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Input-output Linearization by Dynamic Output Feedback*

Arvo Kaldmie and Ulle Kotta

Abstract—The problem of input-output linearization by
dynamic output feedback of discrete-time multi-input multi-
output nonlinear control systems is considered in this paper.
The system is described by the set of higher order input-output
difference equations. First, an algorithm is given to find a set of
functions, which are then used to provide sufficient solvability
conditions and the equations of the dynamic output feedback.
The results are specified for the special subclass of systems,
called ANARX systems and comparisons with the single-input
single-output case is made.

I. INTRODUCTION

It is natural to use the output feedback, instead of the
state feedback, to solve various control problems, because
not always all the states are available for measurement.
The alternative would be to construct the state observers
which is not a simple task for nonlinear state equations [25].
Moreover, not all nonlinear systems can be described via
state equations. However, there are not many results, unlike
the linear case, that address the output feedback solutions for
various problems in the nonlinear case. Besides input-output
(i/o) linearization addressed in this paper, output feedback
has been used in stabilization of nonlinear control systems
[71, [5], [4], in output regulation [6], in the disturbance de-
coupling [8], [9], [16] and in the i/o decoupling problems [3],
[20]. Some results on output feedback are also available for
systems described by higher order i/o difference equations
(1], (111, [13], [18].

For continuous-time systems, the solutions for the i/o lin-
earization problem by output feedback are given in [3], [19],
[23]. In [19] and [23] necessary and sufficient solvability
conditions by static output feedback for multi-input multi-
output (MIMO) systems are given, whereas the solution
by dynamic output feedback for single-input single-output
(SISO) systems is given in [3].

The input-output linearization problem by output feedback
for discrete-time nonlinear systems has not received much
attention. For SISO systems, [21] gives sufficient solvability
conditions both by static and dynamic output feedback. In [9]
the results of [21] were extended to weaken the solvability
conditions (by dynamic output feedback) of [21] within the
solution of the disturbance decoupling problem.

In this paper our goal is to extend the results of [9] for the
MIMO case. We assume the nonlinear discrete-time systems
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to be given by the set of input-output difference equations.
In [9], an algorithm was given, that finds a certain set of
functions, which play the key role in the construction of
the output feedback. Now, we extend this algorithm for the
MIMO systems. Then, as in the SISO case, based on this
algorithm, we give sufficient conditions for linearizability of
/0 equations by regular dynamic output feedback. Obtained
results are then specified for a subclass of additive NARX
(ANARX) systems. The application of the algorithm and
construction of the dynamic feedback is then demonstrated
on two examples. Finally, note also that the MIMO case has
not been directly studied for continuous-time systems, but
it has been studied within the i/o decoupling problem for
systems described by the state equations, see [22].

II. PRELIMINARIES

Throughout the paper we assume that i, 7 = 1,...,p and
j=1,...,m. Also, we denote y for y(t) and y*! for y(t +
k), k > 1. Similar notations are used for the other variables.
Consider a discrete-time multi-input multi-output (MIMO)
nonlinear system, described by the difference equations

(ki) [kir]

Y; :(bi(y‘ry-‘wy‘r 7’U,j7...7u‘£_ki71]) (1)

where ®; are supposed to be analytic functions of their
arguments and the indices in (1) satisfy the relations

lekQS"'Skpa kir<k7
kir <ki, T <1 2
kiq—gki, T > 1.

The conditions (2) mean that the equations (1) are assumed
to be in the so-called doubly (row- and column) reduced
form. Note that whenever the system is well-defined, one
can always transform an arbitrary set of i/o equations, at
least locally, under mild rank conditions, into the form (1),
see [14]. If the system is in the form (1), then the forward-
shift operator, defined below, is explicitly defined.

Also, we assume, like in the majority of papers addressing
discrete-time nonlinear systems, that system (1) is submer-
sive, i.e. the map ® = (®1,...,®,)7 satisfies generically
the condition

rank [

where y = (y1,...,¥p) and u = (U1, ..., Up).
Let C be the field of meromorphic functions in variables
y, v and a finite number of their independent forward
[les 1] [k]; k > 0}. Next, we define

shifts, ie. {yi,...,y; U
the forward-shift operator 6 : K — K associated with
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system (1) as follows. If function ¢ depends on variables
, [ki—1] (k]
{Yis-- Y5 sUjy ey Uy }, then

1) qﬁ(yi,...,yl[k'i_l],uj,...,ug»k]) =
oM, @, (), ul L ul

Vg J

Under the assumption that system (1) is submersive, operator
0 is injective endomorphism of the field /. Then the pair
(K, ) is an algebraic object called difference field, which we
denote simply by K. In general, X is not inversive, but there
always exists an overfield K* of field K, called inversive
closure of K. Because K* is inversive, there exists operator
51, which will be interpreted as the backward-shift operator.
By 6% and 6% we denote the k-fold application of operators
§ and 0!, respectively. The detailed explanation for the
construction of K* (the rule for computation of §~1) is given
in [15] for the special case of SISO systems. The MIMO
case, though technically more involved, can be handled in a
similar manner. The crucial point is the choice of the new
independent variables of the field extension. From now on,
we assume that the field X is inversive.

Define the vector spaces U = spanK{duBk]; k > 0},
Y = spanc{dylis = 1,...,k — 1} and the vector
space of one-forms £€ = )Y + U. So, the set of one-
forms &£ is a vector space that is formed by taking the
linear combinations over the field K of standard basis el-
ements {dy;, ... ,dy,l[k"_l],dugk];k > 0}. Also, define £F :=
span,c{dyi,...,dyl[k*l],duj,...,dugkfu} for any k € N.

The forward-shift of a one-form w = ) _a,d¢, is defined

by
6( D asdo.) =Y da,d(5,),

where a; € K and ¢, € K.

Definition 1: The relative degree r; of the ith output
component y; of the system (1) is defined as the delay
between y; and the control input u.

Note that this definition agrees with the definition in [12].

In general, a one-form w € &£ is a linear combination
over K of certain number of standard basis elements of £.
However, it is often possible to find a linearly independent
set of exact one-forms with less elements than those basis
elements of £ in terms of which w can be expressed.

Definition 2: [2] We say that « is the rank of a one-form

w, if 7y is minimal number of linearly independent exact one-
forms necessary to express a one-form w.
If the rank ~ of a one-form w is one, then w = {da (€, €
K) is integrable and thus w A dw = 0. In the general case,
if 7 is the rank of the one-form w, then w A (dw)(”*) =0,
where (dw)™ :=dw A ... A dw is y-fold wedge product.

For example, a one-form w = ulldy + ydul" + 3 dul?!
is a linear combination of three standard basis elements
{dy,dum,dum}. However, one can express w as a linear
combination of two exact one-forms d(yu!!l) and dul?, i.e.
w = d(yull) + yMdul. Thus, one says that the rank of w
is 2.

III. 1/0 LINEARIZATION

Problem statement. Given a discrete-time MIMO nonlin-
ear control system of the form (1), we are searching for a
regular dynamic output feedback of the form

= F(n,y,v)

H(n,y,v), 3)

where n € A C R? and v € V C R™ are the state
and the input of the compensator, respectively, such that
the differentials of input-output equations of the closed-loop
system satisfy the relation

dyi") € spang {dylFl, .. dy,, dv}. S

This means that, for the closed-loop system, dyl[ki] is

equal to a linear combination of the elements from
{dy[Tk”], ...,dy;,dv;} over R. Then, after integrating,
which is always possible, one gets that yl[m
function of variables {ka” e Yr U T

If there exists such dynamic output feedback, then we
say that system (1) is input-output linearizable. Note that
we call the compensator (3) regular, if it generically defines
the (y, n)-dependent one-to-one correspondence between the
variables v and u. In other word, the compensator (3) is
right-invertible, for more information, see [10].

Problem solution. First, we recall the result for the SISO
systems. This helps to understand the MIMO case and
additionally, allows us later to make comparisons with the
SISO case.

Theorem 1: [9] The SISO system with finite relative de-
gree r of output y is input-output linearizable by dynamic
output feedback if the differential of its i/o equation can be
rewritten as

dy™ = ANdy U 44N dylr
+ don—rt1(,0n—r—1,...,001,y,u)0  (5)
3bn—r(,0Pn—r—2,...,001,y,u) 0 ...
06¢3(-, 601, y,u) 0 62 (-, y,u) 0 5¢1(y,u)

for A\, € R (s = 1,...,r — 1) and some functions
®1s...,0n—r+1 Which are invertible with respect to their
first argument.

An algorithm is given in [9] to find the functions
@15+, Pp_ry1 if they exist. In the MIMO case, we are
searching for another set of functions ¢;7, 1 = 1,...,k; —
r; + 1, such that

u =

is a linear

Ayl = N dyf U e A, wdy

v

+ d¢7];€’i1—7"i+1 (" 5¢;7j7 Y, u) © (6)
Syt (L6807 y,u) o -0 66 (y, u),

where v=1,...,.p,c=1,...,k;—r;and k =1,...,k; —
r; — 1. When specified for SISO systems, (6) becomes (5).
Really, since ¢ = j = 1, then we can write functions ¢;”
just as ¢y, where [ =1,...,n—1r+ 1.

Next, we give an algorithm to find such functions if they
exist. Denote by 71, . . ., 7, the relative degrees of the outputs
Y1, - -, Yp respectively.
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Denote  w; = dyl[ki]
dy,}. Also, assume that the relative

—Ti+1}.

Algorithm 1. mod

spanR{dy[ThT}, ce

degrees r; are given and define kpq. := max;{k;
Step 0. Check whether

e ghimritl, (7

If it is not true, then stop, there do not exist functions qﬁ’j
that satisfy (6). Otherwise, go to step 1.
Step 1. For every 7 let

p m
- =T ki—r;
Wil = Zai,l,rdy[rk' mil 4 Zﬁi,l,jdug i

=1 j=1

(ai,1777ﬁi,1,j € K*) be such that w; — ;1 € Eki—ri,
Check whether ;1 := rank wip < m. If not,
then stop'. Otherwise, let ¢'', ... 7" be such that
{doki=right, L ...,dek gl 1) is a basis of @;; and
(bl,"/z 1+1’ o (bzi,m -0

Step q. (¢ = 2, ..., kmae) Rewrite w; in terms of forward
shifts of functions d);’j , found previously, i.e. such that

w; € 5’”_‘1_”"’2+Span,<{d5"<b;’”

m=1...,q-Lipu= 13"'777’,75
U:O,...7ki—ri—q+2}.
Let
- = k 1
~ i—Ti— 0 — T —q+
Wiq = Zai,q,rdyq[—kb atl] + Zﬁi,q,jduj I
=1 j=1

P q—17r =

+ Z Z Z ngqqu(;k —m—q+2¢;,u

T=171=1p=1

(g7 Bing.js 07 € K*) be such that

w; —Wiq € gki—q—n-ﬁ—l
+ spang{dé7 ¢t
m=1....¢—-Lip=1...,7x
UZO,...,ki—Ti—q—i-l}.
Check whether v;, := rank w;q < m. If not,

then stop'. Otherwise, let gbfz’l, .., bg """ be such that
{doFemrimatlght, L M TG Y s a basis of @i g
and ¢y 70t L ¢u™ = 0. End of algorithm.

Remark 1: In the (k; —r;+1)th step one has @; i, —r,+1 =
w;. Since w; is integrable by definition, v; g, —r,+1 =
rank @; p,—r;+1 = 1. Then let the function qﬁz’i_m 41 be
such that @; g, 41 = W; = d(bzl rig1s SINCE Vi, i1
is always 1, the functions qbk g1 O S =200,
be always taken equal to O.

Now we give the main result of this paper.

Theorem 2: Suppose the relative degree r; of the output
y; is finite, for ¢ = 1,...,p. Then the system (1) is input-
output linearizable by the dynamic output feedback of the
form (3) if

m, can

If 45,1 £ m (7;,; £ m) then condition (i) of Theorem 2 given below
is not satisfied, so there is no reason to continue.

(i) there exist functions qb;"’j s —r;+1,

that satisfy (6);

where [ =1,...,k;

(ii) 4
oy, o)
ranky (6] au¢1 Z Yix
and
wﬁw“,?%'
ranky 7 ) Yi,ls
(§¢l s ¢ ’Y7 1— Z

where | = 2,... k;
Algorithm 1.
Proof: Denote

—r;+1 and i, are defined by

9" () @®)
R OF ©)
wherel =1,...,k;—r; and s = 1,...,;,;. Under condition
(i1), one can solve system of equations (8), (9) in variables
{u,nz[’ll]’s;l =1,...,k—ri;s=1,...,7v} to get a dynamic
output feedback. In case some variables remain free, they can

be taken equal to new input component v, = p+1,...,m.
Because of (9) and (6) one gets

Ni,l,s

v, =

dy[k 1 e spang {dyF1 . dy,, dv;}.

for the closed-loop system. Thus, the differentials of i/o
equations (1) of the closed-loop system satisfy (4) and
therefore the closed-loop system is input-output linearized.
|
Note that in the SISO case, condition (i) of Theorem 2
corresponds to condition (5) and condition (i7) is always
satisfied, since by the definition of the relative degree, ranks
of the matrices in (i¢) are always equal to 1.
Consider a special subclass of MIMO systems, called
ANARX systems, which are described by the equations of
the form

il = §:¢

In ANARX model the restrictions are imposed on the
structure (1), not allowing coupling of shifts of different
orders in the same term (function ; s). The choice of an
appropriate (restricted) structure is a typical approach in
control to guarantee that the restricted system structure will
satisfy certain properties important for feedback construction.

Next, we specify the solution in Theorem 2 for the i/o
linearization problem for systems of the form (10).

Corollary 1: Under the assumption that the relative de-
grees r; of outputs y; are all equal to 1, the system (10) is
i/o linearizable by dynamic output feedback of the form (3)
if

gl il s < k). 10

6(51_k1g01,1, . 51_k”<pp71)T

rankx =p.

(11)
Proof: Because all thea%élative degrees r; = 1, the
condition (7) is satisfied and one can always find from

Algorithm 1 the functions qbf’l as follows
ot = Mg () (12)
oyt = 0o+ (), (13)
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where | = 2,....k;, since? 7;; = 1 < m. Then dyz[k"‘] =

dqﬁi"il and thus the condition (i) of Theorem 2 is satisfied.
Condition (i) is also satisfied, because by assumption (11)
and (12),

1,1 p1\T

rankx or,. 01
Ju
—k1+1 —kp+1 T
= rantee 20T oL O o)
u
and by (13)

1,1 p,INT

rankx N9 ) = rankx [, = p,

<6¢l 12> 6¢f7711)

where [ = 2,...,k; and I, is p X p identity matrix. Thus
all the conditions of Theorem 2 are satisfied and the system
(10) is i/o linearizable. |

Remark 2: The assumption r; = 1, in Corollary 1 is
actually not restrictive, its goal was to make the proof
transparent. In the case of arbitrary (finite) relative degrees,
the condition (11) of Corollary 1 takes the form

oG I T Y. L e B
ou

and additionally, one has to assume that (7) is satisfied,
because otherwise there do not exist functions (bl’] that
satisfy (6), see Step O of Algorithm 1.

Then, by renumbering the inputs w;, if necessary, the
dynamic output feedback that linearizes the system (10) is
given by

ranky =p (14)

Th[ll] = Nigrr — 0T R0 ()
1
nil]cfn = _(plk()
uig = 6" Rl ()
Us = Vs,

m and inverse

kif'ri]

where [ =1,....k;—r;—1,s=p+1,...,
of ¢; ., is taken with respect to the argument u,

Remark 3: In case of the SISO ANARX systems, con-
dition (14) is always satisfied, since by the definition of
relative degree, 0" %, .., depends on control variable w.
Also condition (7) is always satisfied and thus the SISO
system of the form (10) is always i/o linearizable, which
agrees with the results in [15].

IV. EXAMPLES

We present below two examples, the first of them is
academic and the other describes a 27 tray binary distillation
column model operating in a high-purity regime.

Example 1: Consider a system given by the set of i/o
equations

I,
= ygous. (15)

2This is because in case of ANARX models all different time shifts are
decoupled

Note that r; = ro = 1. We check the conditions of Theorem
2 for system (15). To check whether there exist functions
that satisfy (6) and in the case of affirmative answer, to find
these functions, we use Algorithm 1.

Compute
wp = y2u2du[12] + yF] du[22] + u[22]dy£2]
+ ygu[f] dus + ugu[12]dy2
w92 = ygdU3 —|— U3dy2.

Step 0. It is obvious, that w; € £ and wy € £7.
Step 1. For ¢ = 1, define a one-form @; ; as

1= y2u2du[12] + u[22]dy£2} + y?} du[;]7

because then w; —w; 1 € £2. Note that y; 1 := rank @11 =
2 < 3 =m, since wi,; may be rewritten as

(21111 = y2u2du[12] + d(u[;]y[ ])

Thus one may choose (b%’l = u; and ¢1’ = u2Yy1, since
{d6%uy,dé*(ugy1)} is a basis for one-form @y 1.

For ¢+ = 2, Step 1 is the last one, because’ ko —ra+1 = 1.
The one-form wy = d(ysus) and thus ¢>' = yyus.

Step 2. Now, the one-form w; can be rewritten as

y2U2d(52¢%’1) + y252¢i’1du2
+ugd®¢y ! dys + d(0%¢;%).

Define @12 = yousd(6%¢7"") + d(6%¢1%), since then w; —
w12 € EY + spany{d¢;’,dé¢y7;4,j = 1,2}. The rank of
the one-form @y 2 is 71,2 = 2 < m = 3 and the ba51s of wl 2
is {d(52¢)1 1 d(252¢% 2 )}. Therefore, we define qS = 5¢
and ¢

Step 3 In the last step of the algorithm, we get w; =

(ygugégb +(5¢§’2) and so, we choose q%’l = yzugégzﬁé’l +
Sy

Iz\Iote that the conditions (¢) and (ii) of Theorem 2 are
satisfied. Really, dy!”) = d¢l! and dyl!! = d¢>', and

wp =

11,12 ,21 1 0 0
rank Oy 01" 617 )" = ranke [ 0 1 O
ou 0 0 s

= 3=+

everywhere except when y; = 0 or yo = 0. Also,

L1 127
rankx ¢y, 93") = rank,c< (1)
= 2=1p.

0 0
1 0

To find a dynamic output feedback compensator, one has to,
according to (8), (9), solve the system of equations

(31, 001°, 007"

n,1,1 = W
Mmai2 = Yiu2
_ (1]
Mz21 = M1
_ (1]
Mmye22 = Mg
1 1
vy = y2u277£,]2,1 + 77%,]2,2
V2 = Yaus

3See Remark 1.
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for variables {u1, uo, us, 77%17]1’1, 77%1]1 2 77% ]2 1 77%1]2 ot

77%,]1,1 = M,21
Mhe = Mmoo
noo_
M21 = U3
Y20U3M1,1,2
Mo = w22 a6)
U = nNi,1
1,2
sy
1
V2
us = yj

Since we have 6 equations and 7 unknowns, one variable,
77%1]21 is free, so that one can take 77%17]2’1 = v3. Compensator
(16) is regular, since one can write the new input v =
(v1,v2,v3) as a function of variables {y,u} and a finite

number of their independent forward-shifts

vy = y2U2U[12] + y£2]u[22]
V2 = Y2Us
- (2]

3 = Uy

and thlS function is invertible with respect to variables
{u[z] ,u3 }. Now, the closed-loop system reads yg?’] =
and y, f: V.

Example 2: Consider a 27 tray binary distillation column
model operating in a high-purity regime, described in [24]:

g = 10,0012 40,98y — 0, 184l + 1, 110l
1, 8yl (a7
gl = 0,0018 + 0,92y, — 0,22u; + 30, 4y2us — 1, T,

After transforming (17) into the form (1), (2), one gets

¥ = 10,0012 + 0,98y + 1, 1y, u?
+(—0,18324 4 0, 396ul"! — 1, 656" (18)
—54,72(y [1])2 3 ,06(u [ ]) )u[12]
g = 10,0018 + 0,92y, — 0,22u; + 30, dy2us — 1, Tu.
Next, we find the functions that satisfy (6), by Algorithm 1.

Note that the relative degrees r; and ro of outputs y; and
ya2 respectively, are both 1. Compute

w = d(1, Ty ul! + (—0,18324 + 0,396ul) — 1,656y5"
54,7205 uy’ + 3,06(uy))ul?)
we = d( —0,22uq + 30,4y2uQ — 1,7u§).
Step 0. One can easily see that w; € £ and wy € £1.
Step 1. For ¢ = 1, define the one-form
@1 = 1 1ydul? + (—0,18324 + 0,396ul) — 1,656

—54,72(y) 2l + 3,06 (ul")?)dul?.

The rank of the one-form ;1 is 1,1 = 2 = m. The basis
of &y 1 is {dd%uz,dd%u; }. Thus ¢i’1 = uy and qb%’Q = u.
For 7 = 2, let Wy 1 = wy and thus

¢% Y= —0,22u; 4 30, dydug — 1, Tus.

Step 2. Rewrite w as

d(1,1y,6%¢}" + (—0,18324 + 0, 396ul"
— 1,656y47 — 54, 72(55)2ul + 3,06(uh)?)8%612).

w1 =

and define a one-form

D2 = Llyd(d%)
+d[(—0,18324 + 0,396ul") — 1,656y}
—54,72(y4 ) 2ul) + 3,06(uh))?)829)?).

The rank of this one-form is clearly v; 2 = 2 = m and the
basis of this one-form is

{627, d[(—0, 18324 + 0,396ul") — 1,656y
—54, 7205 2ul! + 3,06(ul)2)52612] 1.

Thus
o' = oo
¢y = (—0,18324 +0,396u — 1 ﬁsﬁym

—54, 72(5 2l + 3, 06(ul)2) 52612,

Step 3. This is the last step and thus W13 = w; =
d(1, 1y16¢5 " +3¢5?). This means that ¢y = 1, 1y1 5y +
Sy

Now, dyf = 0,98dy!? + dgl! and dyl! = dglt.
Condition () of Theorem 2 is satisfied, since we have found
functions ¢}’ such that (6) is satisfied. But condition (i7)
does not hold since

gyt % o7 )T

ranky ey =
0 1
= rankg 1 0 =2#3.
—0,22  30,4y3 — 3, 4us

Thus, one can not linearize the system (18), at least not using
the method described in this paper.

V. CONCLUSIONS

The i/o linearization problem for discrete-time nonlinear
control systems by regular dynamic output feedback was
addressed in this paper. The nonlinear MIMO system is
described by the set of i/o equations. An algorithm was given
to find a set of functions, which were used to formulate the
sufficient conditions for solvability of the problem. Although
the results obtained in this paper can be also applied for
systems defined by state and output equations (by eliminating
the states), the class of systems, addressed in this paper is
larger than those described by the state equations. This is
because not all systems, given by the set of i/o equations,
are realizable in the classical state space form [17].
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