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Abstract— To analyze a non linear closed loop which rep-
resents a high order aeroelastic model of a large civil aircraft
interconnected with non-linearities, an Integral Quadratic Con-
straints (IQC) approach has been involved. This approach is
particularly interesting for two reasons. The first one is that it
is possible with the same stability criterion to analyze a large
class of stability problems. And the second reason is that the
stability criterion is based on a frequency domain inequalities
(FDI). Usually the Kalman-Yakubovich-Popov (KYP) lemma is
involved to transform this infinite set of inequalities into one
linear matrix inequality (LMI). But this kind of approach leads
to a strong increase in the number of optimization variables.
Consequently a new FDI based algorithmic approach has been
developed. Usually the number of FDI to satisfy is infinite. To
tackle this problem a specific technique has been developed. It
consists in computing a frequency domain where the solution is
valid. By an iterative approach this domain is extended until it
covers [0,+∞[. In this way the solution obtained from the FDI
is necessarily valid on the frequency domain continuum and the
number of optimization variables remains limited which makes
tractable the IQC approach for high order models.

I. INTRODUCTION

The IQC technique, which appeared during the Nineties

at least in its modern form [9], can be viewed as the

merging of two well-known robustness analysis techniques,

namely the (scaled) small gain techniques, the best known

being µ analysis [4], and the positivity/passivity techniques

which study the interconnection of an linear time invariant

(LTI) operator with a non-linearity (the famous ”Lur’e

problem”). As a consequence, the IQC technique enables

to study a wide range of problems, namely the robust

stability and performance properties of the interconnection

M(s)−∆ of an LTI operator M(s) with a structured model

uncertainty ∆ containing non-linearities, LTI and/or linear

time-varying (LTV) parameters, neglected dynamics, delays,

specific non-linearities such as friction or hysteresis. . .The

principle is to replace each block of uncertainty by an IQC

description of its inputs/outputs, i.e. the inputs/outputs of

the block (e.g. a non linearity inside a sector, possibly

with a bound on its slope) are supposed to satisfy a set of

Integral Quadratic Constraints [9], [6]. The finer the IQC

description of the block, the less conservative the result.

This approach is very interesting for two reasons. It includes

in the same formalism a large set of linear and non linear

stability theorems. The formalism used in the IQC approach

can be described as an unified formalism. And secondly

this unified formalism is based on inputs/outputs approach,
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namely a frequency domain approach.

In the context of a large civil aircraft application, we use

standard IQC descriptions of the uncertainties and focus

on the algorithmic issue. Let us remind that the stability

criterion of this approach is based on FDI. Then the most

classical way to solve an IQC analysis problem consists in

solving the state-space LMI conditions derived from the

KYP lemma, so that the optimization variables come from

the IQC multipliers, but also from the Lyapunov matrix

P. However, this solution becomes untractable when the

order n of the state-space representation becomes too high,

since the number of scalar optimization variables in P

grows quadratically with n. Noting moreover that the initial

state-space representation of M(s) is augmented with the

state-space representations of the dynamic multipliers, so

that even if the order of the initial state-space representation

is low, it may increase very fast when introducing dynamic

multipliers. Different approaches based on Hamiltonian

matrix as been developed ([8], [10] for example) to avoid

this problem. Here an alternative technique is implemented.

The approach developed on this article is particularly

attractive due to its conceptual and computational simplicity.

Besides the technique is based on very usual and common

solver which is the LMI control Toolbox of Matlab. In

brief the implementation is straightforward, completely

self-contained in Matlab environment, which might useful

for engineers in need for efficient and fast answers to

analyze stability of complex problems.

An approach which consists in checking the validity

of the solution on the whole frequency domain has been

developed. This approach is based on a mathematical

result on the singular value maximum of an LFT (Linear

Fractional Transformation) structure where the ∆ block

is a real perturbation model [11]. More precisely when

a solution is obtained from a frequency domain gridding

the stability criterion which depends on frequencies is put

under an LFT form to make appear the frequency ω as a

real parameter in the ∆ block of the LFT. Then the validity

domain of the solution is computed thanks to an algebraic

approach extracted from [11]. If this domain is [0,+∞[
the solution is valid on the whole frequency domain. Else,

frequencies where the FDI are not satisfied are detected

and are added to the initial frequency domain gridding

and a new solution is computed with the new gridding

and so on. If no solution is obtained on the gridding the

problem is considered as unfeasible. In brief the stability
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problem is recast as an LMI feasibility problem where the

constraints (FDI) are added iteratively. Finally the number

of optimization variables is completely independent of the

model order.

But it remains a problem since IQC stability criterion is

based on FDI, i.e. a positivity constraint and not a weak

gain constraint as in [11]. But thanks to a specific bilinear

transformation, namely the Cayley transformation [1], this

positivity condition, which corresponds to our stability

criterion, is replaced by a weak gain condition. By this

transformation these two kinds of inequalities are perfectly

equivalent.

The considered non-linearities are the control surface

freeplays of a large civil aircraft, idealized as a concentrated

structural non-linearity. As a consequence, the whole non-

linear system can be split in a non-linear part, representing

the actuator stiffness affected by the freeplay and a linear

part, representing the aeroelastic behavior of the whole

aircraft with its rotation-free control surface. This technique

is validated and used to analyze stability in the linear or

non-linear case as shown in [5], [2]. The application is done

on a aeroelastic model interconnected with two static non-

linearities. But usually the order of these models is very

high (> 500). So to limit the computational burden, it is

interesting to reduce the order of the aeroelastic model. This

reduction step is based on balanced state space realization

which allows to reduce effectively the model order. But even

in this case the order is equal to 150. To guarantee that the

stability is ensured with the full order model it is possible to

take into account in the analysis scheme, simultaneously with

non-linearities, a frequency domain error which represents

the reduction error and can be interpreted as a neglected

dynamic. In brief if the stability is ensured on the reduced or-

der model interconnected with non-linearities and neglected

dynamics then the stability is ensured with the full order

model interconnected with non-linearities.

II. IQC PRINCIPLE

An IQC (Integral Quadratic Constraint) describes a rela-

tion between inputs and outputs signals of an operator. These

constraints can be defined in the time or frequency domain

since these two formulations are completely equivalent.

Nevertheless frequency domain constraints are more often

used, which leads to obtain stability conditions which are

easier to handle. The definition of an IQC is given in the

frequency domain:

Definition 2.1: Two signals respectively of dimension m
and p, square integrable on [0,∞[ i.e. :

v ∈ Lm
2 [0,∞[ , w ∈ Lp

2[0,∞[

satisfy the IQC defined by Π if and only if
∫ ∞

−∞

[

v̂(jω)
ŵ(jω)

]∗

Π(jω)

[

v̂(jω)
ŵ(jω)

]

dω ≥ 0 (1)

where v̂(jω) and ŵ(jω) respectively correspond to Fourier

transforms of v and w such as w = ∆v.

A priori the operator Π, called multiplier, defined from jR
in C(m+p)×(m+p) can be any measurable Hermitian-valued

function. In most situations it is sufficient to use rational

operators that are bounded on the imaginary axis.
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Fig. 1. Non linear, uncertain and time varying closed loop.

The problem consists in analyzing the closed loop of

Figure 1 with ∆ which can be non linear and non stationary.

Let us suppose that inputs and output signals of ∆ satisfy the

IQC defined by Π. The following result gives the stability

criterion [9].

Theorem 2.2: Let us suppose G(s) stable and ∆ a causal

and bounded operator:

• the interconnection of G and τ∆ is well posed for any

τ ∈ [0, 1],
• τ∆ satisfies the IQCs defined by Π, ∀τ ∈ [0, 1],
• it exists ǫ > 0 such as:

∀ω ∈ R

[

G(jω)
I

]∗

Π(jω)

[

G(jω)
I

]

≤ −ǫI (2)

the closed loop system of the figure (1) is stable.

It is important to notice that if τ∆ satisfies several IQC

Π1, . . . ,Πn, then a sufficient condition for the stability is

that it exists x1, . . . , xn ≥ 0 such as the inequality (2) is

satisfied for Π = x1Π1 + . . .+ xnΠn.

III. LIST AND PARAMETRIZATION OF IQCS

A. the global multiplier

In this section a list of IQCs used in our analysis problem

and their parametrization w.r.t optimization variables to solve

the feasibility problem is presented. From this parametriza-

tion the global multiplier is built to be implemented and

solved thanks to the Matlab LMI toolbox. For more details

reader can refer to [6], [7]. IQC for sector non-linearity ϕ
with a sector (0, 1) is the following one:

Πsector =

[

0 1
1 −2

]

(3)

ΠPopov = λ

[

0 jω
−jω 0

]

, ∀λ ∈ R (4)

where finally the multiplier:

Πϕ = xΠsector +ΠPopov =

[

0 x+ jωλ
x− jωλ −2x

]

(5)

with x ≥ 0 and λ ∈ R.

For the real scalar δ case the multiplier is:

Πδ =

[

X(jω) Y (jω)
Y ∗(jω) −X(jω)

]

(6)

360



The parametrization used for X(jω) and Y (jω) are:

X(jω) = R̃(jω)∗UR̃(jω) = R(jω)∗R(jω)

Y (jω) = V S̃(jω)− S̃(jω)∗V T = S − S∗ (7)

with U = UT , X(jω) = X(jω)∗ ≥ 0 and Y (jω) =
−Y (jω)∗.

For a dynamic uncertainty ∆(jω) it suffices to take

Y (jω) = 0, and then the multiplier becomes:

Π∆ =

[

X(jω) 0
0 −X(jω)

]

(8)

It is important to keep in mind that the structure of X(jω)
is different between the real and dynamic case since X(jω)
is a repeated complex scalar for ∆(jω) and a full complex

matrix for δ. From µ-analysis point of view X(jω) must

commute with the full complex ∆(jω) block and/or the

repeated real scalar δ.

Let us consider a non linear and uncertain closed loop

which corresponds to the interconnection between a linear

part represented by G and a block Φ = diag(ϕ,∆, δ)
where ϕ represents one or several non-linearities, ∆ dynamic

uncertainties and δ real uncertainties. Finally the global

multiplier is:

Π(jω) =

[

0 0 x + jωλ 0

0 R̃(jω)∗UR̃(jω) 0 V S̃ − S̃∗V T

x − jωλ 0 −2x 0

0 S̃∗V T
− V S̃ 0 −R̃(jω)∗UR̃(jω)

]

B. The LMI feasibility problem

In brief the stability of the closed loop which corresponds

to the interconnection by a positive feedback of a sector non-

linearity (0, 1) and real/dynamic uncertainties with a linear

part G(s) is ensured by solving the following LMI feasibility

problem.

Find λ, x, U = UT , V such that:
[

G(jω)
I

]∗

Π(x, λ,X, V )

[

G(jω)
I

]

< 0 ∀ω ∈ R

R̃(jω)∗UR̃(jω) > 0 ∀ω ∈ R

x > 0

If there exists a solution the closed loop is stable.

Remark 1: This form cannot be directly implemented, a

factorized form which allows to separate the dynamic part

to decision variables is involved.

Remark 2: if n frequencies are considered then a problem

with 2n+ 1 LMI constraints is obtained.

IV. PROPOSED METHOD

A. State space approach

The classical approach to solve the previous LMI feasi-

bility problem is based on the Kalman-Yakubovitch-Popov

lemma.

Lemma 4.1: Let us consider M a symmetric matrix,

A,B,C,D a state space representation of Φ such as Φ(s) =
C(sI−A)−1B+D and ∀ω ∈ R det(jωI−A) 6= 0 then the

two following propositions are equivalent: (i) the quadratic

constraint

∀ω Φ(jω)∗MΦ(jω) < 0 (9)

is satisfied

(ii) it exists P = PT > 0 such as
[

CT

DT

]

M [ C D ] +
[

I 0
A B

]T [ 0 P

P 0

] [

I 0
A B

]

< 0

The important point is that the second proposition can

easily be solved since it is a feasibility problem under LMI

constraints. We notice that inequality does not depend on

frequency but a new optimization matrix P has appeared. In

other terms an infinite set of constraints has been transformed

into one constraint with a new optimization variable P . To

involve the stability criterion (2) in theorem 2.2 it suffices to

choose the multipliers as:

r
∑

i=1

xiΠ(jω) = Ψ(jω)∗MΨ(jω) (10)

where M is a symmetric matrix, structured according

to the problem considered. This matrix contains a set of

optimization variables. With

Φ(jω) = Ψ(jω)

[

G(jω)
I

]

= C(jωI −A)−1B +D (11)

the previous lemma allows to transform the inequality (2)

into an LMI w.r.t. optimization matrices P , and M .

B. Frequency domain approach

An infinite number of LMI constraints has been replaced

by one LMI constraint. Nevertheless this transformation

is not ”free” since a new optimization matrix P appears

whose the size depends on the order of G plus dynamics of

Ψ. More precisely the number of decision variables grows

quadratically which can lead to computational problem.

In this article the optimization problem is solved directly

from frequency domain inequalities thanks to a gridding. Of

course the drawback to this approach is the lack of guarantee

on the validity of the solution on the frequency domain

continuum.

For this a specific technique is involved to guarantee that the

solution is valid on the whole frequency domain. In fact the

basic idea is to represent the frequency as a real uncertain

parameter in an LFT. The issue is to determine a complex

matrix S, for a given strictly positive frequency ω0 such as:

Ξ(j(ω0 + δω)) = Fl(S(ω0), δωIm) ∀δω ≥ −ω0

where Ξ(s) is dynamic system, (AΞ, BΞ, CΞ, DΞ) a state

space representation of Ξ(s) and m the order of Ξ(s).
Besides it is well known that:

Ξ(j(ω0 + δω)) = Fl(Ξ0,
Im

ω0 + δω
) ∀ω ≥ −ω0
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with

Ξ0 =

(

DΞ
CΞ√
j

BΞ√
j

−jAΞ

)

Besides let us notice that:

Im
ω0 + δω

= Fl(T, δωIm)

with:

T =
1

ω0

(

Im Im
−Im −Im

)

In brief we have an LFT of an LFT:

Ξ(j(ω0 + δω)) = Fl(Ξ0, Fl(T, δωIm)) ∀ω ≥ −ω0

= Fl(S(ω0), δωIm)

where S(jω0) can be written as follows:

S(ω0) =

(

DΞ
CΞ√
j

BΞ√
j

−jAΞ

)

∗

(

1

ω0

(

I I
−I −I

))

where ∗ is the star product. Let us remind that the star

product corresponds to the interconnection of two LFTs.

The validation on the frequency domain continuum is

based on following lemma [11]:

Lemma 4.2: Let us consider the general case of a lower

LFT Fl(M,∆) where ∆ is a real diagonal model perturba-

tion, whereas M is a complex matrix which is partitioned

as:

M =

[

M11 M12

M21 M22

]

Let:

∆̃ =

[

∆ 0
0 ∆

]

H =

[

M22 0
0 M∗

22

]

−

[

0 M21

M∗
12 0

]

X−1

[

M12 0
0 M∗

21

]

X =

[

I M11

M∗
11 I

]

Let us suppose that σ(M11) < 1 and let k < 1/µ∆(M22).
Then

σ(Fl(M,∆)) < 1 ∀∆ ∈ kB∆

if and only if

det(I − ∆̃H) 6= 0 ∀∆ ∈ kB∆

where µ represents the structured singular value [3] and B∆

the unit ball in the space of the structured perturbation ∆.

This technical result can be applied to S(ω0) intercon-

nected to δω as a lower LFT where δω is the real parameter

in ∆.

Proposition 4.3: if σ(Ξ(ω0)) < 1 then

σ(Fl(S(ω0), δωIm)) < 1 holds true for ω0 + δω ∈ [ω, ω]
where ω and ω are computed as follows:

S(ω0) =

[

S11 S12

S21 S22

]

and

X =

[

I S11

S∗
11 I

]

Let then:

H =

[

S22 0
0 S∗

22

]

−

[

0 S21

S∗
12 0

]

X−1

[

S12 0
0 S∗

21

]

Let ηn be the real negative eigenvalue of H of maximal

magnitude. Then:

ω = ω0 +
1

ηn
(12)

Let ηp be the real positive eigenvalue of H of maximal

magnitude. Then:

ω = ω0 +
1

ηp
(13)

This proposition is an application of lemma 4.2. It suf-

fices to write Fl(S(ω0), δωIm) = S11 + δωS12(Im −

δωS22)
−1S21. Besides condition σ(M11) < 1 of lemma

4.2 is equivalent to σ(S11) < 1 which corresponds to the

condition σ(Ξ(ω0)) < 1 of proposition 4.3. The assumption

k < 1/µ∆(M22) means that Fl(S(ω0), δωIm) is well-posed

for δω = −ω0 and thus for all δω ≥ −ω0. And finally lemma

4.2 can be applied by noting that det(I − δωH) = 0 can be

rewritten as det(I/δω −H) = 0.

In brief if we consider a transfer matrix Ξ, in order to

determine the frequency domain containing ω0 such as the

maximal singular value of Ξ(jω) is inferior to 1, it suffices

to evaluate ω and ω as above.

But it remains a problem since the IQC formalism involves a

positivity condition (9) and not a weak gain condition as used

here. To solve this problem a specific bilinear transformation

is used. This transformation, named Cayley transformation,

is the following one:

σ(Ξ) ≤ 1 ⇔ Z + Z∗ ≥ 0 (14)

with Ξ = (I−Z)(I+Z)−1. In other terms if Z represents

the stability criterion typically the positivity condition by

taking the opposite of inequality (9), an inequality of type

weak gain which is completely equivalent to the positivity

condition is obtained by this transformation. This equiva-

lence requires that (I + Z) is invertible. Let us notice that

in the IQC context Z = Z∗.

1) Sketch of the algorithm: The algorithm can be sum-

marized by the following steps:

1) A solution is searched for on a frequency domain

gridding (at worst only one frequency can be used

at the beginning) to satisfy the stability criterion
[

G(jω)
I

]∗

Π

[

G(jω)
I

]

< 0;

2) If no solution is found stop. Else go to step 3;

3) A frequency domain, where the stability criterion

is satisfied with the solution obtained previously, is
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computed. If the frequency domain is [0 + ∞[ the

solution is validated on the whole frequency domain

and the stability is proved. Stop. Else go to the step 4;

4) Critical frequencies where the stability criterion is not

satisfied are added to the frequency domain gridding.

For this, midpoints are considered and the one where

the stability criterion is the most violated is chosen.

Go to the step 1.

By this iterative approach the validation step is performed

a priori and during the LMI optimization problem resolution.

The choice of the initial gridding has no influence on the

feasibility problem. It is possible to choose at the first

iteration just a singleton. But to limit the number of

iterations, and consequently the calculation time, without

any knowledge a priori, it is recommended to take some

frequencies roughly spread on the frequency domain. It

is possible, when first solutions are obtained, to tune this

initial frequency domain gridding to decrease the number

of iterations.

Remark 3: It is necessary to check the positivity constraint

of the multiplier X(jω) = R̃(jω)∗UR̃(jω) for all ω. Of

course it is possible to proceed of the same way: frequencies

where the multiplier is negative are added in the optimization

problem by an iterative approach. But this approach is

useless and increases the computational burden. By noting

that hardly always X is positive when the stability condition

is satisfied for any frequency, the positivity condition of X
is checked by the technique presented previously just once,

i.e. when the stability criterion is satisfied on the whole

frequency domain. In the exceptional case where it exists

a frequency such as X(jω) < 0 then this frequency is added

in the optimization problem and another solution is searched

to satisfy the stability condition and the positivity of X .

V. APPLICATION

The main idea is to separate the condensed structural non-

linearities from the rest of the linear aircraft model. The

aeroelastic equation is written for the linear part, i.e. for

the aircraft in nominal configuration except for its control

surfaces (two elevators in our study), which are connected

at their hinges but have no stiffness in rotation. Thus the

resulting modal basis includes the rotation modes of both

elevators which are at zero frequency. For each elevator, the

non-linearity is modeled as external force, applied between

its attachments. Then both linear and non-linear models are

linked via the relative displacement of the attachments and

the actuator forces. The study of the non-linear aeroelastic

model can be viewed as a problem of closed loop represented

by Figure 2.

A. Application to the aeroelastic model

An aeroelastic model with two freeplays on elevators has

been considered (c.f. Figure 2). This model is characteristic

of aeroelastic models used for load level evaluation or

stability analysis. To limit the computational effort for the

Fig. 2. Non-linear aeroelastic model.
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frequency domain validation step, it is interesting to reduce

the order of G(s). In brief the optimization problem is

independent from the order of G(s) but the validation step is

based on eigenvalues of H whose the size depends on G(s)
order. To ensure stability on the full order model a frequency

domain error between the full and the reduced model is

modelized. This error is seen as a neglected dynamic rep-

resented by ∆(s). Finally G is the linear part seen by the

block Φ = diag(ϕ,∆). G has four inputs/outputs which

correspond to inputs/outputs of linearities and ∆ block. For

the LMI resolution the LMI toolbox of Matlab (R2007a) has

been used.

To reduce the model order a very classical approach has

been involved. This one is based on Gramian-based balancing

of state-space realizations. More precisely for stable systems,

a balanced realization is a state space representation for

which the controllability and observability gramians are

equal and diagonal. When this representation is obtained, the

states with the lowest controllability/observability gramians

are considered as negligible and then are eliminated.

The full order aeroelastic model is of order 550. Finally a re-

duced order model of order 152 is obtained which represents

a very important order reduction. Figure 3 represents the
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maximum singular value plot of the full and reduced order

model. We notice that the difference remains very weak.

The final step is to prove the stability with the two non-

linearities on the full order model. As indicated previously

this is done by considering the reduced order model with two

non-linearities combined with the frequency domain error

∆(s). The results are obtained in some dozens of seconds

since finally the number of optimization variables is very

limited in spite of the order of the reduced aeroelastic model

(= 152). More precisely X(jω) = x(jω)I2 with x(jω) =
r̃(jω)∗ur̃(jω), r̃(jω) = [1 1/(s+1)]T , and u = uT a 2×2
symmetric matrix, consequently M contains 7 (4 from the

Popov multiplier + 3 from u) decision variables, in brief

the frequency domain approach contains only 7 decision

variables. With the KYP lemma it is necessary to add opti-

mization variables of P . For P we have (n2+n)/2 variables

where n corresponds to the order of the augmented system,

i.e. 160 (152 for G(s) + 8 for Ψ(s), where Ψ(s) contains

poles of r̃(s) plus the dynamic of the Popov multiplier). In

brief the number of decision variables is equal to 12887, i.e.

12880 from P + 7 from M . Either the problem is untractable

or the resolution time is unacceptable. Even if it is possible

to reduce the order of the reduced model to 50 for example,

with a larger ∆(s), the number of decision variables is high

and the state space approach remains outperformed by the

frequency domain resolution. And it is important to keep in

mind that it is rarely possible to have an order inferior to 50

for an aeroelastic model of a large civil aircraft.

The initial frequency domain gridding is ω0 =
0, 0.1, 1, 5, 10, 100, 1e4, 1e5 rad/s. The result is obtained in

20 s and 5 iterations and the final frequency domain gridding

contains 20 frequencies.
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To illustrate the solution validity, eigenvalues plot of

Φ∗MΦ are given by Figure 4. We notice, of course, that these

eigenvalues are real and negative since Φ∗MΦ is hermitian

and a solution is obtained. We can conclude that the non

linear closed loop which correspond to the full order model

with two non-linearities of sector (0, 1) is stable.

Briefly, even if both elevators are affected by relatively un-

known non-linearities, which respect a sector, thanks to IQC

one can conclude to the stability. The practical advantage

is to avoid any further linearized analysis or time domain

simulation at certain flight points.

VI. CONCLUSION

In this article a new algorithmic approach based on IQC

technique has been presented. Usually the KYP lemma is

used to transform the stability criterion which consists in

turning an infinite set of LMI constraints into one LMI.

The main drawback is that a decision matrix P is added

and consequently the number of decision variables grows

quadratically.

To avoid this kind of problem the frequency domain criterion

is explicitly used. To guarantee the solution on the whole

frequency domain and not only on the frequency domain

gridding an LFT structure is involved where ∆ contains the

frequency ω. Then it becomes possible to treat this variable

as a continuous variable as for any µ analysis problem

and to check the validity of the solution on the frequency

domain continuum. In brief the number of decision variables

is independent from G(s) order and the obtained solution is

valid on the whole frequency domain.

Finally to illustrate the approach an application with a high

order aeroelastic model is done. This application contains

two sector non-linearities and one MIMO dynamic uncer-

tainty. Results show the algorithm is effective to treat high

order analysis problems.
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