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Abstract— In this work, sufficient conditions for the existence
of switching laws for stabilizing switched T-S fuzzy systems via
a fuzzy Lyapunov function are proposed. The conditions are
found by exploring properties of the membership functions and
are formulated in terms of linear matrix inequalities (LMIs).
A state feedback design is also used to extend the applicability
of the results. Numerical examples illustrate the effectiveness
of the proposed design methods.

I. INTRODUCTION

Recently, Takagi-Sugeno (T-S) fuzzy models have been
used to investigate the dynamic behaviour of switched non-
linear systems [1], [2], [3], [4]. The main attractiveness of
T-S fuzzy modeling is that the stability analysis and the
controller design can be formulated in the framework of
LMIs, which can be efficiently solved by convex program-
ming techniques [5].

Stability and stabilization of switched T-S fuzzy models
are usually investigated via a common quadratic Lyapunov
function [1], [2], [3], [4]. This approach consists of finding
a symmetric positive definite matrix to satisfy all Lyapunov
inequalities associated to each fuzzy rule of the system.
However, to find a common matrix satisfying all Lyapunov
inequalities, for a T-S fuzzy system with a large number of
rules, may be too conservative. To overcome this problem, in
this paper, sufficient conditions for the existence of switching
laws that stabilize the switched T-S fuzzy systems using
a fuzzy Lyapunov function are presented. Fuzzy Lyapunov
function approaches allow to explore membership function
properties to reduce the conservativeness in the LMI-based
stability conditions. Differing from [4], the presented results
are obtained without any requirement on the matrices of the
local models. In addiction, a state feedback design is also
presented.

Throughout this paper M > 0 (IM > 0) means that the ma-
trix M is a real symmetric and positive definite (semidefinite)
matrix. Similarly, M <0 (M < 0) means that the matrix M
is symmetric and negative definite (semidefinite) matrix. The
symbol “*” within a matrix represents the symmetric terms
of the matrix.
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II. PRELIMINARIES

Let us consider the following switched nonlinear system

%(t) = Foon (x(8),u(t)) )

where x(t) € IR"® and u(t) € IR™ are the state and input
vectors, respectively. Define a set & = {1,2,---, N}, where
N is the number of subsystems, o(x(t)) : R"* - &£ is
a piecewise constant function of the state called switching
signal and f,, is a smooth nonlinear function for all p € 22. It
is assumed that the state of (1) does not jump at the switching
instants, that is, the solution x(¢) is everywhere continuous.
The smooth nonlinear function f, can be exactly represented
by a T-S fuzzy model in the following subset of the state
space [6]:

Si={x(t) e R"™ :|z;(1)| <z}, jes )

where . c {1,2,-,n,} and Z; is a known positive real
number for all 7 € .#. Then, the switched nonlinear system
(1) can be described by fuzzy IF-THEN rules, as follows [2]:

Model rule k for subsystem o(x(t)) = p:
IF x1(t) is Mpp1 and xo(t) is Mppe and - and z,(t) is
Mpiq
THEN x(¢) = Apix(t) + Bpgu(t), k=1,2,-- 7,
where Myi;, 7=1,2,-,q, q <ng, are the fuzzy sets. The

overall fuzzy subsystem o(x(t)) = p is obtained by fuzzy
blending k-rules as follows:

x(t) = Z B (x(1)) (Apx(t) + Bpru(t)) ()
k=1

where A, € IR™*" and B, € IR"*™"* are the matrices
of the local models, 7, is the number of model rules of the
subsystem o(x(¢)) = p and

o (x(1)) = )

Yy wpr (x(1))
with wpk (x(t)) = TTj_; Mpk;j(x;(t)) the normalized weight
function for each local model. In hpr(x(t)) the term
Mpii(x;(t)) represents the grade of membership of xz;(t)
in the fuzzy set Mpy;.

Remark 1: If no constraint on the state z;(t), j € . is
needed, then S = IR"~*.

It should be noted from the properties of membership
functions that the following relations hold:

Vpe D, ke Ry, hpe(x() 20 and 3 hye(x(t)) =1 (4)
k=1
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with 2, = {1,2,--,r,}. From (4), it follows
Z ho(x(t)) =0, Vpe2, 5)
B2(x(8)) =1 Z P2 (x(1))

k#ﬁ

25 S b)) ki (x(5)) ©)

k=11i=k+1

N
for any pe & and B e ) %, and

p=1
N Tp N r¢
2| 2 ok = 20 D T th -
p=1 k=1 N-1 ¢=11i=1

Lp

N Tp N rp=1 1p
> 2 k230 ) hpi i
=11 p=1 k=1 i=k+1

2 N-1 Tp Ty

hpihei =0. (7)

For simplicity, in what follows,
by hpk.

To establish the main results of this paper, consider real
numbers «,,, p € & satisfying

hpr(x(t)) will be denoted

N
>0, VpeZP and Zapzl (8)
p=1
and the following proposition.
Proposition 1: If there exist real numbers «y, p € &
satisfying (8) such that

N Tp
(1) = 3 0 Y i (Apix(t) + Bpku(t)) )
p=1 k=1

is asymptotically stable, then there exists a switching law that
ensures the asymptotic stability of the switched T-S fuzzy
system (3).

Proof: See [4]. |

III. STABILIZATION OF SWITCHED T-S FUZZY SYSTEMS

This section provides sufficient conditions for the exis-
tence of a state-dependent switching law o(x) that ensures
the asymptotic stability of the switched fuzzy system (3)
for the case u(t) = 0. The results are developed using the
following Lyapunov function candidate:

V(x(t)) = x(t)"P(h)x(t) (10)
where P(h) = Jz\f: i hpkPpk.

p=1 k=1
The first-order time-derivative of the normalized member-
ship function h,;, appears in the expression for the derivative

of (10) given as

V(x(t)) = %(t) P(h)x(t) + x(t) (P(h)x(t) + P(R)X(t))

Y

N Tp .

= > > hpePyy. Therefore, in order to obtain
p=1k=1

LMI conditions some assumptions are needed. Let h,, be

C" functions and assume that hpk is bounded. For known
positive real numbers ¢, define

Dy, = {x(t)

where P (h)

eR™ : |hpk| < dpr}, pe P and ke R,.
12)

Using Proposition 1, sufficient LMI-based conditions for
local stabilization of system (3) with u(¢) = 0 is proposed
next.

Theorem 1: Let oy, and ¢, be known real numbers
satisfying (8) and (12), respectively. If for some fixed [ €
N

() %, there exist matrices Ly, € IR"*™"*, Ry, € IR,
p=1
and symmetric matrices M, € IR"= " P, ¢ IR"=*",
T e IR*™=>**"=  satisfying (13)-(18) in the next page top.
Then, there exists a switching law such that system (3) with
u(t) = 0 is asymptotically stable.

Proof: Multiplying (15) by hyhei, (16) by hpphyi, (17)
by h?, and adding to (18) multiplied by h? 5, it follows that

N 7Tp 1g 2
Z Z pkhlz (Tpk it Tfl pk — WT)
p=1 t=p+1 k=11i=1 -
N rp=1 1y
£ 0D hykhi(Tprpi + pipr +2T)
p=1 k=1 i=k+1
N Tp N 7Tp .
+ Z Z thTPk_pk + Z Z h;Q)kT +Py
p=1 k=1 p=1k=1
k#B
N Tp rp=1 Tp
e - -2 S S by | Yy <0 (19)
p=1 11374;15 k=1 i=k+1

p=1k=1
(19) and con51der1ng (7), it yields

N Tp
with Py = > gbpk[ pkgMP S] Replacing (6) into

Tp Ty

Z z 3> hk hh( ph_ti + Tm;pk)

p=1 l=p+1 k=11=1

N =1 7y

+ z z Z hpkhpi(rpk,pi + sz‘,pk)

plklik+1

+ z z hkapk _pk T Z hpBTP,B _pB T P¢>

p=1 k=1 p=1
k#8
N N Tp 1y
= 2 bkl Yprei + Py
p=10=1k=11i=1
V11 U21
v —R(h)-R(h) | <O (&0

where V11 = (h)A(a h,) + A(OL h),L(h), + P¢, V21 =

P(h) - L(h)" + R(h)A(a,h), L(h) = Zlkzlhpkka,

N Tp
Z Z aphpkApk and
p=1k=1

N Tp
z z hkapk’ A(Oé,h) =

p=1k=1

R(h) =
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P,.>0, pe2 and keZ, (13)
Py, +M,>0, pe2 and keZ,, (14)
2
Tpk_gi-kfrgi_pk N - 1T<0 p<€ p,ﬁeg iG@g and kE%p, (15)
2 -
Yok pi + Ypipk —2Yp5 pg + NY¢ +2T <0, k<i, pe?? and i,ke%,, (16)
1 -
Tpk_pk—Tpg_pﬁ+NT¢+T<0, pe? and keZ,- {5}, (17)
1 -
Yo+ T<0 (18)
. Oég(kaAgl-FA, L,k) * P,.+M *
th Yok o = d Y,=7 + P P .
W PR Py — Ly, + angkAm Ry R, an ¢ Z 98-gb le kzl o 0 0
N Tp Ng .
Py = 33 épk (Ppi + M,). Pre-multiplying and post- model (3), Q(c) = {xp e R™ : V(x(t)) < ¢} the sublevel set

p=1k=1
multiplying LMI (20) by matrix [I
transpose, respectively, it yields

A(a,h)'] and its

P, + A(a,h)P(h) +P(h)A(a,h) <0. (21)
From (5), it follows that
Z hkapk = Z hpk (Ppr + M,) (22)
k=1 k=1

for any matrix M, p € 2. Thus, under assumptions |h,| <
Opk, VD €P, k€ Ry and (22), one has that

Z Z hoeP ok + Ao, h) P(h) + P(h)A(a,h) <0. (23)

Pre-multiplying and post-multiplying (23) by x(¢)" and its
transpose, respectively, one concludes that (11) along the
trajectories of the T-S fuzzy system (9) is negative for all
x(t) # 0. Therefore, from Proposition 1, there exists a
switching law that ensures the asymptotic stability of the
switched T-S fuzzy system (3) with u(¢) = 0. [ |

From Theorem 1, a stabilizing switching law can be
established via the following condition.

Switching condition 1: For u(¢) = 0, switched nonlinear
(1) can be switched to or can stay at mode p if at time ¢

x’(t){ % hpk(A;kP(h) + P(h)Apk) + P¢}x(t) <0. (24)
k=1

Remark 2: The LMI solution of Theorem 1 can also be
used to determine an estimate of the basin of attraction of
system (1). By definition, the basin of attraction of system
(1) is the following set

By = {XQ €S: lim x(¢) = 0}

t—+o00
where xo = x(tp) and O is the origin of the IR™*. Now,

Tp
let Z = ﬂ [( N Dpk) N S] be the set where the switched
k=1
nonhnear system (1) can be exactly represented by T-S fuzzy

of Lyapunov function candidate (10) and ¢* = max{ce IR :
Q(c) € Z}. By Theorem 1, for all x(¢) € Z such that xq €
Q(c*), V(x(t)) < 0and V(x(t)) < ¢*, thus tEl-;—noo Vi(x(t)) =
0. As a consequence tggrnoo x(t) = 0 and therefore Q(c*) is
an estimate of By.

Remark 3: The stability conditions of Theorem 1 are
based on the Finsler Lemma. This lemma was first used
in control in the analysis of stability [7]. Since then, it
has been used in several control problems [8], [9], [10].
In this lemma, the Lyapunov matrices are decoupled from
the system matrices. In [11], it was shown that matrices
decoupling increases the estimates of the basin of attraction.

The efficiency of Theorem 1 is illustrated by a numerical
example.

EXAMPLE 1

Consider a T-S fuzzy system (3) with local models

10 -10 10 -10
A”:[ 6.2 1 ] A”:[ 6.2 1.9 ]
(25)

Az = [ _?1>0 0.173 ] » An= [ _;0 0.127 ]
and membership functions
- 1 +sin(:101(t))7 his =1 i,
2 (26)
h21=m, haa =1 - hay
for the following subset of the state space: S = {x(¢) e R"" :

1 (t)[ <1}

Using MATLAB toolboxes YALMIP [12] and SeDuMi [5]
to solve (13)-(18) for a; = 0.4, ap = 0.6, ¢pp = 5.5 for all
peP ke, and =1, the following solution is obtained:

30.68 -1028 -2.71  3.68
11028 349 097 -1.34

T=| o571 097 -001 -00s8 |© @D
368 -1.34 -0.08 0.6
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P - [ 272 0.99 P [ 2.73 0.99
171099 173 | 271099 173 |
[ 2.69 0.92 [ 2.69 0.92
Py = | 092 1.65 ] Py = | 092 1.65 ] (28)
[ —2.72  -0.99 [ —2.69 -0.92
Mi=1 099 -1.72 ] M, = | -0.92 -1.65 ]

The eigenvalues of matrices A7 and A5 are 5.5+6.467 and
5.95 + 5.24, respectively. As the eigenvalues have positive
real parts, then, by the T-S fuzzy model, the subsystem 1
is unstable. On the other hand, the eigenvalues of matrices
A and Ay are —10.27, 1 and —10.28, 0.55, respectively.
Again, the origin is not a stable equilibrium point of sub-
system 2 for any solution with initial condition xq € Q(c*).
Although, subsystems 1 and 2 are not asymptotically stable,
Theorem 1 shows that there exist a Lyapunov function (10)
with membership functions (26) and matrices (28) for system
(9). Therefore, for all xq € 2(c*), switching law (24) with
matrices (25), (28) and MFs (26) ensures that switched T-
S fuzzy system (3) with local models (25) and MFs (26) is
asymptotically stable. Figures 1(a) and 1(b) show the system
state and the respective stabilizing switching law. Figure 2
shows the estimates of the basin of attraction for (c*), with
¢* =2.5. The sets Z and Q(c*) were obtained numerically
for a 0.01 grid.

—x1(t) ||
- - -22(1) ||
s e
s
181
161
=
S
b1.4*
121
RN ) -
0 1 2 3 4 5 6

(b)

Fig. 1. ) Switching solution with initial condition z¢ = [-0.4 —0.37]’
for system (3) with local models (25) and MFs (26), (b) switching law
satisfying (24).
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Fig. 2. Phase plane and basin of attraction for switched system (3) with
local models (25) and MFs (26).

Notice that switching law (24) allows some flexibility in
choosing the system to activate. For instance, Figure 1(a) was
obtained by checking (24) on the subsystem 1 first, for any
instant ¢. Thus, subsystem 2 is activated only when (24) is
not satisfied for the case p = 1. This represents a preference
on the activation of subsystem 1. Therefore, switching law
(24) allows the designer to use his experience to select the
order that subsystems will be checked. This characteristics
can decrease the number of switching needed to stabilize
nonlinear system (1).

Remark 4: Property (7) allows the addition of a slack
matrix variable T in conditions (15)-(18), improving the
feasible region of the LMIs. For T = 0, LMIs (13)-(18)
with matrices (25) are infeasible. Thus, Theorem 1 can not
ensure the asymptotic stability of Example 1.

IV. STATE FEEDBACK DESIGN

In this section, the parallel distributed compensation
(PDC) procedure [6] is used to design fuzzy controllers for
switched T-S fuzzy systems (3). With this procedure, the
designed fuzzy controller for fuzzy models (3), is of the
form:

u(t) = > hpKpex(t), Vpe2.
k=1

(29)

Replacing (29) into (3), the overall closed-loop system is
given by:

Tp Tp

x(t) = 20 hprhyi(Apk + BpKpi)x(t), Vpe2. (30)
k=11i=1

Now, sufficient conditions for the existence of gains K,;, p €

P, i€ R, and a stabilizing switching law o(x) for system

(30) is proposed using the same strategy of Theorem 1, that

is, verifying the existence of a Lyapunov function (10) for
system (9).

Theorem 2: Let o, and ¢, be known real numbers satis-

N

fying (8) and (12), respectively. If for some fixed [ € ﬂl Ry
p=

and a positive constant . there exist matrices W € IR™* "=,

Y, € R"™*"*, and symmetric matrices X,, € IR"**"* and

Qi € R™ " satisfying (31)-(35) in the next page top.
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Qp. >0, pe? and keR,,

(€19

Qpr + X, >0, pe? and ke 2R, (32)
2 -
Apk_pi + Api_pk - 2Ap5_p[5 + NA¢ < 0, 1 < k, pE % and i, ke %p, (33)
1 -
Apr_pl = Aps p + NAd) <0, pe? and ke, - {8}, (34)
1 ~
—A, <0 35
A< (35)
. _ B ap(Ap W + W’A;k +Bpr Y, + Y;Z-B;k) * ~ B N
with - Mg pi = [ Qpi = W'+ 105, (Ap W + By Y1) (W + W) ad Ag = pZ:l Apopn
£5 0% ]
p=1k=1 g 0 0

Then, there exists a switching law such that the switched

T-S fuzzy system (30) with local gains

Kpr = Y, W' (36)

is asymptotically stable for all x(¢) € Z such that xo € Q(c*).

Proof: Multiplying (33) by hprhp;, (34) by hzk, (35)

by hf)B and following the same steps from (19)-(20), it yields
/\11(0&,h) /\Ql(a,h),

Aor(a,h)  —p(W + W)

where A11(a,h) = A(a, h )W + W/ A(a,h) + By (a,h) +
By (a,h) +Qg, A21(a,h) = Q(h) - W' + pu(A(a, k)W +

<0 (37)

N Tp Tp
By(a,h)), By(eh) = 3 > > aphprhpiByc Yy,
- p=1 kj\:[l zT:pl
Q(h) = Z z hka;Dk’ Q¢> = Z Z (bpk(ka + Xp)
p=1k=1 p=1k=1

and A(a,h) as already defined. Performing the matrix
transformation

N Tp Tp

By(a, h) = (Z Z Zaphpkhpinkai)W

p=1k=11i=1

=By (o, )W (38)

(37) by

and pre-multiplying
4
] and its transpose, respectively, it yields

[W‘l 0,

0 W
;\11(a,h) ;\21(a7h),
Ao1(a, h) _N(W_l + (W,)_l)

and post-multiplying

<0 39)

with Aii(a,h) = (W) (A(a,h) + Bi(a,h)) +
’ _
(A(a,h) + Br(a,h)) W+ Py, dar(ah) =
P(h) - W+ (W) (A(a,h) + Br(ah)),
P(h) = (W)'QW™ and Py = (W) QW .
Which is equivalent to (20) for the E)articular case
L(h) = (W)™ and R(h) = p(W’)". Thus, when
(31)-(35) hold, by Theorem 1 there exists a switching law

ensuring the asymptotic stability of the switched T-S fuzzy
system (30). [ |

Switching condition 2: Let P,;, and K,,; be solutions of
Theorem 2. Switched system (30) with arbitrary /V individual
subsystems can be switched to or can stay at mode p if at
time ¢

X,(t){ Z Z hpkhm’[(Apk + B, Kpi) P(h)
k=11=1

+P(h) (A + Bpka—)] + P¢}x(t) <0. (40)

The efficiency of Theorem 2 is illustrated in the next
example.

EXAMPLE 2

Consider the switched T-S fuzzy system (30) with matri-

ces:
10 -10 10 -10
All:[&2 1], A12:[6.2 _1]7
0 1 0 1 @
Am:[ 3 0.73]’ A”:[ 3 0.27]’
0
Bi1=Bi2=By =By = [ 1 ] (42)

and membership functions (26). For the case u(t) = 0, LMIs
(13)-(18) are infeasible. Thus, Theorem 1 can not be used to
stabilize this example. Now, using MATLAB to solve (31)-
(35) from Theorem 2 with parameters o = 0.4, ag = 0.6,
¢pr, = 5.5 for all p e Pk e R, S =1and = 0.1, the
following matrices are obtained:

p [45.01 1387 p., - |3208 980
MU 1387 455]0 7| 980 327
[ 45.01 13.87 32.08 9.80
Pa1r=| 1387 4.55]’ P”:[ 9.80 3.27]’ )
[ 853.60  299.39
P¢:_299.39 106.04]’ “4)

4309



K =[-280.14 -92.90], Ky ~0,
Ko =[-276.06 -89.68], Ky =[2.72 1.27]. (45)

Thus, by Theorem 2, switching law (40) makes system (30)
with local models (41), (42), MFs (26) and local gains (45)
asymptotically stable. For initial condition zo = [-0.4 1.2],
Figure 3 shows the state and switching law of the closed-
loop switched T-S fuzzy (30). Notice that fuzzy controller
(29) associated with conditions of Proposition 1 was able to
stabilize this example. Figure 4 shows the estimates of the
basin of attraction for 2(c*), with ¢* = 1.8.

12 .
n
\ —x1(t)
T == =xza(t) |]
AY
AY
osr Y ]
AY
06 N 1
A Y
— \
X 04r Y q
% AN
N
02 S~ i
~e
P
—0.2f ]
~0.4 L L L
05 1 15 2
t
(@)
2f .
195 i
185 i
17} H
165 H
~
=15t
b
145
13}
12}
1.1
1 Jdyugony iyt
0 05 1 15 2
t
(b)

Fig. 3. a) Switching solution with initial condition g = [-0.4 1.2]
for system (30) with local models (41), (42), MFs (26) and gains (45), (b)
switching law satisfying (40).

V. CONCLUSIONS

Using T-S fuzzy modeling, LMI-based conditions for the
existence of a stabilizing switching law were proposed. It
was showed that stabilization of a switched T-S fuzzy system
can be obtained by finding a Lyapunov function for a convex
combination of all its T-S fuzzy subsystems. In addition, the
LMI solution was extended to the state feedback design. One
advantage of the approach is that the proposed stabilizing
switching laws allow the designer to impose a preference
over which subsystem activate.

~ N S N N \ \
<:>\x \ N N v y y
\ N N v y y
15 X \\ N N N Ny y y
ez
T~ 3
! N NG H sy v v
N ONON P
N 7N Y i
0.5 H H 3 H
= N ING i
o \'\ q e
Al 2 R P
80 NG i
05 N
by X \\
-1F 1 A A -
A A A x HN NI
B A A A ~ NN N
-1.5F 1 N N N N N NS
A A A A ~ N NN )
x A AL A A N N
0.4 0.2 [ 02 0.4 06
@1 (t)

Fig. 4. Phase plane and basin of attraction for switched system (30) with
local models (41), (42), MFs (26) and gains (45).
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