
Optimal H2 Mode-Independent Filter for Generalized

Bernoulli Jump Systems⋆

A. P. C. Gonçalves, A. R. Fioravanti and J. C. Geromel

Abstract— In this paper we work with the filtering
problem for a special class of discrete-time Markov
Jump Linear Systems (MJLS) whose transition prob-
ability matrix has identical rows. For that class of
systems we design, with the help of new necessary
and sufficient LMI conditions, H2 optimal mode-
independent filters with the same order of the plant.
For cluster availability of the mode, we also show it
is possible to design optimal filters. We complete the
results with a numerical example.
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I. INTRODUCTION

Dynamic systems that present sudden changes on

their structures or parameters have been the subject

of several studies in the last decades. Among the

several ways to model such a dynamic system, one

of increasing interest is the Markovian jump linear

system (MJLS). There is a large amount of theory

in the literature that extend the usual concepts of

stability, observability, controllability, H2 and H∞

norms to this special class, see [5] and references

therein. An important assumption to consider for

MJLS design problems is if the Markov chain

state, often called mode, is available or not to the

controller or filter at every instant of time k ∈ N.

Based on that information the design is said to be

either mode-dependent or mode-independent.

The problem of determining a strictly proper

optimal H2 mode-dependent filter was solved in
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[4] with the use of Coupled Algebraic Riccati

Equations (CARE) and in [6] with the use of LMIs.

For the mode-independent problem, an optimal

H2 filter using augmented matrices based on the

Kronecker product was proposed in [3]. The filters

obtained using this method are of order Nn, where

N is the number of Markov chain modes and n is

the plant order. Only strictly proper filters have been

considered and the output to be estimated must be

independent of the system mode and input noise.

In this paper we work with a particular case of

a Markov chain given by a transition probability

matrix with identical rows. For N = 2, this is

equivalent to considering the random variable to

be governed by a Bernoulli process. Under that

assumption, the probability that the system mode

assumes a particular value does not depend on the

current one. Such a modeling has been used to

describe packet dropouts in several works in the

literature of Networked Control Systems [8]. It is

a very simple way to model such phenomena, yet

there are remarkable properties that can be explored

under that assumption. Our main result is that,

given those assumptions over the transition prob-

abilities, and considering cluster availability of the

mode, it is possible to obtain an optimal H2 proper

filter. That includes both the mode-dependent and

mode-independent filters as particular cases. For the

mode-independent case, the obtained filter has the

same order of the plant, as opposed to the extended

order filter in [3]. Through a numerical example,

we illustrate our results and compare them with the

alternatives in the literature.

The notation used throughout is standard. Capital

letters denote matrices and small letters denote vec-

tors. For scalars, small Greek letters are used. For

real matrices or vectors (′) indicates transpose. For
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square matrices Tr(X) denotes the trace function of

X being equal to the sum of its eigenvalues and, for

the sake of easing the notation of partitioned sym-

metric matrices, the symbol (•) denotes generically

each of its symmetric blocks. The set of natural

numbers is denoted by N while K = {1, · · · , N}.

The symbol E{·} denotes mathematical expectation

of {·}. For any stochastic signal ξ(k), defined in the

discrete-time domain k ∈ N, the quantity ‖ξ‖22 :=
∑

∞

k=0
E{ξ(k)′ξ(k)} is its squared norm. The set

of signals ξ(k) ∈ R
p, k ∈ N such that ‖ξ‖22 < ∞

is denoted Lp
2. For p1, · · · , pN being probabilities

which must satisfy pi ≥ 0 for all i ∈ K and
∑

i∈K
pi = 1 we denote p = [p1 · · · pN ]′ ∈ R

N the

probability vector. Given P1, · · ·PN symmetric and

positive definite matrices, the mean value or convex

combination is denoted as Pp =
∑

i∈K
piPi.

II. PRELIMINARIES

Consider the following discrete-time system

G :











x(k + 1) = A(θk)x(k) + J(θk)w(k)

z(k) = Cz(θk)x(k) + Ez(θk)w(k)

y(k) = Cy(θk)x(k) + Ey(θk)w(k)
(1)

where x(k) ∈ R
n is the state, w(k) ∈ R

m is the

external perturbation, z(k) ∈ R
r is the output to be

estimated and y(k) ∈ R
q is the measured output. In

the general MJLS framework, we consider that the

random variable θk takes values in K according to

a Markov chain with transition probability matrix

given by P = [pij ] ∈ R
N×N where pij =

Prob(θk+1 = j | θk = i), which satisfies the

normalized constraints pij ≥ 0 and
∑N

j=1
pij = 1

for each i ∈ K. To ease the presentation, the

following notations A(θk) := Ai, J(θk) := Ji,

Cz(θk) := Czi, Ez(θk) := Ezi, Cy(θk) = Cyi

and Ey(θk) = Eyi whenever θk = i ∈ K are used.

We will also consider that matrices Czi and Ezi

are orthogonal, that is C′

ziEzi = 0 for all i ∈ K.

Throughout this paper, an important assumption

about the transition probabilities will be taken:

pij = pj , ∀i, j ∈ K×K (2)

This corresponds to a transition probability matrix

P ∈ R
N×N with identical rows. For N = 2, this is

equivalent to defining the random variable θk ∈ K

with Bernoulli distribution. For N > 2 we say it has

a generalized Bernoulli distribution. One important

characteristic of such distribution is that the mode

θk ∈ K at every instant of time does not depend on

any previous value.

There are several equivalent forms to define

stability of the system (1) with w(k) = 0 and ar-

bitrary initial condition, like mean-square stability,

stochastic or exponential mean-square stability. It

has been shown in [9] that those definitions are

equivalent for a MJLS, being referred to as second-

moment stability, or simply stability. In particular,

it is well known that system (1) with w(k) = 0
and generalized Bernoulli distribution (2) is stable

if and only if there exist symmetric matrices Pi > 0
for i ∈ K satisfying

A′

iPpAi − Pi < 0, i ∈ K (3)

which is a set of N LMIs with N matrix variables.

Its solution can be found with no difficulty mainly

if the number of modes of the generalized Bernoulli

chain is small. This stability condition can be

reduced, with no loss of generality (that is, keeping

its necessary and sufficient nature), to only one

LMI expressed through only one matrix variable.

The next definition is the generalization of the H2-

norm from discrete-time deterministic systems to

the stochastic jump case under consideration.

Definition 1: The H2-norm of a stable system G
is defined by

‖G‖22 :=

N
∑

i=1

m
∑

s=1

µi‖z
s,i‖22 (4)

where µi = Prob(θ0 = i ∈ K) and zs,i represents

the output z(0), z(1), · · · obtained from the input

w(k) = esδ(k), where es ∈ R
m is the s-th column

of the m×m identity matrix, δ(k) is the discrete

impulse function, x(0) = 0 and θ0 = i ∈ K.

The calculation of the H2-norm of a stable

system G can be done by solving a convex program-

ming problem expressed through LMIs. Indeed, it

is well known [2] that

‖G‖22 = inf
Pi>0

∑

i∈K

µiTr (J
′

iPpJi + E′

ziEzi) (5)
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subject to

A′

iPpAi + C′

ziCzi − Pi < 0, i ∈ K (6)

The values to be adopted by the parameters

µ1 · · ·µN can recast some important practical sit-

uations. If θ0 = i ∈ K is known then µi = 1 and

µj = 0 for all j 6= i ∈ K must be chosen. Another

possibility is to set µ = π∗ = p which represents

the stationary distribution.

III. ANALYSIS OF GENERALIZED BERNOULLI

JUMP SYSTEMS

An alternative LMI condition to calculate the H2

norm, under assumption (2), is shown next.

Theorem 1: The H2-norm of system G defined

in (4), under assumption (2) for the transition

probabilities, is given by

‖G‖22 = inf
Q>0

∑

i∈K

µiTr (J
′

iQJi + E′

ziEzi) (7)

subject to
∑

j∈K

pj(A
′

jQAj + C′

zjCzj)−Q < 0 (8)

Proof: We start the proof by assuming that

inequality (6) is valid for some symmetric matrices

Pi > 0, i ∈ K. Multiplying (6) by pi ≥ 0, summing

up for i ∈ K and with Q =
∑

j∈K
pjPj = Pp >

0, the constraint (8) is also satisfied. Conversely,

for Q > 0 satisfying (8), define Pi = A′

iQAi +
C′

ziCzi + ǫI > 0 for all i ∈ K and ǫ > 0. Hence,

Pp −Q =
∑

j∈K

pj(A
′

jQAj + C′

zjCzj)−Q+ ǫI

< 0 (9)

for ǫ > 0 small enough. Therefore we can write

A′

iPpAi + C′

ziCzi − Pi ≤ A′

iQAi + C′

ziCzi − Pi

≤ −ǫI

< 0 (10)

and the proof is concluded.

This theorem shows that for generalized Bernoulli

jump systems the number of LMIs and matrix

variables can be reduced to only one. Contrarily,

this result implies that the H2 norm can be cal-

culated more efficiently as far as the numerical

point of view is concerned. The fact that only

one matrix variable is needed will have important

consequences to be discussed next.

Inequality (8) can be rewritten in a form more

adapted to synthesis by adding supplementary slack

variables Ri, i ∈ K, such that

Rp −Q < 0 (11)

where they have to satisfy




Ri • •
QAi Q •
Czi 0 I



 > 0, i ∈ K (12)

Hence, simple algebraic manipulations show that

the H2 norm is

‖G‖22 = inf
∑

i∈K

µiTr(Wi) (13)

subject to (11), (12) and




Wi • •
QJi Q •
Ezi 0 I



 > 0, i ∈ K (14)

In the LMIs (11), (12) and (14), the system matrices

are only involved in products with Q > 0, that is

independent of the Markov mode.

IV. OPTIMAL CLUSTER FILTERING

The assumption of the Markov mode θk ∈ K

availability may not be practical. In some ap-

plications, it may be more adequate to consider

the cluster availability. Consider the set L =
{1, 2, · · · , Nc} with Nc ≤ N and define the set of

Markov chain states K as the union of Nc disjoint

sets, or clusters, that is, K ≡ ∪ℓ∈LUℓ such that

Ui∩Uj = ∅, ∀i 6= j ∈ L. Associated to (1) consider

the full order linear filter with cluster observation

F :

{

xf (k + 1) = Afℓxf (k) +Bfℓy(k)

zf(k) = Cfℓxf (k) +Dfℓy(k)
(15)

where xf (k) ∈ R
n, xf (0) = 0 whenever θk ∈ Uℓ.

This implies that the N modes are split into Nc

clusters and we assume it is possible to measure

to which cluster Uℓ a mode i belongs, even if

the mode i itself is unknown. The mode-dependent
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(Nc = N ) and mode-independent (Nc = 1) filter

design problems are special cases of this definition.

The matrices Afℓ, Bfℓ, Cfℓ and Dfℓ for all ℓ ∈ L

are of compatible dimensions and the goal is to

determine them in such a way that some norm of

the estimation error is minimized. The estimation

error satisfies

Gf :

{

x̃(k + 1) = Ã(θk, ℓ)x̃(k) + J̃(θk, ℓ)w(k)

e(k) = C̃(θk, ℓ)x̃(k) + Ẽ(θk, ℓ)w(k)
(16)

where the indicated matrices are given by

Ãiℓ :=

[

Ai 0
BfℓCyi Afℓ

]

, J̃iℓ :=

[

Ji
BfℓEyi

]

(17)

and

C̃iℓ :=
[

Czi −DfℓCyi −Cfℓ

]

,

Ẽiℓ := Ezi −DfℓEyi

(18)

where θk = i ∈ Uℓ ⊂ K and the state is given by

x̃(k) = [x(k)′ xf (k)
′]′. Hence, the problem to be

solved is written in the form

min
Afℓ,Bfℓ,Cfℓ,Dfℓ

‖Gf‖
2
2 (19)

Problem (19) is non-convex, but it is possible to

state it in terms of LMIs. Actually, in [7] sufficient

LMI conditions were demonstrated for the design

of a cluster filter in the from (15) for a MJLS with

arbitrary transition probabilities. The next theorem

is the main contribution of this paper.

Theorem 2: There exists a filter of the form (15)

such that ‖Gf‖22 < γ, under assumption (2) for the

transition probabilities, if and only if there exist

symmetric matrices Wi,Si,Hi,Z , X , and matrices

Gi, Mℓ, Lℓ, Fℓ, Kℓ of compatible dimensions

satisfying
∑

i∈K
µiTr(Wi) < γ and the LMIs









Wi • • •
ZJi Z • •

XJi + FℓEyi Z X •
Ezi −KℓEyi 0 0 I









> 0 (20)













Si • • • •
Gi Hi • • •
ZAi ZAi Z • •
Ξiℓ XAi + FℓCyi Z X •
Γiℓ Czi −KℓCyi 0 0 I













> 0 (21)

[

Sp •
Gp Hp

]

−

[

Z •
Z X

]

< 0 (22)

where Ξiℓ = XAi +FℓCyi +Mℓ and Γiℓ = Czi −
KℓCyi + Lℓ, for all i ∈ Uℓ ⊂ K and ℓ ∈ L. In the

affirmative case, an adequate filter is given by

Afℓ = (Z −X)−1Mℓ, Cfℓ = −Lℓ,

Bfℓ = (Z −X)−1Fℓ, Dfℓ = Kℓ

(23)

Proof: For the necessity, we consider that the
LMIs (11), (12) and (14) are valid for the estimation
error Gf with state-space matrices (17) and (18).
We also consider the following partitions where all
blocks are n× n dimensional

Q =

[

X •

U X̂

]

, Q
−1

=

[

Y •

V Ŷ

]

, T =

[

I I

V Y −1
0

]

(24)

If we multiply (14) to the left by diag{I, T ′, I} and

to the right by its transpose and adopt the following

changes of variables

Z = Y −1 (25)

Fℓ = U ′Bfℓ, ℓ ∈ L (26)

Kℓ = Dfℓ, ℓ ∈ L (27)

we get (20). Multiplying (12) to the left by

diag{T ′, T ′, I} and to right by its transpose, adopt-

ing the same changes of variables used so far and

T ′RiT =

[

Si •
Gi Hi

]

, i ∈ K (28)

Lℓ = −CfℓV Z, ℓ ∈ L (29)

Mℓ = U ′AfℓV Z, ℓ ∈ L (30)

we get (21). Finally, if we multiply (11) to the left

by T ′ and to the right by T we get (22). For the

sufficiency, we consider (20)-(22) are valid. That

implies X > Z > 0 and therefore U = Z − X

is nonsingular. From this, we can calculate Bfℓ =
(Z −X)−1Fℓ and Dfℓ = Kℓ. On the other hand,

to satisfy (24) this choice imposes V = Z−1 and

Q =

[

X Z −X

Z −X X − Z

]

> 0, T =

[

I I

I 0

]

(31)

putting in evidence that (20) can be rewritten as




Wi • •
T ′QJ̃iℓ T ′QT •
Ẽiℓ 0 I



 > 0, i ∈ K (32)
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which, multiplied to the right by diag{I, T−1, I}
and to the left by its transpose imply (14). Since

the particular choice of U = Z −X implies V =
Z−1, setting Afℓ = (Z−X)−1Mℓ and Cfℓ = −Lℓ

inequality (21) can be rewritten as




T ′RiT • •
T ′QÃiℓT T ′QT •

C̃iℓT 0 I



 > 0, i ∈ K (33)

which, multiplied to the right by

diag{T−1, T−1, I} and to left by its transpose

imply (12). Finally, it is immediate that multiplying

(22) to the right by T−1 and to the left by its

transpose we get (11) and the claim follows.

It is important to emphasize the fact that the

LMI conditions from Theorem 2 are necessary

and sufficient for the design of cluster H2 filters.

This is different from what was accomplished in

[7], where the conditions were only sufficient. The

difference between the MJLS that were addressed

in [7] and this paper is that, in the first case, arbi-

trary probability transitions were considered. Here,

only generalized Bernoulli transition probabilities

respecting (2) are considered. It is also important

to make clear that this result is only possible due

to the fact that the matrix variable Q > 0 does not

depend on the index i ∈ K which allows us to use a

constant matrix T ∈ R
n×n to linearize the involved

conditions. In this sense, the result of Theorem 2

is entirely based on Theorem 1 which follows from

the particular structure of the transition probability

matrix of the generalized Bernoulli process.

A. Optimal mode-independent filters

The cluster modeling proposed in this section

allows the treatment of the mode-dependent filter

design, if Nc = N . The mode-independent design

can also be seen as a particular case, in which all

modes belong to a single cluster, or Nc = 1. If no

information from the mode is available, filter (15)

becomes linear and time-invariant (LTI). The H2

optimal mode-independent filters can be calculated

with the LMI conditions from Theorem 2 and

Mℓ = M, Fℓ = F, Lℓ = L, Kℓ = K (34)

In [3], the design of the optimal H2 mode-

independent filter was proposed, for MJLS with

arbitrary transition probabilities. Since the LMI

conditions from Theorem 2 are necessary and

sufficient, it is possible to compare that mode-

independent filter design with [3], for the particular

case where assumption (2) holds. There are some

differences between the two approaches. The filter

from [3] is strictly proper with order Nn, where n

is the order of (1) and N is the number of Markov

modes. Filter (15) is proper with order n. In [3],

system (1) is assumed to be proper and Cyi = Cy

for all i ∈ K, differently from what is assumed

here. Finally, [3] considered the initial distribution

was stationary, while in Theorem 2 it is possible to

consider any initial probability distribution.

By applying the conditions of Theorem 2, it is

possible to obtain a proper filter with the same order

of the plant (1), under the assumption that the mode

θk ∈ K follows a generalized Bernoulli process. To

the best of our knowledge, this is the first time an

optimal H2 mode-independent filter other than the

one presented in [3] is proposed.

Suboptimal mode-independent were proposed by

[6] for H2 norm. It mentions the fact that, under

(2), mode-independent filters could be obtained.

The novelty in this paper is that we now show

LMI conditions that are not only sufficient but also

necessary when the jumps follow a generalized

Bernoulli distribution. Therefore, the obtained filter

has the best possible H2 performance among all

mode-independent filters.

B. Illustrative Example

Our example has been adapted from [6] in or-

der to respect the hypothesis of [3]. It is based

on the closed-loop economic system derived from

the Samuelson’s multiplier accelerator model [1].

Three operation modes of an economic system are

considered and the transition probability matrix is

P =
[

1 1 1
]′ [

0.45 0.21 0.34
]

. (35)

Finally, the parameters of each of these modes of

operation are given in Table I and Eyi = [0 1],
Czi = [1 0] and Ezi = [0 0] for i ∈ {1, 2, 3}.

We considered the case where the initial dis-

tribution is equivalent to the stationary one. For
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i Ai Ji Cyi

1

[

0 1

−0.0158 0.9652

] [

1 0

1 0

]

[

0.5 1.0
]

2

[

0 1

0.0597 0.8064

] [

1 0

1 0

]

[

0.5 0.5
]

3

[

0 1

0.0056 0.9051

] [

1 0

1 0

]

[

1.0 0.5
]

TABLE I

DATA FOR EXAMPLE 1

10
−2

10
−1

10
0

−8

−6

−4

−2

10
−2

10
−1

10
0

−135

−90

−45

0

−180

P
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e

(d
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)
M
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n

it
u

d
e

(d
B

)

Frequency (rad/sec)

Fig. 1. Bode diagram for filters designed in Example 1

the mode-independent filtering problem, both the

6th order filter from [3] and the 2nd order strictly

proper one designed with the results from Theorem

2 imposing K = 0 present ‖Gf‖2 = 1.1985.

Applying Theorem 2 without the constraint K = 0
provides ‖Gf‖2 = 0.6827, a reduction of more than

40% compared to the strictly proper one.

In Figure 1 we show the bode diagram for the

three calculated filters. In dashed line, the proper

filter designed with Theorem 2. In solid line, with

both results coinciding, the strictly proper filter

proposed in this paper as well as the one proposed

by [3]. It is important to stress that the 6th order

filter designed by [3] has 4 zeros and 4 poles close

to the origin, that, when canceled, is reduced to the

same 2nd order strictly proper filter proposed here.

V. CONCLUSION

This paper is entirely devoted to the solution of

the optimal H2 filter design problem under cluster

assumption and generalized Bernoulli jumps. Two

important particular cases are the mode dependent

and mode independent filters, and optimality is

kept for both. The design conditions are expressed

in terms of LMIs that follow from new results

for H2 norm calculation of stable Bernoulli jump

systems, which present only one convex constraint

and matrix variable. The result is compared with

the optimal mode-independent filter proposed by

[3] and we show that under our assumption for

the transition probabilities and their assumptions

under the system matrices, we obtain a full order

optimal filter instead of an extended order one,

both achieving the same performance. Finally, a

numerical example illustrates the applicability and

the features of the proposed filter design.

Similarly to what has been done to the H2 norm,

the H∞ optimal filter can also be designed in the

same framework, as stated in the journal version of

the present paper.
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