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On reduced-order interval observers for time-delay
systems

Denis Efimov, Wilfrid Perruquetti, Jean-Pierre Richard

Abstract—The estimation problem for uncertain time-delay
systems is addressed. A design method of reduced-order inter-
val observers is proposed. The observer estimates the set of
admissible values (the interval) for the state at each instant
of time. The cases of known fixed delays and uncertain time-
varying delays are analyzed. The proposed approach can be
applied to linear time-delay systems and nonlinear time-delay
systems in the output canonical form. The framework efficiency
is demonstrated on examples of nonlinear systems.

I. INTRODUCTION

The problem of observer design for nonlinear delayed
systems is rather complex [24], as well as the stability con-
ditions for analysis of functional differential equations are
rather complicated [22]. Especially the observer synthesis is
problematical for the cases when the model of a nonlinear
delayed system contains parametric and signal uncertainties,
or when the delay is time-varying or uncertain [3], [4], [7],
[10], [23], [8], [25], [27]. An observer solution for these
more complex situations are highly demanded in many real-
world applications.

In this work we are going to address this problem
proposing an interval observer for time-delay systems. In
opposite to a conventional observer, that in the absence
of measurement noise and uncertainties has to converge
to the “exact” value of the state of the estimated system
(it gives a pointwise estimation of the state), the interval
observers evaluate at each time instant a set of admissible
values for the state consistent with the measured output
(i.e. they provide an interval estimation) [11], [14], [20].
Usually the interval observers have an enlarged dimension
with respect to the system dimension since the upper and
lower estimate of the state interval are generated by an
observer (two times bigger than the system, see, for ex-
ample, the paper [14] where an interval framer/predictor
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has been proposed for time-delay systems). Therefore, for
applications, the problem of reduction of an interval observer
dimension is of great importance, this is why in this work
we will consider the reduced-order observers. The reduced
order interval observers for some particular cases have been
already used implicitly in the literature [1], [15], in this work
a theoretical framework is established for a class of delay
systems. Comparing with [14], where a framer is proposed
dependent on integral of some auxiliary variables, in this
work a more simple computational scheme is presented
(see the comparison after Theorem 2), the observer gain
derivation scheme is formulated as a linear programming
problem and the case of time-varying uncertain delays is
additionally studied.

The paper is organized as follows. Some preliminaries are
given in Section 2. The reduced-order observer definition is
given in Section 3, in the same section the observer design
is performed for a class of linear time-delay systems (or a
class of nonlinear systems in the output canonical form).
Examples of numerical simulation are presented in Section
4.

II. NOTATIONS AND DEFINITIONS

In the rest of the paper, the following definition will be
used:

o R is the set of real numbers (Ry = {7 € R: 7 > 0}),
C; = C(]-1,0],R) is the set of continuous maps from
[-7,0] into R, C = (C;)™; Cr+ ={y € C; : y(s) €
RJM s € [_7_’ O]}’

e x; is an element of C}* associated with a map z; : R —
R™ by x(s) = z(t + s), for all s € [—7,0];

e |z| denotes the absolute value of x € R, |z|| is
the Euclidean norm of a vector z € R, ||p|| =
sup; (0 ll(t)|| for ¢ € CT;

o for a measurable and locally essentially bounded input
u : Ry — RP the symbol [[uly,,:,] denotes its Lo
norm [[ull, ] = esssup{||u(t)||,t € [to, 1]}, if t; =
+oo then we will simply write ||u||, we will denote as
LP_ the set of all such inputs v € RP with the property
ul| < o0;

o for a matrix A € R™*™ the vector of its eigenvalues is
denoted as A(A);

o E, € R™ is stated for a vector with unit elements,
I,, and 0,, denotes the identity and zero matrices of
dimension n X n respectively;

2116



o for two integers i < j the symbol 7, denotes the
sequence 4,2+ 1,...,5 —1,7;

e aR Db corresponds to an elementwise relation R (a and
b are vectors or matrices): for example a < b (vectors)
means Vi : a; < b;; for ¢, € C? the relation ¢ R ¢
has to be understood elementwise for all domain of
definition of the functions, i.e. ¢(s) R ¢(s) for all s €
[—T,0].

A. Functional Differential Equation

A large number of processes can be modeled by a Func-
tional Differential Equation (FDE):

B(t) = [t x(t), @, d),  y(t) = h(t,z(t), 2, d), (1)
.’Eto =@ S C:.l,

where t € R is the time variable, d € S; is either a
vector or a function representing disturbances or parameter
uncertainties of the system, Sg C LI is a set of vectors or
functions for which some bounds are usually supposed to be
known, z(t) € R™ is a vector of internal variables, z; € C!
and 7 € R is the maximal delay, y(t) € RP is the output
vector.

It is assumed that the system (1) has solutions (for ex-
ample f satisfies Carathéodory conditions, see [13]) defined
over a maximal interval denoted by Z1)(to, ) where g is
the initial time and ¢ is the initial function from C_.

B. Linear cooperative systems with delays

Consider a linear system with constant delays
N
B(t) = Agx(t) + Y Aix(t — 1) + b(t), 2)
i=1
where z(t) € R™ is the state, z; € C? for 7 = maxi<;<n T
where 7, € Ry are the delays; a piecewise continuous
function b € £ is the input; the constant matrices A;, i =
0, N have appropriate dimensions. The matrix Ag is called
Metzler if all its off-diagonal elements are nonnegative. The
matrices A; are called nonnegative if A; > 0 (elementwise).
The function g(t,z,x;) = Agz(t) + S, A(t — 7)) +
b(t) is mixed quasi-monotone non-decreasing in x, non-
decreasing in x; if Ay is Metzler and A;, i = 1, N are
nonnegative.

Definition 1. The system (2) is called cooperative (or
nonnegative [12]) if Ay is Metzler and A;, i = 1, N are
nonnegative matrices.

The cooperative system (2) admits z; € C}*, forall £ > tg
provided that z;; € CI', and b: R — R.

Lemma 1. [6], [5], [12] A cooperative system (2) is asymp-
totically stable for b(t) = 0 for all 7 € Ry iff there are
p,q € R (p >0 and q > 0) such that

N
P’y Ai+q =0
1=0

Under conditions of the above lemma the system has
bounded solutions for b € LY with b(t) € Ry for all t € R
(see also [2] for L; and L., gain conditions).

Lemma 2. [20] Given the matrices A € R"*", R € R"*X"
and C € RP*™_ [f there is a matrix L € R™*P such that
the matrices A — LC and R have the same eigenvalues,
then there is a P € R" " such that R = P(A — LC)P~1
provided that the pairs (A — LC,e1) and (R,ez) are
observable for some e; € RY", ey € RIX7,

This result was used in [20] to design interval observers
for LTI systems with a Metzler matrix R (in other words, the
lemma establishes the conditions when the matrix A — LC'
is similar to a Metzler matrix). The main difficulty is to
prove the existence of a real matrix P, and to provide a
constructive approach of its calculation. In [20] the matrix
P= OROZiLC’ where O 4_1¢c and Op are the observabil-
ity matrices of the pairs (A — LC,e;) and (R, e2) respec-
tively. Another (more strict) condition is that the Sylvester
equation PA—RP = QC, @Q = PL has a unique solution P
provided that the pair (A, C) is observable (in this case there
exists a matrix L such that A\(4) # A\(A — LC) = \(R),
that is equivalent to existence of a unique P). Note that if
the matrix A — LC' has only real positive eigenvalues, then
R can be chosen as diagonal or Jordan representation of
A—-LC.

C. Interval analysis

Given a matrix A € R™*™ define AT = max{0, A},
A= =At—Aand |A] = At +A . Let € R" be a vector
variable, x < x < T for some z, T € R", and A € R™*"
be a constant matrix, then

Atz A T<Ar < AT — A=z 3)

)z,

This claim follows from the equation Az = (At — A
that for z < x < 7 gives the required estimates.

III. MAIN RESULT

In this section an interval observer will be designed for
a linear time-delay system. The possibility of the interval
observer application in the case of an uncertain or time-
varying delay is discussed thereafter.

A. Linear cooperative time-delay system

Consider the system (2) equipped with an output y € RP
available for measurements with a noise v € L2_:

y=Cx, =y+o(t), )

where C' € RP*™,

Assumption 1. Let

o x € L with xy < x¢, < T for some x,,To € C?;
e ||[v]| <V fora given V > 0;

o 7, € R are known and
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e b(t) <
co.

b(t) <

b(t) for all t > to for some known b,b €

In this assumption we suppose that the state of the system
(2) is bounded with an unknown upper bound, but with a
specified admissible set for initial conditions [z, To]. The
upper bound on the measurement noise amplitude V' as
well as the constant delays 7; are assumed to be given. All
uncertainty of the system is collected in the external input b
with known bounds on the incertitude b, .

Remark 1. Note that under such formulation we also can
take into account nonlinear systems which are diffeomorphic
to the following output canonical form:

N
+ > At — 1) + gy, u) + p(D),

i=1
where the nonlinear term g and the external input p can
be represented as b(t) = g(y+, u) + p(t) with the known
interval bounds for y; € [y — V,4; 4+ V] and the control
u, that allows us to calculate the functions Q,E taking into
account the interval of p.

i(t) = Agz(t)

For the system (2), (4) there exists a nonsingular matrix
S € R™™ such that # = S[y' 2T|T for an auxiliary
variable z € R"P (define S~ = [CT ZT]T for a matrix
Z € R("=P)Xm) then

§(t) = Ryy(t) + Roz(t) + Y _[Duiy(t — )
+ Doz (t —

N
£(t) = Ray(t) + Raz(t) + Z[Dsiy(t —Ti)

+ D4zz(t — Ti)] + Zb(t ,

for some matrices Ry, Dyi, k = 1,4, = 1, N of appropriate
dimensions. Introducing a new variable w = z — Ky = Uz
for a matrix K € R("=P)*P with U = Z — KC we obtain

N
w(t) = Goyp(t) + Mow(t) +_Z Giv(t —7)
+ Mt =)+ 50, ) 5)
B(t) = Ub(t) — Gov(t) Zth-n

where ¢(t) is defined in (4), Go = R; — KRy + (R4 —

KRQ)K, MO = R4 — KRQ, and Gz = Dgi — KDlz +
{D4i — KDQZ}K, Mi = D4i — KDQl for ¢ = 1,N Under
Assumption 1 using the relations (3) we get
B(t) < B(t) < B(1),
N
B(t) =UTb(t) —Ub(t) = D _|GilE,V,
i= 0
B(t) = U*b(t) — U b(t +Z|G |E,V.
=0

Then the following interval reduced-order observer can be
proposed for (2):

N
w(t) = Goy(t) + Mow(t) + Y _[Gap(t — )
i=1

+ Mw(t — )] + B(1),

(6)
N
w(t) = Gou(t) + Mow(t) + Z[G,ﬂ/}(t —7)

+ Mw(t — ;)] + B(t).
The applicability conditions for (6) are given below.

Theorem 1. Let Assumption 1 be satisfied and the matrices
My, M;, © = 1, N form an asymptotically stable cooperative
system (see Definition 1 and Lemma 1). Then z,T € L and

2(t) < 2(t) < F(1)

for all t >ty = 0, where

z(t) = STy ) - STEW ZOT, D
T(t) = STHO 2O - STy 20"
y() =) =V, g(t) = ¢(t) +V, (®)

2(t) =wt)+ Kty — Ky, z(t)

provided that wy = UTx, —

=w(t)+ Ky— Ky,

U~Zp, Wy = U+f0 — Ufgo.

All proofs are skipped due to space limitations.

The main condition of Theorem 1 is rather straightfor-
ward: the matrices My, M;, i = 1, N have to form a stable
cooperative system. It is a standard LMI problem to find
a matrix K such that the system composed by My, M;,
i = 1,N is stable, but to find a matrix K making the
system stable and cooperative simultaneously could be more
complicated. However, the advantage of Theorem 1 is that its
main condition can be reformulated as a linear programming
problem following the idea of [21].

Proposition 1. Let there exist ¢ € Ry, p € Ry, g €
RYP and B € RM"P)*P such that the following linear
programming problem is satisfied:
p'Ily — ngpBl_Il +4¢7<0,p>0, ¢>0,
diag[p]R4 — BRy + §In7p >0,¢>0,
dlag[p]Dzu - B.DQZ Z 0, 1= m,

N
=R, +ZD21‘,

then K = diag[p| !B and the matrices My = Ry — K Ra,
M; = Dy; — KDs;, © = 1, N represent a stable cooperative
system in (6).

N
Iy = Ry +ZD4i7 1151

i=1

If this linear programming problem is not satisfied, then
the assumption that the matrix M, is Metzler and the
matrices M;, ¢+ = 1, N are nonnegative can be relaxed using
Lemma 2.
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B. Relaxed conditions of interval observer existence

According to Lemma 2 there exists a coordinate trans-
formation w = Pw that maps M, to a Metzler matrix
PMyP~', but Lemma 1 also requires the transformed
matrices PM; P! to be nonnegative, that is hard to satisfy.
Fortunately, as we are going to show, the non-negativity of
PM; P~ is not necessary.

Let us start with assumption confirming the conditions of
Lemma 1.

Assumption 2. There is a matrix K € RO"™P)XP sych that
the matrix My = Ry — K Ry and a Metzler matrix Yy have
the same eigenvalues and the pairs (Mg, eq1) and (Yo, e2)
are observable for some e; € R, ey € RX",

Under Assumption 2 there is a matrix P € R(?=P)x(n=p)
such that Yy = PMyP~!. Define the set of new coordinates
w=Pwand Y; = PM;P~!, T, = PG; for i = 0, N, then
(5) yields:

N
O(t) = Tov(t) + Yow(t) + Y [Tb(t—7;)  (9)
=1

+Yiw(t —7)] +7(1),
where (1) = PA(t) and (1) = P*B(t)— P~B(t), 7(t) =
P*B(t) — P~J(t). The matrices Y; may be sign indefinite,

thus the following modification of the interval reduced-order
observer (6) is proposed:

N
(t) = Tow(®) + You(®) + Y [Tib(t = ) + Vit ult = )

=Y w(t —n)] +1(), (10)
N
w(t) = Top(t) + Yow(t) + Y_[Tib(t — ) + Y, e(t = 73)

=Y, w(t—7)] +7(t).

Comparing with (6), the observer (10) contains coupling
terms between dynamics of w and w.

Theorem 2. Let assumptions 1, 2 be satisfied, and there
exist some p,q € Ri(nfp)(p > 0 and q > 0) such that

N
pT Z \II’L + CIT = 07
i=0
where

\IIOZ[O:EP O;,;p},\lliZ[;;; }}% } (11)
for all i =1,N. Then z,T € L and
a(t) < a(t) < (1)
Sor all t > 0, where x(t), T(t) are defined by (7), (8), (10)
and

w(t) =[P w~[P7]@, w(t) = [P~']"w — [P~ u;

-
(12

where wy,,wq are chosen as w, = Oz, — O~ Ty, Wy =

Otzy — O~ g for O = PU.

Theorem 2 relax the applicability conditions of Theorem
1 skipping the requirement that the matrices M;, ¢ = 1, N
have to be nonnegative.

Remark 2. In the paper [14] a similar estimation problem
is studied, the observer proposed there (see equation (4.14)
n [14]) has more terms and it additionally depends on
integrals of some auxiliary variables (i.e. v and W), whose
calculation increases the computational complexity of the
scheme. Despite that, both observers ((10) in this work
and in [14]) have similar a%llcablllty conditions (it is also
required that the matrix ) ;" , W; is Hurwitz in [14]). The
problem of application of the coordinate transformation P
and the uncertain delay treatment (considered below) are not
analyzed in [14].

C. Estimation for an uncertain delay

Assume that in the system (2) the delays 7; : R — [—7, 0]
are time-varying:

N
B(t) = Aoz (t) + Y Aiw(t — 7i(t)) + b(t),
=1
Il<7-l(t)§?’t t207Z:17Na

with 7 = maxj<;<n 7; for some given 7;,7, € R, then
applying the same transformations of coordinates we obtain
a system similar to (9):

N
O(t) = To(t) + Yow(t) + > [Tir{t — (1)}
i=1
()} + ().

Next, the idea is to replace in the interval reduced-order
observer (10) the delayed term w{t — 7;} with its minimum
and maximum over the interval [T, 7;]:

m;[w(t)]) = s), milw(t)]) =

+ Yiw{t —

min  w(t— max w(t—s),
s€[T;,74] s€[T;,7T4]

that does not influence on the possibility of interval estima-
tion. Thus the observer equations can be rewritten as follows:

) + Z{T+
iL(t)]

w(t) = Toy(t)
= T m; (1)) + in
=Y m[w ()]} + (1),
w(t) = Tow(t) + Z{T+

— T my [ (t )]+Y+mi[ (t)]
=Y m,lw(®)]} +7(t)-

It is worth to stress that the observer (13) is nonlinear.

+ Yow

13)

+ Yoo.)
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Theorem 3. Let assumptions 1, 2 be satisfied. Then
z(t) < a(t) <xT(t)

for all t > 0, where z(t), T(t) are defined by (7), (8) and
(]2) provided that Wy = O+§0707f0, W = O+§070,£0
for O = PU.

In Theorem 3 we did not prove that the variables x, T are
bounded, that is rest for a future work, the idea is that

m;lw(t)]) = wlt — 0;(1)], mi[@(1)]) = @t — 0(t))

for some known functions 0, : Ry — [7;,7:], 0; : Ry —
[1;,7:), ¢ = 1, N, next the results of [9], [18] can be directly
applied to prove boundedness of z,z. Now, the objective of
the last theorem is to show that the interval observers are
natural in the case of an uncertain delay function.

Remark 3. As in Remark 1, in the same way the uncertain
delays can be treated in the nonlinear terms.

Let us show the performance of the proposed interval
reduced-order observers (6), (10), (13) on examples of
numerical simulation.

IV. APPLICATIONS

A. HIV/AIDS dynamics

Consider a variant of four-dimensional
HIV/AIDS [16], [19], [26]:

model of

T(t) = s(t)—dT(t) —yo(t —7()T(1),
Ti(t) = ai(t)yyo(t—rO)T(t) — mTi(t),
To(t) = qat)yo(t—7(O)T(E) +kTa(t — )

—p2T(t),
0(t) = koTa(t) — co(t),

where 7' € R, is the size of population of unin-
fected/healthy cells; 77 € Ry is the population of cells
which are infected by the virus, but which do not yet produce
new virus particles; 7o € R, denotes the population of
infected cells which do produce virus particles; and v € R
is the population size of free virus particles. The signal
s : Ry — Ry is an uncertain time-varying rate of new
cells production form internal sources in the body; d > 0,
¢ >0, up > 0 and pe > 0 are known death rates of the
corresponding populations; v is the rate of influence of the
viral population on other cells, ¢; : Ry — [g,, ;] charac-
terizes an uncertain influence of v on production of 7;, the
constants 0 < 4, <G <laregiven,i=1,2;0<k; < g
and ky > 0 are known rates of transition from populations
Ty and T, to T and v respectively; 7 : Ry — [1,7]
is an uncertain time-varying delay representing the time
shift in the influence of virus cells on other populations,
0 <7 <7 < 400 are some known constants; 7, > 0 is a
given small delay in the transition from the population 7} to
T5. In [16], [19], [26] all parameters and delays are constant.
As in [26] assume that

() =T({), ya(t) =v(t),

Figure 1. Results of interval estimation for HIV/AIDS model

note that from the consideration below the measurement
y2 = v(t — 7,) with 0 < 7, < 7 is also acceptable. Thus it
is necessary to design the interval observer for the variables
w= [T, T2)T:

- 0
A%:[ )

Bt) =vu(t)

q;
ma; s)| Z
se[tf?,}t(fz] ya(s) { qs }

and the matrix M, is Metzler and Hurwitz, M; is nonneg-
ative. It is obvious that all conditions of Theorem 2 are
satisfied, the results of the system simulation for

s(t) =342sin(t), d=0=p1 = p2 =05, c =1,
k=1, ks = 0.7, 71 = 0.2, 7(t) = 1+ 0.5sin(t),
¢1(t) = 0.7+ 0.02sin(2t), g2(t) = 0.8 4+ 0.02sin(3t)

are shown in Fig. 1.

B. Glucose-insulin model

Following a recent paper [17], consider a modification of
the second order time-delay glucose-insulin model

G(t) —kqrG)I(t) 4+ ri(t),
Ity = —kI(t)+ra(t) FIG(t — 7a(1)] + ult),
_ (&)
f(G) - 1+ (g*)’ya

where G € R, and I € R, denote the plasma glycemia
and insulinemia, respectively; kg > 0 and k; > 0 are
known decay rates; r; : Ry — [r,,7;] is an uncertain signal
representing a production rate, the constants 0 < r; <7; <
400 are given, @ = 1,2; v : Ry — R is the control;
T¢ : Ry — [Tg,T¢] is an uncertain time-varying delay,
0 < 7 < Tg < +oo are some known constants. In
[17] all parameters were selected to be constant (here the
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400 3
1300 1
200¢ 1
100f 1

Figure 2. Results of interval estimation for glucose-insulin model

uncertain function ro represents also a possible incertitude
of the function f and its parameters) and

y(t) = G(b).

Then w(t) = I(t) and the design of interval observer is
trivial taking into account the uncertain delay treatment pro-
posed in the present paper. The results of interval estimation
of I(t) for

kgr =3.11e — 5, ky = 1.211e — 2,
r1(t) = 0.016 + 0.01sin(0.01¢),
u(t) = 5+ 5sin?(0.03t)e -0,
ro(t) = 0.393(1 4 0.25sin(0.02t)),
76 (t) = 24 + 8sin(0.04t), G* =9, v = 3.205

are shown in Fig. 2.

Thus the main advantage of the proposed approach is that
it can easily take into account the presence of an additional
uncertainty with respect to conventional methods [17], [26].

V. CONCLUSION

The concept of interval reduced-order observers for non-
linear systems is introduced. Several observer solutions for
linear and nonlinear time-delay systems are proposed. It is
shown that if under a suitable coordinate transformation
the undelayed subsystem is cooperative, then the delayed
estimation error dynamics inherits this property. An ap-
proach for interval estimation of systems with uncertain and
time-varying delays is presented. Examples of numerical
simulation for two nonlinear systems confirm the efficiency
of the proposed method.
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