output maps. Then, we discuss a general PIOF algorithm,
whose main novelty is a preprocessing procedure by which

the PIOF for an arbitrary causal periodic system is computed
by determining the PIOF of a reduced order system using the
simple case solution method. Both algorithms are numer-
ically reliable and exclusively rely on structure preserving
lifting-free computations.

IV. COMPUTATION OF PIOF: THE SIMPLE CASE

Let S = (Ek, Ak, By, Ck, Dy;) be a causal periodic system
with F square and invertible. We assume that the realization
of S is stabilizable and detectable. Further, we assume the
lifted TFM G5, (2) has no zeros on the unit circle and has
full column rank. The following result extends those of [2]
to causal periodic descriptor systems with time-varying state
dimensions.

Proposition 1: For the stabilizable and detectable system
S = (Fk, Ak, By, Ck, Dy.), let X}, be the symmetric periodic
stabilizing solution of the generalized periodic discrete-time
algebraic Riccati equation (GPDARE)

El' | XpEr1 = Al X1 A + CLCy,
—(A} Xp41 B+ CF D) R (B Xp 1 A+ D Cy) - (T)

where R, = Dng + Bng+1Bk, and let Fj be the
corresponding stabilizing periodic feedback matrix

F, = —R. Y (BF Xy 11 A + DECy,). 8)

Then, the outer factor S,; has the periodic state space
realization

1 1
8071 = (Elm Alﬁ Bk7 _R]i Fk? R/i)
and the inner factor S; ; can be expressed as

Si1 = (Eg, Ag + BpFy, Blezéyck + Dy Fy, DkRk_.%)

Proof. The assumption on stabilizability and detectability
guarantees the existence of a unique stabilizing non-negative
definite symmetric periodic solution X}, of the GPDARE (7).

It is easy to show that S and S;; x S,,1 have the same
input-output maps. Further, we can show that S, ; has only
stable zeros, by explicitly forming the inverse system

Syt = (Bx, Ay + ByFy, BeR; %, Fy, Ry ?)

and observing that this periodic system has only stable
characteristic multipliers, because the feedback Fj}, in (8) is
stabilizing.

To show that &;; is inner, we use the extension of
the characterization of inner factors for standard periodic
systems (i.e., with Fy = I) in [10]. For this we check
by direct computation that for the periodic realization of
Si1 = (Ek,i;s Ak,i, Br,i, Ck.i, Di;) the following conditions
are fulfilled:

Ag,iXk-ﬁ-lAk,i + C]z:lckz Elzll,iXkEk—l,i
Bl Xp+1 Ak + DfCri = 0 ©)
D,Zka,i+B,£iXk+1Bk,i = 1T

|
For the numerical solution of the GPDARE, numerically
reliable computational approaches are described in [11].
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Remark. It is easy to show that S~ % S and S§7 % S,1
have the same input-output map. Therefore, if S is stable,
then S, ; is the minimal phase stable spectral factor of S. If
S is not stable, then S, ; is the minimal phase factor of S.
|

The complementary inner factor can be determined in a
similar way as in the LTI case [12], by writing down the
conditions (9) for the system [S; 1 S; 2], with a realization
of ;2 chosen in the form

Si2 = (Eg, A + B Fy, Y, Cr + Dy Fi, Zy,)

It follows that the periodic matrices Yj, and Zj must satisfy
the conditions

Ang_;,_lYk + Cng = 0
Bng+1Yk + Dng = 0
Z;{Zk + YkTXk+1Yk = 1

Note that Y}, and Zj, are related to F}; only implicitly through
Xk.
The computation of Y; and Z; can be done as follows.

First, determine for each k£ an orthonormal basis Xk of
k
T
the right nullspace of the matrix { Ay quf + C’% } . Then,
By, Dy,
perform the normalization
Yy Yy 1
=| 2 | H
{ Z } Zy, *

where Hng = Z,CTZ;C + ?kTXkH?k.
V. COMPUTATON OF PIOF: THE GENERAL CASE

Consider a causal periodic system S =
(Ex, Ak, By, Ck, Dy) for which we only assume that
is stabilizable. Let QJ, and Zj be orthogonal N-periodic
matrices determined using the procedure presented in
Appendix B to reduce the N-periodic pair (S, 7)) with

[ A By [ B O
Sk.._{ck Dk}’ Tk._[o 0} (10)

to the form (?/WT/C) = (QkSka,QkaZk+1), where

B Aprg  * * - Eprg * %
Sk = 0 Agpe Brpe |, T = 0 Epw O
0  Crupe Drpe 0 0 0

Let Gf“ (z) be the lifted TFM of the periodic system
Sve = (Erpe, Ak pes Br,ve, Cr,ve, Do pe) (11)

Since Gf”(z) has only zeros in . and has full column
rank, we can apply the method for the simple case considered
previously to compute the inner factor. The following result
shows that the inner factor corresponding to Sy, is also the
inner factor we seek for the original system, while the outer
factor automatically results.

Theorem 1: For the stabilizable and detectable system
S = (Ey, Ak, Bi, Ci, Dy,), let Sy defined in (11) be the

reduced stabilizable system whose matrices are constructed
in Appendix B. With obvious index replacements, let X}, p¢
be the periodic stabilizing solution of the associated periodic
Riccati equation (7) and let Fj;, be the corresponding
stabilizing periodic feedback. Then, the inner factor S; ; of
the PIOF of S in (6) has the periodic realization

Si1= (Ek,bbgk,béa Ek,bz, 5k,bz, f)k,bz) (12)

with _

Appe = Appe + BrpeFrpe

§k,be = Bk,blR;;gg

Cipe = Crpe+ l?k,béFlc,bé

Dipe = DinRyp,
and the outer factor has the realization

Soi = (B, Ay, Br, Ci, Dy.) (13)

where, with Z;, defined in (15)

~  ~ 1
[Ck Di]=RZy[0 — Frpe 112]
Proof. We show successively that:
1) Sand §;1 xS,,1 are t@ same periodic system,
2) 8,1 has only zeros in D,
3) ;.1 is inner.

1) To prove that S = S; 1 * S,,1, we use the realizations
of S;;1 and S, 1 in (12) and (13), respectively, to build the
realization of S; 1 % S,,1 defined by the periodic quintuple
(Ek, Ak, Bk, Ck, Dk), where

~ | Eppe O

By = [ 0 EJ '

A = A ve + Brve Fi oo BrpeCl B, — By e Dy,
k 0 Ak ) Bk )

Cr = [ Chpe + D veFrope DiepeClr | Dy = Dy, pe Dy,
where

J— P _1 ~ ~

[Cr D] =R 3[Cx Dyl =10 Frpe 1127}

We perform on S; 1 * S,,1 a similarity transformation with
periodic matrices of the form

_ I —YkJ o 1 Yk,2
Lo om0 ]

to obtain

. . . 0
ViExWii1 = By, VipBi = [ By ] ;

Vk;{ka _ |: Ak,bé +Bk,b€Fk,b£ 0 :l ’

0 Ag

CrWy = [ Chpe+ DipeFrpe Cre |,

with Ck,e = Dkwbgék + (Ckybz + Dk7bZFk’b£)Yk’2. The
newly created zero blocks (underlined) show that Ay ,r +
By beF pe is non-reachable and the realization of S; 1 xS, 1
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is (Ex, Ay, Bi, Ck.c, Dy peDy.). To achieve this, the periodic
matrices Y 1 and Y} » must satisfy the two matrix equations

A By
[Yia _Bk,bé][ci Dl;] = (Ak,pe + BrpeFiope) [ Yi2 0]

Yi1Er = B peYrt1,2
Since E} ;¢ is invertible, we can express
Yit12 = E];;gyk,lEk
By choosing Yy 1 = [0 I]Uy, it is easy to see that
[Yit12 0] =[0I 0]Z,

and also tIE first matrix equation is fulfilled. Also,
[Cke DipeDy] can be expressed as

Dive[Cr Di] + (Crpe + Dy peFrepe)[Yio 0] =

[0 Crkpe DipelZF =

[Cr D]

2) To show that S, ; has on1y~zergs in D we show that
the corresponding periodic pair (Sk,T}) defined as

s | A B ~ [ E;, 0
Sk{@c Ek}’Tk[O 0}

has no zero structure corresponding to D.. This follows by
computing

U 0 Akrg - x #
-1 Ska = 0 Ak:,bé Bk,b@
0 Rk,be 0 —Five I
Ue 0 E%rg E* 3
—1 kLk+1 — k,bl
U 0 0 0

The system zeros are partly those contained in the
periodic pair (A g, Frrg), Which, by construction of
the Kronecker-like form, all belong to D. The rest of
the zeros corresponds to the invertible periodic system
(Ek.pes Ak,be, B pe, —Fl e, I) wWhose zeros are the poles of
its inverse, that is, of the characteristic multipliers of the
periodic pair (Ax pe + B peFrbe, Ex pe) which all lie in the
interior of the unit disk, because Fj, ;¢ is a stabilizing periodic
feedback.

3) To show that S; ; is inner, we use the characterization of
inner factors for standard periodic systems (i.e., with E} =
I) in terms of the periodic observability Gramian [10]. For
this we can show that for the periodic realization of S; ;1 =
(Ek,i, Ak,i, Br,i, Ck.i, Dg.;) the following conditions of [10]
are fulfilled:

AZ:,;ch+1,bEAk:,i + C]’;zCk’L E]Zﬂ_lﬂij:,béEkfl,i
B i Xiy1.06Ar.i + DI Ch 0
D}Zka,i + B;ZZ-XkH,beBk,i = I

VI. CONCLUSIONS

The proposed computational method for determining
inner-outer factorizations of causal periodic systems is com-
pletely general, being applicable to periodic systems with
time-varying state dimensions, with arbitrary zeros and with
a possibly non-injective input-output map (i.e., the corre-
sponding lifted TFM has no full column rank). The proposed
algorithm is lifting-free and operates exclusively on the
matrices of the periodic state-space description. In a first step,
structure preserving orthogonal similarity transformations are
performed at the level of component matrices to determine
a reduced system whose inner factor coincides with that of
the original. For this system, a minimum phase factorization
problem is solved, by solving a periodic Riccati equation.
Reliable numerical algorithms for this purpose are described
in [11]. Overall, the proposed method is numerically reliable,
relying only on numerically stable or numerically reliable
computational steps.

APPENDIX
A. Periodic Kronecker-like form
The system pencil P,f (z) of the lifted system (3) contains
all information regarding system zeros and the Kronecker-
structure of the lifted TFM G (z). The same information is
however provided by the block-permuted pencil

PO Gy = L PS (o)1
where II; and I, are suitable (orthogonal) block permutation
matrices and

© S 1.0 .. 0O
O :
P () o —Teins O
19) T Skene —Thyne
| —2Tiing O -+ O Sk+N-1

with Sy and T}, defined in (10).

An algorithm for the reduction of the periodic pair
(Sk,Tx) to a periodic Kronecker-like form (S, Tj) :=
(QrSkZy, Qi Tk Zr+1) using orthogonal periodic matrices
Qr and Zj) was proposed in [13]. Using this algorithm in
conjunction with eigenvalue reordering techniques [14], we
can determine, for example, a decomposition of the form

By, Ap, * * * *
O O Ak,g * * *
g o 0] O 0] Ak,b * *
Lo 0 0 0 Ap. * |
0] O O O O Ay
| O O O O O  Cky |
O Ey » * * * x ]
O O Ep, * * *
- O O O Ek,b * *
"=10 0o 0 0 Ea. =« |
0O O O O 0] Er e
| O O O O O O |



where:
(a) E, is invertible and the periodic pair
E,;iAkm, E;;}.Bk,r? is completely reachable;
(b) Ey,e is  invertib and the periodic pair
Cy. [Ek 1,0 Ay ;Ek 1 e) is completely observable;
(c) Ag, oo is invertible and the product
AL Ek oo - k+J\L1,ooEk'+1\H,oo is nilpotent;

(d) Ekyg and Ek,b are non-singular, ¥ Erl A, has eigenval-

ues only in D, and ¥ By Ak has only finite eigenvalues
in D..

The resulting reduced pencil

. Sk, .
diag(Qk, ..., Qr+N— 1)P( r k)( )diag(Zg, . . .,

—=(Sk, T} .
has the same structure as P, " k)(z) and allows to isolate
subpencils (using only block permutations) which character-
ize particular sets of zeros or the left/right Kronecker struc-

Zr+N-1)

tures. For example, the subpencil P(Ak’wEk’g)(z)

—(Ak,b, Bk b

has only
zeros in D, the subpencil P}, (z) has only zeros in

D., while P,(f oo B M)(z) has only infinite zeros. Also, the
subpencils corresponding to the pairs ([By ,, Ak,r|, [Ek,r, 0])

and Are , E.e have the same right and left
Chr.e 0

Kronecker structures as P( " k)( ), respectively.

B. Computation of a special condensed form

We use a reduction technique inspired from [1], which is
adapted to the periodic matrix pairs (Sk, T) in (10) with E},
square and nonsingular.

First, we choose a periodic orthogonal matrix Z,gl) such
that

[Cx D12 =10 D]

where D;, has full column rank r. We define

(1) @ _ | Ar1 Ak
S = Sk { 0 Dy }
1 1 Erpy Egp
Tli )= TkZliJr)l = { 0 0 :|

where [ E), 1 Ej 2] has full row rank ng .

We compute combining the algorithms proposed in [13]
and [14] periodic orthogonal matrices Uy, and Z ,(f) to reduce
the periodic pair (A1, Ek,1) to a periodic Kronecker-like
form (ﬁkvl, Ekl) similar to (14) with

~ A *

Apy = UkAk,lz,f):[ oo T M]
Ey . *

By —UkEmZkH{ v EW},

where the periodic pair (A g, Ey ) contains the right
Kronecker structure information and the zeros in D (good
zeros), while the periodic pair (A p¢, Fk. p¢) contains the left
Kronecker structure information and the zeros in D. (bad
zeros).

Overall we have with Qj, := diag(Uy, I,,)

Ak,'r‘g 7* 7*
= Qs S( dlag(Z(Q) I,)= 0 Akpe Brpe
0 0 Dy,
Ek,'r‘g * *
2 1 o
T( ), QkT( )dlag(Z,(ﬁﬁl,Lnk) = 0 FEkpe Frpe
0 0 0

where [ Ex 50 Fg pe] has full row rank.
Finally, we compute orthogonal matrices Z ,23) such that

[Ex e Fk,bz]Z(Jr)l =[Ekys 0]
with E} ¢ invertible and define
Ak rg * *
S = SPdiag(1,z) = 0 A B

g =S, diag(I, Z;”) kbt Brbe
0 Crpe Drpe

B Eyrg * *

Ty =T diag(1,28)) = | 0 Epw 0

0 0 0

where (Si, Tk) = (QuSkZi, QuTi Zi41) with

7, = 2N diag (217, 1, )diag(I, Z¥) (15)

The pGI’iOdiC system (Ek,bZ, Ak’bg, Bk,bfa Ck,b[, Dk,b[) with
p outputs and possibly time-varying number of inputs, has
only zeros in D, and the associated lifted system pencil has
no right Kronecker structure.
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