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An Intuitive Design for the Dual Mode Adaptive Robust Controller
Based on Indirect Control
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Abstract—1In this paper it is proposed an indirect approach
to the Dual Mode Adaptive Robust Controller (DMARC),
which combines the typical transient and robustness properties
of Variable Structure Systems, with a smooth control signal
in steady-state, typical of conventional Adaptive Controllers,
as Model Reference Adaptive Controller (MRAC). The aim
of this indirect version, here named Indirect Dual Mode
Adaptive Robust Controller IDMARC), is to provide a more
intuitive controller design, based on physical plant parameters,
as resistances, inertia moments, capacitances, etc maintaining
DMARC properties. In this paper, it will be presented a stability
analysis for the proposed controller and simulations to an
unstable second order plant.

I. INTRODUCTION

Commonly a conventional linear controller is designed to
act around a chosen operating point. But, any systems present
variations or parametric uncertainties, demanding a new
project for the controller to maintain the system performance.
For these systems, adaptive control is a suitable strategy. The
Model Reference Adaptive Control (MRAC) is one of the
most used strategies of adaptive systems. Its performance
is determined from a reference model, which presents the
desired response for a particular command signal. When the
error between the plant output and the reference model output
(output error) is zero, the matching condition is obtained.

Controllers based on parameter estimation, as the conven-
tional MRAC [1], have good behavior in steady-state, but
present slow and oscillating transient features. Moreover,
this algorithm is not robust in the presence of unmodeled
dynamics and/or external disturbances [2].

Other strategy used in control systems with large uncer-
tainties is based in the Variable Structure Systems (VSS),
specially on the known form as Sliding Mode Control
(SMC). These systems, such as Variable Structure Model
Reference Adaptive Control (VS-MRAC [3]), present fast
transient and robustness in the presence of unmodeled dy-
namics and/or external disturbances, but require high fre-
quency control action, difficulting their practical implemen-
tation.

Hsu and Costa [4], trying to obtain a combining solu-
tion between MRAC and VS-MRAC, developed the Binary
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Model Reference Adaptive Control (B-MRAC), where it
was observed the adaptive scheme in the light of Binary
Control Theory as devised by Emelyanov [5]. A specific
feature of the binary algorithms proposed by Emelyanov is
that the control generated by the controller is a continuous
or piecewise-continuous function of time. This weakens the
requirements imposed on actuators. In practice, B-MRAC
consists of a high gain gradient adaptive law with projection
[6]. The choice of a fixed adaptive gain defines how the B-
MRAC behaves between MRAC and VS-MRAC.

In the Dual Mode Adaptive Robust Controller (DMARC),
differently of the B-MRAC, the transition between the two
control strategies can be made in real time depending on the
output error [7]. The DMARC was implemented to control
the speed of a three-phase induction motor using fuzzy logic
(Mandani model [8]) to realize the transition cited above
[9]. Mota and Araujo [10] used Takagi-Sugeno model [11]
to realize the transition between MRAC and VS-MRAC,
allowing the extraction of an analytical expression to control
law, facilitating the development of stability analysis.

All the algorithms cited above are based on the direct
adaptive control approach, in which the matching equations
for the controller parameters are required to estimate their
initial values (MRAC) or the relays amplitudes (VS-MRAC).
A characteristic of this strategy is that for high order systems
its expression may become complex.

As a possible and good solution one has the indirect
approach, in which the coefficients of the plant polynomials
and high frequency gain are represented by the vector 6.
The online estimative 6),(t) of ¢, generated by an adaptive
law, is used to calculate the controller parameter vector 6(t)
at each time ¢, using the matching equations explicity in the
algorithm [12].

The indirect version of MRAC is named Indirect MRAC
(IMRAC) [12], and of VS-MRAC is named IVS-MRAC [13].
As a first attempt to combine the two control strategies using
the indirect approach (IMRAC and IVS-MRAC), Teixeira
et al. [14] developed the Indirect Binary Model Reference
Adaptive Controller (IB-MRAC), ensuring global stability
for the system in the presence of a persistently exciting refer-
ence. But, as B-MRAC, what defines the controller behavior
(like IMRAC or IVS-MRAC) is a parameter definition on
the design stage.

In this paper, we propose an algorithm here named Indirect
Dual Mode Adaptive Robust Controller (IDMARC), which
is an indirect version of DMARC. The goal now is to
obtain the typicals transient and robustness properties of [VS-
MRAC, with a smooth control signal in steady-state, typical
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of IMRAC, with a transition in real time (depending of output
error) and a design stage more intuitive, due to the indirect
approach.

II. PROBLEM STATEMENT

Consider an unknown linear SISO (Single Input-Single
Output) time-invariant plant, with transfer function

_ NP(S)
W(S) - kp DP(S))
n—1 )
Np(s) = """+ Bis™ 7, (1)
i=1

n—1
D,(s) =s"+ ays" T+ Z g1
i=1
input u and output y.
The reference model has input r, output y,,, and transfer
function of the form

Nm,
M(s) = b 0
n—1
Nm(s) = Snil + Z 6’m,i3n717i7 (2)
i=1

n—1

n n—1 n—1—q

Dy, (s) =s" + am1s + E Qmit1S .
i=1

The purpose is to determine a control law u such that the
output error

€0 =Y~ Ym 3)

tends to zero for arbitrary initial conditions and arbitrary
piecewise continuous uniformly bounded reference signals
r(t).
The following usual assumptions are made:
a) The plant is completely observable and control-
lable with degree[D,(s)] = n and degree[N,(s)] =
m, and relative degree n* =n - m = 1;
b) sgn(k,) = sgn(k,,), positive for simplicity;
¢) N (s) is Hurwitz - W(s) is minimum phase;
d) M(s) has the same relative degree as the plant
and it is chosen to be Strictly Positive Real (SPR);
e) Only the plant input and output are used to
generate u.

Consider the following input and output filters

’U.l = A'U1 + gu, 'U.Q = AUQ + gy, (4)

where vi,v2 € R"7L g = [0 0 v}T,7> 0,€
R7=1 and A € R~ (=1 is chosen in such a way that
N,.(s) = det(sI-A).

Defining 07(t) = [ 65,(5) 6u(t) 60() O2a(t) ]
as the vector of adaptive parameters, and w? =

[UT T

1 Yy vy T ] as the regressor vector, the control law

u =07 (t)w(t). 5)

If the plant W(s) is known, then an unique constant vector
0* exists such that the transfer function of the closed-loop
plant is M(s). When this vector is obtained, the matching
condition is reached with v = 6*Tw. When W(s) is un-
known, 0(t) is adapted so that eg(t) — 0 as ¢ — oco. Under
some signal richness condition, one has 6(t) — 6*.

Let A,b,h” be a minimal realization of the plant and
x € R the corresponding state vector. Defining X =
[ 27 u? vl | € 372 the plant and filters can be
represented on state space in the following form:

X:A0X+b0u,
(6)
y=hlX,
where,
A 0 O b
Ay = OAO,bo:g,hfz
ghT 0 A 0
[AT 0 0

Adding by0*Tw — by6*Tw to the right side of the X, one
has:

. 1 -
X = A X +ber + eTb,ﬂTw
2n (7)

y=h. X

where A, = Ag+bo [ oxnT ot o:T ], be = bobs,,, and
0=0-06".
Representing the reference model by state variables

Xm = AcXm + bc’l",

(8)
Ym = thmv

and defining the error vector e 2 X — X'm, it is possible to
extract the error equation

é=Ace+ elic (u —6*Tw),
2n (9)

eo = hle,

knowing that u — 6*Tw = §Tw.
On frequency domain,

1

"0,

In the indirect case, the plant parameters are es-

timated at each time ¢ represented by 0,(t) =
[ k() B7(1) @) a"(1) |
Knowing that

o B(t) € RV is a vector that has elements f3;, i =
n—1,...,1 of Np(s) at time t;

eo(s) M(s)[u(s) — G*Tw(s)}. (10)
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1(t) € R is the element oy of D,(s) at time t;
(t) € R~ 1 is a vector that has elements a1, i =
n—1,...1 of D,(s) at time t;
e B € RD is a vector that has elements Bm,i» t =
n—1,..,1 of Ny(s);
e (un1 € R is the element a1 of Dy, (s);
o an € N1 is a vector that has elements QU ig1s © =
n—1,..1 of Dp,(s);
the controller parameters are calculated in this form [12]:

&
&

Bm B ﬂ(t)
91) t) = ;
1(t) 5
0 (t) _ OAll(tA) — Om1
kp(t)
1D
a(t) — D =0+ (o — (1)
kp ()
k
n(t) = Aimv
RO
with |k, (t)| # 0,¥t > 0.
Defining the parametric errors as
I;p:];p_kZHBZB_ﬁa
(12)

5[12(341—(11,64:@—(1,

and developing the error equation for indirect case [15], one
has

. be - 5 ~ ~
é=Ace+ T [ kpCp + kpBT¢s 4+ @161 + a ¢ } , (13)

where
¢, = B o BT
! Tp YW
V1,5
C,@: 7)5 :17' ,'I’L—l,
R
(14)
5TU2
C =Y - o )
1 "
Cai = v27i_17i = 27 w1y
Y

with v > 0, 7, > 0 and ~; > 0.

III. DUAL MODE ADAPTIVE ROBUST
CONTROLLER

As previously cited, the DMARC acts between the MRAC
and the VS-MRAC, obtaining a fast transient, without os-
cillations, typical properties of VS-MRAC, with a smooth
control signal in steady-state, typical of MRAC. Moreover,
this transition between these strategies occurs in real time,
depending on the output error in each instant.

This transition is possible due to a parameter y on the
adaptive law. It is represented by a gaussian function, ex-
pressed in (15) and showed in Figure (1). It is interesting
to observe that as output error e, grows, u — 0, and the
DMARC tends to VS-MRAC. Otherwise, as output error
decreases, u — 1, and the DMARC tends to MRAC. L is a
parameter defined in design and it defines the action range
of VS-MRAC in the system.

——— (15)

Fig. 1. Graphical representation of p

According to Cunha et al. [7], one has the following
adaptive law for the DMARC:

ph = —c — (1 — p)oTe,w — pyeow, (16)

where'y>0,a>0andF:diag[
i=1..2n.

Performing some mathematical manipulations from (16),
one has:

o, } with 0; > |0

‘eowil ’

Ty g(1 — w)Bsgn(eow) — veow,

I K
with v > 0 and o > 0.

When o — 0, the forgetting factor and the switched
term tend to infinity and the adaptive term —vye,w can be
disregarded. So, DMARC acts like VS-MRAC. With this
analysis, we can conclude that in the VS-MRAC the learning
or adaptation is instantaneous. However, when p — 1, the
switched term tends to zero and DMARC acts like MRAC
with forgetting factor [7].

The o parameter is implemented as in (18).

_ 0,
N Oc,

where i, is the minimum valid value of p, y, >0, 0. >0
and o, must be chosen for 2= be sufficiently high to the case
that p < pp,. From this, it ispimportant to observe that when
we find the Z—; ideal relation, we can reduce the p, value

0= a7

if |0|] < My and p > p,

o. > 0, otherwise ) (18)
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indefinitely, since that o, is reduced in the same proportion.
This fact is important in the stability proof of IDMARC.

IV. INDIRECT DUAL MODE ADAPTIVE ROBUST
CONTROLLER

In Indirect Dual Mode Adaptive Robust Controller (ID-
MARC), goal of this paper, when the error between the
reference model output and the plant output is sufficiently
low, IDMARC tends to IMRAC. When the error increases,
IDMARC tends to IVS-MRAC. The aim is to obtain the
good transient properties (fast response without oscillations)
of IVS-MRAC, a smooth control signal in steady-state of
IMRAC over there a more intuitive design of controller
due to direct relationship with physical parameters of plant
(advantage of indirect approach).

Although it might arise a higher computational load, this is
not a problem, because actually there are electronic devices
which have as main features the possibility of dealing with
high frequencies and therefore provide a faster processing,
as Digital Signal Processor (DSP) and Field Programmable
Gate Array (FPGA).

The main motivation to the development of this work was
in the increasing use of IVS-MRAC in practical applications
[16] [17].

The adaptive laws of IDMARC are based on DMARC
[7], IMRAC [12] and IVS-MRAC [15], and are listed as
following.

p=-285_ % (1 — ) [Bsgn(eoCasgn(ky))] +

1
+T geqv1s9n(ky),
X Oay 4 Oa _
Gp = ———=d1 — — (1 — p) [@rsgn(eo1)] — v1€0C1,
[ Il
A O 4 On g
a=—-——a—— (1 - p,) [Oésgn<eo<a)} - Paeo'UQa
[ 1

if (|kp| > ko) or (Jkp| = ko and e,Cpsgn(k,) < 0)

A . Okp 7
kp—_ 1 pt

+% (1 - ,u') [kp,nmn - Epsgn(eogp)} — ’Ypeon

otherwise

(19)
where kg is a lower bound for I%p (avoid numerical error),
Lo = diag(Yai); Yai > 0,1 = 2.0, T = diag(ys:), v >
0,i=1..n-1, 7, > 0, p is defined as in (15) and each plant
parameter has a o, detailed in (18). The o, was chosen equal
for all parameters, as well as (i, such that the Z—p will be
sufficiently high for the case u < pp.

A. Stability Proof

Theorem: Consider the system (6), output error (13) and
adaptive laws (19). If the hypotheses (a-e) were satisfied,
then:

(i) All the signals of closed loop system are uniformly
bounded.
(i) |le(t)|] — 0 when t — oc.
Proof: Consider as Lyapunov Candidate Function, the fol-
lowing definite positive function:

el Pe
2

L k2 BTk, a2 L a'r'a
km \ 27 2y 271 27 ’
where 0, = [ k, BT a a” |,Ta =T >0,T4 =
% >0,7>0,7>0ey >0.

Calculating the derivative of (20), moreover considering
the Kalman-Yakubovitch Lemma (ATP + PA, = —20Q,
Pb. = he, P = PT >0, Q = QT > 0) and knowing
that ép = ép, from (12), one has:

V (e, ép) =
(20)

Ve, 0,) = —eT Qe+

eo 7 > ~ ~
22 [y + kpBT o + G161+ G7Ca] +
m
];Jp];ip BTI‘Elékp dléél olTF‘l(i
+— + + + o
km \ vy M 0l

. (21)
Replacing ép as in (19) in the equation (21), and knowing

that g = _;“, Ca = “72, and k, > 0 (for hypothesis):

Ve, 0,) = —eTQe—

_m {/;p — (1 — 12) [kprnom — kpsgn(e.Cp)] } -
_W {B + (1= p) [Bsgn(eoCs)] } -
,Zz;o;ll {61+ (1 — p) [@rsgn(eoCy)]} —
_% {a&+ (1 — p) [@sgn(e.a)]}

(22)
In this moment it is required a term by term analysis for
signal definition of V.
Term of &q:

Oa101

P {é1 + (1 — p) [@rsgn(e.C1)]}

4529



In this term, we know that y > 0, k,,, > 0 and 7; > 0.
Calculating the roots of F(&1) = (& — ag*){& + (1 —
w)@isgn(e,C1)]} for p, < o < 1, we obtain —&; and @ as
larger roots in absolute value of F'(&q), because @y > |ag*|.
So, F(éél) > 0 Vé&q such that |5[1| > .

The parameter o, follow this rule:

0,
Oal =
Oc,

So, one has four possible cases for analysis as showed in
Table (I).

if |61 < My, = @1 and > p,

o. > 0, otherwise (23)

TABLE I
CASES FOR VALUE DEFINITION OF 0

Case | Condition 1 Condition 2 | 0o,
1 ] <a B> pip 0
2 al|l <aq W< fp Oc
3 a1l >z o B> pp Oc
4 a1| = o < pp oc

In the first case, oo, = 0, therefore

T+ (L g [Esgn(eat)]} = 0.

In the case (2), 04, = 0. > 0. As it can be observed,
in this case p < p,, with p, negligible. So, the IDMARC
adaptive law can be considered the same of the IVS-MRAC
switched law: &3 = —@isgn(e,(1). This law make &;
switches between —a; and @;. Consequently, F'(&;1) = 0,
and the &; term becomes zero again.

In the cases (3) and (4), 0o, = 0. > 0 and |&1| > @;.
Therefore, for these cases:

Oa101
,Ukm’}/l

{1+ (1 — p) [arsgn(esCu)]} = 0.

So, considering the four possible cases, one has that the
G term is non-negative.

Performing the same procedure for B, & and l;p terms, we
can assert that these terms are non-negative.

After this term by term analysis of (22), one has:

Ve, 0,) < —e'Qe <0. (24)

From (20) and (24), we can assert that the origin e, ép} =
[0,0] is stable, so, e € L, and ép € L. Consequently,
€0 € Lo and 0, € L. As r € Lo, and M(s) is stable,
Xm € Lo and y,,, € L.

The output error is expressed by e, = y — y,. Therefore,
Y =€o+ Ym- AS €, € Lo and 4., € Lo, one has y € L.
Knowing that e = X — X,,, e € Ly and X,, € Lo,
then X € L.,. Knowing that X7 = [z7v;TvyT], one has
T € Lo, v1 € Lo and vy € L.

Moreover, w € Lo, because w” = [v{ y vl r]. The
controller parameters vector € is calculated in function of

plant parameters vector 6,. As 6, € Lo, and |I%p\ > ko
then 6 € L., too. From the control law u = 87w, one has
u € L. So, we prove the property i.

Observing the derivative equation of error (¢ = Ace +
2 [kyCp + k3T ¢ + a1¢1 + a”'¢a)), we note that é € Lo,
because A. has only eigenvalues with negative real term
(M(s) stable), ép € L and the variables ( € L too,
because are calculated in function of uniformly bounded
parameters.

As V > 0 and it has a minimum, and 1% < 0, one has
Hti%loV(t) = V.

Amin(Q) [ el dt < [7°eTQe dt < — [°V(t)dt =
— V@I = Ve + V(0) € Lo

With this, e € Ly. As e € Lo, € € Ly, and e € Lo, one
has by Barbalat Lemma:

lim e(t) = 0 = lim e, (¢) = 0, that proves the property
. t—oo t—o0
ii.

B. Simulation Results

With the goal of verifying the performance of the closed
loop system with IDMARC, there was performed a simula-
tion in an unstable second order plant, with relative degree
n* = 1. The plant and the reference model are represented
below:

s+1 sS+2
(s —1)2’ (s+1)(s+3)°

The IDMARC was tested in a scenario with fast
reference changes and in the presence of disturbance
in the plant input with the aim of verifying its per-
formance regarding robustness. Those changes are de-
tailed in Table (II). The initial estimatives for plant
parameters were chosen next to their nominal values
in (25: 0,(0) = [£k(0) BO) a(0) &) ] =
[12 1.2 —18 1.2 ]. The filters were tuned as:
v1(0) = v2(0) = 0, with A = —y (y = 2) and g = 2.
The other parameters were designed as following: 3 = 2.5,
a1 =3.5a=235ky,=12kpnom=16,7=6T5=3,
Io =3, %, =3 L=107"h=10""% p, = 1077 and
0. = 107%. The result is showed in Figure (2). The parameter
evolution can be verified in Figure (3).

W(s) =

M(s) = (25)

TABLE I
REFERENCE AND DISTURBANCE CHANGES IN PLANT INPUT

Interval Reference | Disturbance
0<t<0.2 r(t)y =1 d(t) = 0.8
02<t<04 r(t) = -1 d(t) = 0.0
04<t<0.6 r(t) =1 d(t) = 0.8

From this result, we can observe a fast transient, without
oscillations, typical of IVS-MRAC, with a smooth control
signal in steady-state, typical of IMRAC, beyond the good
performance of controller regarding robustness.
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o =7~ — — — Reference Model
Plant
-0.5 : : i i : :
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or J
Control Signal
% 0.1 0.2 0.3 0.4 0.5 0.6 0.7
t
1
0.5f 4
Mu
0 i i il 7 T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Fig. 2. IDMARC performance for the case of Table (II)
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t
Fig. 3. Parameter adaptation with 637 = [ ky 8*T of o*T ] =[11
—21]

When simulation starts, (= p,, until the output error
e, becomes zero. Thenceforth, ;i oscillates between yu,
and 1. This occurs because the IMRAC takes the control
action (u = 1) and therefore parametric adaptation arises,
generating an output oscillation. To overcome this effect,
1 tends to decrease, and the IVS-MRAC takes over. Note
that the control signal is directly influenced by the plant
parameters evolution.

V. CONCLUSIONS

In this work it was presented an indirect approach to
the Dual Mode Adaptive Robust Controller, here named
IDMARUC, which obtains a fast transient, without oscillations
(IVS-MRAC properties), with a smooth control signal in
steady-state (IMRAC property), over there a more intuitive

design of controller due to direct relationship with the
nominal plant parameters and their tolerance values.

Moreover, it was developed a stability proof of the system
with the IDMARC, ensuring that all the signals of closed
loop system are uniformly bounded and [|e(¢)|| — O when
t — oo, as well as the direct version (DMARC).
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