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Abstract— The main thrust of this work is on the penalization
of the pairwise state estimates used to enforce consensus in spa-
tially distributed filters. It is assumed that a spatially distributed
process has a network of in-domain sensors with spatially
distributed filters corresponding to each sensor in the network.
To better improve the agreement of the distributed filters, the
spatial gradient of the pairwise difference of state estimates is
used as a means to penalize their disagreement. Additionally, a
proportional penalization and an integral penalization for the
pairwise differences are also examined in order to lay down the
foundation for a spatial proportional-integral-derivative penal-
ization of the spatially distributed filters. Addressing the partial
connectivity issue, a condition that resembles the Lagrangian
potential for infinite dimensional systems is given in terms of the
inner product of the state errors and their pairwise differences.
In a forward looking approach, the extension to a more general
class of partial differential equations, written as evolution
equations in an appropriate Hilbert space, are examined and
the conditions regarding the network connectivity are expressed
as conditions on the inner product of the consensus operator
and the pairwise difference of the state estimation errors.

Index Terms— Distributed parameter systems; consensus fil-
ters; gradient consensus penalty.

I. INTRODUCTION

With the ever increasing interest in the collaborative

estimation via distributed learning, as realized through dis-

tributed filters with consensus, there comes the question of

how to enhance agreement and learning. More specifically,

in distributed filters with interaction that takes the form of

a penalty on the pairwise difference of the state estimates,

the question is what action you confer upon these pairwise

differences.

This paper addresses the question of how to penalize

the pairwise difference for a class of partial differential

equations. It is assumed that a network of agents, each of

which is equipped with a sensing device and processing and

communication capabilities, can provide its own filter for

the spatially distributed process. The interesting observation

about spatially distributed systems, such as the current partial

differential equation under study, is that the action on the

pairwise difference of the state estimates acquires an intuitive

sense. Specifically, each spatially distributed filter commu-

nicates (broadcasts and receives) the state estimates from its

neighbors and penalizes the spatial gradient of the pairwise

difference. The closest action from the finite dimensional

literature is when the pairwise difference is given as an input

to a transfer function.
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The contribution of this work is as follows: it proposes

spatially distributed filters for a spatially distributed sys-

tem (partial differential equation) that penalize the spatial

gradient of the pairwise difference of the state estimates.

The consensus filters follow in their basic structure the

ones first presented in [1]. This penalization is essentially

a derivative consensus control. It also examines the penal-

ization of the pairwise difference, thereby implementing a

proportional consensus control and to possibly address a

“spatial memory”, it also considers the spatial integral of

the pairwise difference as another approach for penalization.

The latter is a form of an integral consensus control. Each

of the above actions can be considered on its own, or

combined with the other two and when all are combined,

result in spatial Proportional-Integral-Derivative consensus

controllers for distributed filters. The closest counterpart for

finite dimensional systems, either for consensus on estimates

of synchronization, implemented a temporal integral action

to penalize the past history of disagreement, [2], [3], [4].

The issue of limited connectivity is also addressed in this

work and conditions for the type of network connectivity are

given implicitly.

II. PROBLEM FORMULATION

A representative example of a spatially distributed process

is the one-dimensional diffusion equation

∂tx(t, ξ) = ∂ξ(α(ξ)∂ξx(t, ξ))− β(ξ)∂ξx(t, ξ)

−γ(ξ)x(t, ξ) + b2(ξ)u(t),
(1)

equipped with the appropriate boundary and initial condi-

tions. For the ensuing numerical studies, we assume Dirichlet

boundary conditions x(t, 0) = x(t, L) = k, k ∈ R, and

the initial conditions are x(0, ξ) = x0(ξ), ξ ∈ [0, L]. Well-

posedness of the above PDE system can be inferred by

imposing the ellipticity condition [5] on the operator

Lϕ , −∂ξ(α(ξ)∂ξϕ(ξ)) + β(ξ)∂ξϕ(ξ) + γ(ξ)ϕ(ξ)

and square integrability of the control signal u. It is assumed

that m measurements are available to be used by the m

distributed filters. A model for the m observations is given

in terms of the spatially weighted state

yi(t) =

∫ L

0

ci(ξ)x(t, ξ) dξ, i = 1, . . . ,m. (2)

The functions ci(ξ) have support in the spatial domain and

describe the weighting of the state x(t, ξ) over their support.
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III. SPATIAL PID PENALTY CONTROL OF CONSENSUS

TERMS

We consider three different consensus filters and obtain

energy balance results for each case. When all three are

defined, then a spatial PID penalization of the consensus

filters can be constructed. To simplify notation, we use xij

to denote the difference xi − xj .

A. Derivative penalization of consensus filters

The m consensus filters in this case are given by

∂tx̂i(t, ξ) = ∂ξ

(
α(ξ)∂ξx̂i(t, ξ)

)
− β(ξ)∂ξx̂i(t, ξ)

−γ(ξ)x̂i(t, ξ) + κi(ξ)(yi(t)− ŷi(t))

+b2(ξ)u(t)− δ

m∑

j=1,j 6=i

∂ξx̂ij(t, ξ),

x̂i(t, 0) = x̂i(t, L) = k,

x̂i(0, ξ) = x̂0i 6= x0(ξ), i = 1, . . . ,m

(3)

where the filter gain has the specific form κi(ξ) = γici(ξ),
γi > 0, i = 1, . . . ,m. Defining the state estimation errors

ei(t, ξ) = x(t, ξ) − x̂i(t, ξ), i = 1, . . . ,m and the output

estimation errors εi(t) = yi(t)− ŷi(t) =
∫ L

0
ci(ξ)ei(t, ξ) dξ,

we then arrive at

∂tei(t, ξ) = ∂ξ

(
α(ξ)∂ξei(t, ξ)

)
− β(ξ)∂ξei(t, ξ)

−γ(ξ)ei(t, ξ)− κi(ξ)εi(t)− δ

m∑

j=1,j 6=i

∂ξeij(t, ξ),

ei(t, 0) = ei(t, L) = 0, e(0, ξ) = e0(ξ), i = 1, . . . ,m

(4)

Lemma 1: Using the derivative penalty on the consensus

terms, we have the following bounds

m∑

i=1

1

2

∫ L

0

e2i (t, ξ) dξ +
m∑

i=1

ℓi

∫ t

0

∫ L

0

e2i (τ, ξ) dξ dτ

+
m∑

i=1

γi

∫ t

0

ε2i (τ) dτ ≤
m∑

i=1

1

2

∫ L

0

e2i (0, ξ) dξ

for some ℓi, γi > 0, i = 1, . . . ,m.

Prior to the proof of Lemma 1, we consider the following.

Technical Lemma 1: When the aggregate estimation er-

rors are considered, the “cross” terms satisfy

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

δei(t, ξ)∂ξej(t, ξ) dξ = 0

Proof: The above can easily be shown by induction.

We show this when m = 3 and the case for any m

immediately follows. For simplicity, we drop the constant

δ in the calculations below as it will not affect the result:

3∑

i=1

3∑

j=1,j 6=i

∫ L

0

ei(t, ξ)∂ξej(t, ξ) dξ =

∫ L

0

e1(t, ξ)∂ξe2(t, ξ) dξ +

∫ L

0

e1(t, ξ)∂ξe3(t, ξ) dξ

+

∫ L

0

e2(t, ξ)∂ξe1(t, ξ) dξ +

∫ L

0

e2(t, ξ)∂ξe3(t, ξ) dξ

+

∫ L

0

e3(t, ξ)∂ξe1(t, ξ) dξ +

∫ L

0

e3(t, ξ)∂ξe2(t, ξ) dξ

Using integration by parts, we have for the ij term

∫ L

0

ei(t, ξ)∂ξej(t, ξ) dξ = ei(t, ξ)ej(t, ξ)
∣∣∣
L

0

−

∫ L

0

ej(t, ξ)∂ξei(t, ξ) dξ

Applying the boundary conditions in (4), we then arrive at

∫ L

0

ei(t, ξ)∂ξej(t, ξ) dξ = −

∫ L

0

ej(t, ξ)∂ξei(t, ξ) dξ.

Applying the above to the six terms, we obtain

3∑

i=1

3∑

j=1,j 6=i

∫ L

0

ei(t, ξ)∂ξej(t, ξ) dξ = 0.

Using the assumption of full connectivity, the above can be

extended to any number of agents m.

Equipped with the above result, we now proceed with the

proof of the main lemma (Lemma 1).

Proof: [Lemma 1] Using the L2(Ω) norm of the error

ei(t, ξ), we have from (4)

d

dt

1

2

∫ L

0

e2i (t, ξ) dξ =

∫ L

0

ei(t, ξ)∂tei(t, ξ) dξ

=

∫ L

0

ei(t, ξ)∂ξ

(
α(ξ)∂ξei(t, ξ)

)
dξ

−

∫ L

0

β(ξ)ei(t, ξ)∂ξei(t, ξ) dξ −

∫ L

0

γ(ξ)e2i (t, ξ) dξ

−γiεi(t)

∫ L

0

ei(t, ξ)ci(ξ) dξ

−δ

∫ L

0

ei(t, ξ)

m∑

j=1,j 6=i

∂ξeij(t, ξ) dξ

= −

∫ L

0

ei(t, ξ)Lei(t, ξ) dξ − γiε
2

i (t)

−δ

m∑

j=1,j 6=i

∫ L

0

ei(t, ξ)∂ξei(t, ξ)− ei(t, ξ)∂ξej(t, ξ) dξ
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At this stage, we consider the terms involving ei(t, ξ) only

−

∫ L

0

ei(t, ξ)Lei(t, ξ) dξ − γiε
2

i (t)

−δ

m∑

j=1,j 6=i

∫ L

0

ei(t, ξ)∂ξei(t, ξ) dξ

= −

∫ L

0

ei(t, ξ)Lei(t, ξ) dξ − γiε
2

i (t)

−mδ

∫ L

0

ei(t, ξ)∂ξei(t, ξ) dξ

= −

∫ L

0

ei(t, ξ)
[
Lei(t, ξ) +mδ∂ξei(t, ξ)

]
dξ − γiε

2

i (t)

One has freedom to choose the consensus derivative gain δ

such that the operator

Ldϕ , −∂ξ

(
α(ξ)∂ξϕ

)
+ (β(ξ) +mδ)∂ξϕ+ γ(ξ)ϕ

is elliptic. When a general class of PDEs is considered

as evolution equations in a Hilbert space, then additional

flexibility can be obtained by the choice of the filter gain

function κi(ξ). Next, we consider the “cross” terms

δ

m∑

j=1,j 6=i

∫ L

0

ei(t, ξ)∂ξej(t, ξ) dξ.

Combining the results on the ellipticity of the operator and

the vanishing of the “cross” terms, one then obtains

m∑

i=1

d

dt

1

2

∫ L

0

e2i (t, ξ) dξ = −

m∑

i=1

∫ L

0

ei(t, ξ)Ldei(t, ξ) dξ

−

m∑

i=1

γiε
2

i (t) ≤ −

m∑

i=1

ℓi

∫ L

0

e2i (t, ξ) dξ −

m∑

i=1

γiε
2

i (t)

Time integration from 0 to t provides the requisite result.

Remark 1: An alternative to the above derivative penalty

can be considered. One may opt to exclude the “cross” terms

in the closed loop operator Ld. Instead the cross terms can

be bundled together as follows

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

δei(t, ξ)∂ξ

(
ei(t, ξ)− ej(t, ξ)

)
dξ =

1

2

m∑

i=1

m∑

j=1,j 6=i

δ

∫ L

0

eij(t, ξ)∂ξeij(t, ξ) dξ

Using Technical Lemma 1, one can similarly show

1

2

m∑

i=1

m∑

j=1,j 6=i

δ

∫ L

0

eij(t, ξ)∂ξeij(t, ξ) dξ = 0

In this case, the bound from Lemma 1 uses the operator L
instead of Ld and it now becomes

m∑

i=1

d

dt

1

2

∫ L

0

e2i (t, ξ) dξ = −
m∑

i=1

∫ L

0

ei(t, ξ)Lei(t, ξ) dξ

−
m∑

i=1

γiε
2

i (t)

B. Proportional penalization of consensus filters

The consensus filters with proportional penalty are

∂tx̂i(t, ξ) = ∂ξ

(
α(ξ)∂ξx̂i(t, ξ)

)
− β(ξ)∂ξx̂i(t, ξ)

−γ(ξ)x̂i(t, ξ) + κi(ξ)(y(t)− ŷi(t))

+b2(ξ)u(t)− π(ξ)

m∑

j=1,j 6=i

x̂ij(t, ξ)

x̂i(t, 0) = x̂i(t, L) = k, x̂i(0, ξ) = x̂0i, i = 1, . . . ,m

(5)

where π(ξ) > 0 is the proportional consensus gain. The

associated error systems are given by

∂tei(t, ξ) = ∂ξ

(
α(ξ)∂ξei(t, ξ)

)
+ β(ξ)∂ξei(t, ξ)

−γ(ξ)ei(t, ξ)− κi(ξ)εi(t)− π(ξ)

m∑

j=1,j 6=i

eij(t, ξ)

ei(t, 0) = ei(t, L) = 0, ei(0, ξ) = e0i, i = 1, . . . ,m

(6)

In the proportional case, we have the following result.

Lemma 2: Using the proportional penalty on the consen-

sus terms, we have the following bounds

m∑

i=1

1

2

∫ L

0

e2i (t, ξ) dξ +
m∑

i=1

µi

∫ t

0

∫ L

0

e2i (τ, ξ) dξ dτ

≤
m∑

i=1

1

2

∫ L

0

e2i (0, ξ) dξ

for some µi > 0, i = 1, . . . ,m.

To help with the proof, we similarly have a technical

lemma to account for the “cross” terms.

Technical Lemma 2: The “cross” terms in (5) satisfy

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

π(ξ)ei(t, ξ)eij(t, ξ) dξ =

1

2

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

π(ξ)e2ij(t, ξ) dξ

Proof: [Lemma 2] We use again the following

d

dt

1

2

∫ L

0

e2i (t, ξ) dξ =

∫ L

0

ei(t, ξ)∂tei(t, ξ) dξ

=

∫ L

0

ei(t, ξ)
(
Lei(t, ξ)

)
dξ − εi(t)

∫ L

0

κi(ξ)ei(t, ξ) dξ

−

m∑

j=1,j 6=i

∫ L

0

π(ξ)ei(t, ξ)eij(t, ξ) dξ

Using the technical lemma 2 along with the fact that the

operator L is elliptic, then we have

m∑

i=1

d

dt

1

2

∫ L

0

e2i (t, ξ) dξ = −
m∑

i=1

∫ L

0

ei(t, ξ)Lei(t, ξ) dξ

−γiε
2

i (t)−
1

2

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

π(ξ)e2ij(t, ξ) dξ

≤ −

m∑

i=1

µi

∫ L

0

e2i (t, ξ) dξ.
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C. Integral penalization of consensus filters

The last type of penalization is a spatial average penalty

of the pairwise difference of the distributed filters, given by

∂tx̂i(t, ξ) = ∂ξ

(
α(ξ)∂ξx̂i(t, ξ)

)
− β(ξ)∂ξx̂i(t, ξ)

−γ(ξ)x̂i(t, ξ) + κi(ξ)(y(t)− ŷi(t)) + b2(ξ)u(t)

−ι(ξ)
m∑

j=1,j 6=i

∫ L

0

x̂ij(t, ξ) dξ

x̂i(t, 0) = x̂i(t, L) = k, x̂i(0, ξ) = x̂0i, i = 1, . . . ,m

(7)

where ι(ξ) > 0 is the integral weight. The state errors satisfy

∂tei(t, ξ) = ∂ξ

(
α(ξ)∂ξei(t, ξ)

)
− β(ξ)∂ξei(t, ξ)

−γ(ξ)ei(t, ξ)− κi(ξ)εi(t)− ι(ξ)
m∑

j=1,j 6=i

∫ L

0

eij(t, ξ) dξ

ei(t, 0) = ei(t, L) = 0, ei(0, ξ) = e0i 6= 0, i = 1, . . . ,m

With the above equations, we have the following bounds

Lemma 3: The aggregate state errors with the integral

penalization of the consensus filters satisfy

1

2

m∑

i=1

∫ L

0

e2i (t, ξ) dξ +
m∑

i=1

∫ t

0

∫ L

0

ei(τ, ξ)Lei(τ, ξ) dξ dτ

+γi

∫ t

0

ε2i (τ) dτ +
1

2

m∑

i=1

m∑

j=1,j 6=i

ι0

∫ t

0

(∫ L

0

eij(τ, ξ) dξ
)2

dτ

≤

m∑

i=1

1

2

∫ L

0

e2i (0, ξ) dξ

In a similar fashion as in the proportional case, we have the

following technical lemma.

Technical Lemma 3: When the integral consensus gain

ι(ξ) = ι0 > 0, then the integral “cross” terms satisfy

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

ι(ξ)ei(t, ξ) dξ

∫ L

0

eij(t, ξ) dξ =

1

2

m∑

i=1

m∑

j=1,j 6=i

ι0

(∫ L

0

eij(t, ξ) dξ
)2

Proof: [Technical Lemma 3] This requires some care

due to the integral weight ι(ξ). We have

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

ι(ξ)ei(t, ξ) dξ

∫ L

0

eij(t, ξ) dξ =

1

2

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

ι(ξ)eij(t, ξ) dξ ×

∫ L

0

eij(t, ξ) dξ

Using the assumption ι(ξ) = ι0 > 0, we have

m∑

i=1

m∑

j=1,j 6=i

∫ L

0

ι(ξ)ei(t, ξ) dξ

∫ L

0

eij(t, ξ) dξ =

1

2

m∑

i=1

m∑

j=1,j 6=i

ι0

(∫ L

0

eij(t, ξ) dξ
)2

.

Proof: [Lemma 3] Examining the time derivative of the

L2(Ω) norm of the local errors, we have

d

dt

1

2

∫ L

0

e2i (t, ξ) dξ =

∫ L

0

ei(t, ξ)∂tei(t, ξ) dξ

=

∫ L

0

ei(t, ξ)Lei(t, ξ) dξ − εi(t)

∫ L

0

κi(ξ)ei(t, ξ) dξ

−

m∑

j=1,j 6=i

∫ L

0

ι(ξ)ei(t, ξ) dξ

∫ L

0

eij(t, ξ) dξ

Using the ellipticity of the operator L and the result of

technical lemma 3, we have

m∑

i=1

d

dt

1

2

∫ L

0

e2i (t, ξ) dξ = −

m∑

i=1

∫ L

0

ei(t, ξ)Lei(t, ξ) dξ

−γiε
2

i (t)−
1

2

m∑

i=1

m∑

j=1,j 6=i

ι0

(∫ L

0

eij(t, ξ) dξ
)2

.

Time integration provides the requisite result.

IV. RELAXATION OF ALL-TO-ALL CONNECTIVITY:

SPECIAL CASES

While the all-to-all connectivity facilitates the stability

analysis, it still imposes stringent conditions on the network

connectivity. A way to address this is to relax the full

connectivity condition for a type of partial connectivity. In

each of the three consensus controllers, an implicit condition

on the network connectivity will be presented. In each case,

the associated consensus filters will have an almost identical

form to (3), (5) and (7).

A. Derivative penalization with limited connectivity

The consensus filters in this case are given by

∂tx̂i(t, ξ) = ∂ξ

(
α(ξ)∂ξx̂i(t, ξ)

)
− β(ξ)∂ξx̂i(t, ξ)

−γ(ξ)x̂i(t, ξ) + κi(ξ)(y(t)− ŷi(t))

+b2(ξ)u(t)− δ(ξ)
∑

j∈Ni

∂ξx̂ij(t, ξ)

x̂i(t, 0) = x̂i(t, L) = k, x̂i(0, ξ) = x̂0i, i = 1, . . . ,m

(8)

and the associated state estimation errors by

∂tei(t, ξ) = ∂ξ

(
α(ξ)∂ξei(t, ξ)

)
− β(ξ)∂ξei(t, ξ)

−γ(ξ)ei(t, ξ)− κi(ξ)εi(t)− δ(ξ)
∑

j∈Ni

∂ξeij(t, ξ)

ei(t, 0) = ei(t, L) = 0, ei(0, ξ) = e0i, i = 1, . . . ,m

The condition will be given in terms of the requirement in

Technical Lemma 1

m∑

i=1

∑

j∈Ni

∫ L

0

δ(ξ)ϕi(ξ)∂ξϕij(ξ) dξ ≥ 0.

This implicit condition on the network connectivity, when

satisfied, allows for more general boundary conditions. When
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an undirected graph is assumed, then the above condition

reduces to
m∑

i=1

∑

j∈Ni

∫ L

0

δ(ξ)ϕij(ξ)∂ξϕij(ξ) dξ ≥ 0.

B. Proportional penalization with limited connectivity

Similar to (5), the filters are given by

∂tx̂i(t, ξ) = ∂ξ

(
α(ξ)∂ξx̂i(t, ξ)

)
− β(ξ)∂ξx̂i(t, ξ)

−γ(ξ)x̂i(t, ξ) + κi(ξ)(y(t)− ŷi(t)) + b2(ξ)u(t)

−π(ξ)
∑

j∈Ni

x̂ij(t, ξ)

x̂i(t, 0) = x̂i(t, L) = k, x̂i(0, ξ) = x̂0i, i = 1, . . . ,m

and the condition based on Technical Lemma 2 becomes
m∑

i=1

∑

j∈Ni

∫ L

0

π(ξ)ϕi(ξ)ϕij(ξ) dξ ≥ 0.

which for an undirected graph and π(ξ) = π0 > 0 becomes

1

2

m∑

i=1

∑

j∈Ni

∫ L

0

π0ϕ
2

ij(ξ) dξ ≥ 0

and which is satisfied automatically as it considers the

finite sum of the L2(Ω) norms of pairwise errors. It is

also equal to the Laplacian potential. Unlike the derivative

penalization, the kronecker product of the graph Laplacian

with the identity operator simplifies the above condition to

the Laplacian potential, a condition that cannot be guaranteed

when one takes the Kronecker product of the graph Laplacian

with the differential operator.

C. Integral penalization with limited connectivity

The integral penalization shares similarities with the pro-

portional one, in the sense that one can express the equivalent

of Technical Lemma 3 using the Laplacian potential [6].

The filters employing integral penalization and with lim-

ited connectivity are

∂tx̂i(t, ξ) = ∂ξ

(
α(ξ)∂ξx̂i(t, ξ)

)
− β(ξ)∂ξx̂i(t, ξ)

−γ(ξ)x̂i(t, ξ) + κi(ξ)(y(t)− ŷi(t)) + b2(ξ)u(t)

−ι(ξ)
∑

j∈Ni

∫ L

0

x̂ij(t, ξ) dξ

x̂i(t, 0) = x̂i(t, L) = k, x̂i(0, ξ) = x̂0i, i = 1, . . . ,m

The condition similar to that in Technical Lemma 3 is
m∑

i=1

∑

j∈Ni

∫ L

0

ι(ξ)ei(t, ξ) dξ

∫ L

0

eij(t, ξ) dξ ≥ 0.

For an undirected graph with ι(ξ) = ι0, it is equivalent to

1

2

m∑

i=1

∑

j∈Ni

ι0

(∫ L

0

eij(t, ξ) dξ
)2

≥ 0

which is automatically satisfied, since it involves the finite

sum of the squares of integrals of the pairwise errors.

V. FORWARD LOOKING: EXTENDING TO MORE GENERAL

INFINITE DIMENSIONAL SYSTEMS

We consider classes of infinite dimensional systems, which

include the parabolic PDEs in (1) and which are written as

evolution equations in a Hilbert space

ẋ(t) = Ax(t) + Bu(t), yi(t) = Cix(t) i = 1, . . . ,m,

The distributed filters without any consensus terms are given

by the standard state observer equations

˙̂xi(t) = Ax̂i(t) + Gi

(
yi(t)− Cix̂i(t)

)
+ Bu(t)

x̂i(0) 6= x(0), i = 1, . . . ,m,

where Gi are the filter operators with the property that the

“closed-loop” operators A − GiCi generate exponentially

stable semigroups. The consensus filters follow from [1]

˙̂xi(t) = Ax̂i(t) + Gi

(
yi(t)− Cix̂i(t)

)
+ Bu(t)

+Pi

∑

j∈Ni

x̂ij(t), x̂i(0) 6= x(0), i = 1, . . . ,m,

The consensus operators Pi may include the identity operator

(proportional), the spatial average operator (integral) and

the spatial gradient operator (derivative). Combining the

conditions of the three Technical Lemmas as applied to

partial connectivity, this partial connectivity condition is

m∑

i=1

∑

j∈Ni

〈ei,Pieij〉 ≤ 0. (9)

This implicit connectivity condition seeks to find consensus

operators Pi and the set of neighbors of the jth agent,

denoted by Ni, such that (9) is satisfied. This condition for

undirected graphs simplifies to

1

2

m∑

i=1

∑

j∈Ni

〈eij ,Pieij〉 ≤ 0. (10)

VI. NUMERICAL RESULTS

Equation (1) was simulated using Galerkin-based approx-

imating scheme using 40 linear functions over the spatial

interval [0, 1], having α = 0.1, β = γ = 0. Five m = 5
pointwise sensors placed at 0.23, 0.39, 0.47, 0.66 and 0.81
were considered to provide process information to the five

distributed filters. Using “colocated” filter gains with values

γi = 0.0270, 0.0315, 0.0338, 0.0360, 0.0382, the derivative

consensus controllers in (3) were simulated over [0, 3]s.

The information exchange between the m agents is mod-

eled by an undirected connected graph G = (V, E), with

V = {1, . . . ,m} the set of nodes and with E ⊂ V × V the

set of edges. The edge (i, j) ∈ V denotes that an agent i

obtains information from agent j. The set of neighbors of

node i is given by Ni = {j ∈ V | (i, j) ∈ E}, [7]. The

connectivity of the 5 filters is represented by the undirected

graph of Figure 1 A metric to assess the level of agreement

of the 5 filters that is independent of the network topology,

is the deviation of each x̂i(t, ξ) from the mean, given by
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a5

Fig. 1. Undirected graph on 5 vertices.

case error norm

without 1.1854

with low 1.0515

with med 0.9729

with high 0.8365

TABLE I

L2([0, 3]) NORM OF THE AVERAGED CUMULATIVE SPATIAL NORM.

∆i(t, ξ) = x̂i(t, ξ) −
1

m

∑m

i=1
x̂i(t, ξ), i = 1, . . . , 5. The

spatial L2(0, 1) norm of all deviations ∆i(t, ξ) given by

‖∆(t)‖2 =

m∑

i=1

∫
1

0

δ2i (t, ξ) dξ.

provides the cumulative deviation over Ω. Its time evolution

is depicted in Figure 2 for the range of the consensus weights

δ = 50, 100, 500 depicting low, medium and high level of

derivative penalization in (8). As expected, the higher δ is,

the faster the convergence of the deviation ∆(t) to zero.

The evolution of the averaged cumulative norm of the state

estimation errors, given by

1

m

m∑

i=1

‖x(t)− x̂i(t)‖
2 =

1

m

m∑

i=1

∫
1

0

(x(t, ξ)− x̂i(t, ξ))
2 dξ

is plotted in Figure 3, whereas its L2(0, t) rms norm,
√√√√

∫ t

0

1

m

m∑

i=1

‖x(t)− x̂i(t)‖2 dt

is given in table I. In both the figure and the table it is ob-

served that the estimation error has an improved convergence

for higher values of the derivative consensus gain δ.

VII. CONCLUSIONS

The penalization of the spatial gradient of the pairwise

disagreement of distributed filters for a class of PDEs was

proposed. The scheme that penalizes not only the pairwise

disagreement of the pairwise differences but their spatial gra-

dient and perhaps the spatial averages, thereby implementing

a spatial proportional-integral-derivative consensus controller

constitutes a paradigm shift in the manner that consensus

filters for spatially distributed systems are viewed.

Such an approach would provide a new algorithm for

the finite dimensional case where one may penalize not

simply the (temporal) integral of the pairwise differences

of distributed filters, but a function of these differences via
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Fig. 2. Evolution of ‖∆(t)‖.
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Fig. 3. Evolution of averaged cumulative norm .

a transfer function. In this case, the pairwise differences

would be viewed as the input to a transfer function. Such

a framework for both finite and infinite dimensional systems

is currently under consideration by the author.
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