2013 European Control Conference (ECC)
July 17-19, 2013, Ziirich, Switzerland.

Design of Adaptive Block Backstepping Controllers for Semi-strict
Feedback Nonlinear Systems with Perturbation Estimation*

Chih-Chiang Cheng!, An-Fu Chien? and Yi-Chun Huang?

Abstract— Based on the Lyapunov stability theorem, a design
methodology of adaptive block backstepping control with per-
turbation estimation scheme is proposed in this paper for a class
of multi-input systems with perturbations to solve regulation
problems. First of all, the virtual input controllers are designed
from the first block to the (m — 1)th block. Then the proposed
robust controller and the perturbation estimator are designed
in accordance with the last block. Adaptive mechanisms are
employed in each of the virtual input as well as the robust
controller so that they may automatically adapt the least upper
bounds of perturbations or perturbation estimation errors
which may not fulfill the strict-feedback form. Furthermore,
the proposed control scheme is able to achieve asymptotic
stability. A numerical example is also given for demonstrating
the feasibility of the proposed control scheme.

I. INTRODUCTION

In most practical control applications, the dynamic equa-
tions of plants are nonlinear and contain uncertain fac-
tors, such as model uncertainties, external disturbances etc.
Therefore the robust control methods such as sliding mode
control (SMC) and backstepping control have become two
of the commonly used nonlinear control methods for solving
regulation or tracking problems in recent years. SMC is
capable of providing robustness and invariance to matched
external disturbances and model uncertainties [1], [2]. If
a sliding mode controller is properly designed, asymptotic
stability for systems with mismatched perturbations still can
be obtained [3]-[6]. However, it is observed that designing
novel sliding surface functions to achieve asymptotic stability
for mismatched perturbed systems are in general not easy and
quite complicated.

On the other hand, for nonlinear systems with dynamic
equations in the so called “strict feedback form”, both
feedback controllers and associated Lyapunov functions can
be constructed systematically by using backstepping control
technique [7], [8]. The main design procedure of backstep-
ping controller involves assigning of new state variables
and design of virtual input controls, which is fairly flexible,
and is designed in accordance with control’s objectives. The
main advantage of this method is that it is quite effective
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to deal with systems which contain matched or mismatched
perturbations in order to achieve the property of asymptotic
stability [7]. Another advantage is that it is a recursive
procedure that keeps repeating the same design steps.

For controlling MIMO systems by using backstepping
technique, it is found that the systems to be controlled
in [9]-[13] have to be in strict-feedback form, which is
known as a major disadvantage of backstepping control
method. Although the dynamic equations of the plants to
be controlled in [14]-[17] are more general than those with
strict feedback form, but the upper bounds of perturbations
encountered in the systems are still required to be in strict-
feedback form. The adaptive block backstepping control
schemes presented in [18]—[21] were also for alleviating the
constraint of strict-feedback form, but block strict-feedback
form are still required. Some researchers [22]—[24] combined
backstepping with fuzzy (or neural) and dynamic surface
control (DSC) method in order to alleviate the phenomenon
of “explosion of complexity”, which is also known as a
limitation of backstepping method. However, it is found that
only UUB can be achieved and the initial condition of the
systems may not be arbitrarily assigned when DSC method
is applied in the design of backstepping control systems.

Due to the limitations of each of the methodologies men-
tioned above, in this paper we propose a design methodology
of adaptive block backstepping control with perturbation
estimation scheme for a class of perturbed multi-input sys-
tems to solve regulation problems. The dynamic equations of
the systems need not satisfy the block-strict feedback form.
The design procedure of the proposed controllers mainly
involves two steps. The first step is the design of virtual input
controllers from the first block to the (m — 1)th block. The
second step is the design of robust controller and adaptive
gains as well as perturbation estimator in accordance with
the mth block to guarantee asymptotic stability of whole
controlled system. The upper bounds of perturbations and
perturbation estimation errors are not required to be known
in advance due to the embedded adaptive mechanisms, and
the control energy is in general reduced due to the usage of
perturbation estimator. Finally, the proposed method is ap-
plied to a numerical example for demonstrating the feasibility
of the proposed control scheme.

II. DESIGN OF ADAPTIVE BACKSTEPPING CONTROLLERS
WITH PERTURBATION ESTIMATION
A. System Descriptions and Problem Formulations

Consider a class of multi-input plants with both matched
and mismatched perturbations. The dynamic equations of
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these plants are governed by

x; = §i(.x) + Gi(Xi)xi+1 + Af; (2, x),
Xm = i (t, %) + G, (X)u + Af, (2, %),
T .

for 1 <i <m—1, where x = [x] xI ... xZ]7 represents
measurable state vector, X; = [x{ xg x?]T, 1<j<m,
m > 2, x; € R* and ny < ngq4q, 1 <
The nonlinear vectors f;(¢,X;) € R", 1
are known and f;(z,X;) = 0 if X; 0. The matrices
G;, € R"Xi+1 G, € R'm*"m 1 < | < m—1, are
also known, and u € R™” is the control input. The vectors
Afj(e) € R can be viewed as unknown nonlinearities,
model uncertainties or external disturbances. Noted that (1)
is not in strict-feedback form due to the perturbations Af; (e).
In order to regulate the response of dynamic system (1)
in spite of the existence of perturbations, we assume that the
following assumptions are valid throughout this paper:
A1: The matrices G;(X;), 1 < j < m, have full rank n; for
all x; in the domain of interest.
A2: The vectors f;(z,X;) and matrices Gi 2 GI-T (G; GI-T)_1
are continuously differentiable with respect to X;, 1 <i <
m— 1.
A3: Afj(e¢) =0ifx=0,1<i <m—1, and the following
inequalities

ey

m

1AL @) <) billxell. 1 <i<m—1
=1

1AER (2. %) < Bo + Bm x|

are fulfilled in the domain of interest, where b;¢, Bo, and
Bm are unknown positive constants. The vector At £
Af — 0 (sp—1)p —Pes:t (¢) is the perturbation estimation error,
and pes; (¢) is the estimation of the signal Afy, — dn—1)p.
The signal a&;, denotes the nominal part of the derivative of
virtual inputs e;, 1 <i <m —1, and &;, is the part of ¢;
which contains perturbations (Appendix C).

In this paper, the notation ||M|| denotes the induced 2-
norm of a matrix M, and ||x|| stands for Euclidean norm of
a vector X. The main objective of this paper is to develop
a control algorithm using backstepping method as well as
perturbation estimation so that the state trajectory x(¢) of
perturbed dynamic equation (1) can achieve the property of
asymptotic stability.

B. Design of the Controllers

Although (1) is not in strict-feedback form, the traditional
backstepping control technique is still applicable when de-
signing the proposed controller for system (1). The problem
one needs to solve is how to handle the terms which are not
in strict-feedback form in (1). According to the backstepping
methodology, one should design virtual inputs o;, 1 <i <
m — 1, first. We first define new state variables z; as

zj®) Ex—oj1(Xjio1), 1<j<m

@

where a £ (. The details of designing these virtual inputs
o; are demonstrated in the following steps.
Step 1:
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From (2), one is able to see that the dynamics of x; is
equivalent to

x; =11 + Gra; + Af; + G2, (3)

Now define a Lyapunov function candidate as V; £ z{zl /2.
By using the result of Appendix A, one is able to obtain the
time derivative of V; along the trajectory of (3) as

Vl = Z{[fl + Grag + Af; + G1Z2]

m
<z [fi+Gron] + 2l Giza + Y Fullzl®. @)
=1
Since the matrices G;(x;) have full rank n;, (G; GI.T)_1
exist 1 < i < m — 1. One can design the virtual input
controller o¢; as

oy (X)) = _Gl[fl + (&1 + él(f))ll], (%)

where ¢; is a designed positive constant, and the adaptive
gain 601 (¢) will be determined later. Substituting (5) into (4)
yields

m
Vi < —(er + 0)lza | + 2] Giza + Y Fuellmel®. (6)
=1
Step 2 :
In this step, one is able to see that the dynamics of x; is
equivalent to

X =1 + Gaay + Ay + Gozs. (7

[I>

Define the second Lyapunov function candidate as V5
zgzz/Z+ V1. By using (6) and the result of Appendix B, one
can compute the time derivative of V, along the trajectory
of (7) as

Vo < —(e1 4 01|z | + 2} [GITZ1 + 2 + Gaoz — 61y

2 m
+2L Gozs + Y Y Faellzel.

qg=1(=1

®)

Now one can design the virtual input controller a5 as
az(X2) = —Gz[GlTll +6 + (2 + O2(t))z2 — dln]a ©)

where ¢, is a designed positive constant, and the adaptive
gain 60, (¢) will be determined later. Substituting (9) into (8)
yields
2
Va =D (ep + Op)lzp|1* + 25 Gazs +
p=1

2 m
— 2
2> Faclzel’
g=1¢=1
(10)
Stepi:i=3~m—1
In this step one is able to see that the dynamics of x; is

equivalent to

x; = + Gja; + Af; + Gijziqq. (11)

According to (6) and (10), it is reasonable to assume that

i—1 i—1 m
y A 2 = 2
Viet ==Y (ep+ )% ° +2]_,Gicaza +) Y Fgellzel®.
pr=1 q=14=1

12)



Now define the ith Lyapunov function candidate as

él

Vi EZ,»TZI' + Vi1 (13)

By using (12) and the result of Appendix B, one can compute
the time derivative of V; along the trajectory of (11) as

i—1
Vi <=3 (ep + 0p)llzpll* + 2] [G]_y2i1 +fi + Giet;
p=1

i m
— o] + 2 Gizigr + Y Y Fllzel.

Jj=14=1

(14)

According to (14), one can design the virtual input con-
troller o; as

@i (%) = =Gi[GI_ zi—1 +1; + (e1 + 0z —d-1a]. (1)

where ¢; is a designed positive constant, and the adaptive

gain 0;(t) will be determined later. Substituting (15) into
(14) yields

i i m
Vi<=Y (ej + Ozl + 27 Gizigr + Y Y Fiallzel.

j=1 j=1t=1

(16)
Equation (16) verifies that the assumption of inequality (12)
is correct from the mathematic induction point of view.

Remark 1: In fact the range of index i in this step is also
valid for 1 <i <m —1.

Remark 2: The virtual input designed in the step 7 is
not able to make the Lyapunov Vi a negative (semi)definite
function since we are dealing with systems with semi-strict
feedback form, this is different from those designed in [18]—
[20] for systems with strict-feedback form.

Step m:

This final step is to design a control input u so that the state
variable x can achieve the property of asymptotic stability.
The proposed controller is designed as

u:u€q +us’ (17)

where
Uy = —(Gm)_ [ + G
(9m + Gm)zm]a

~(Gm)[Bo + Bm XN g2y, if 2m # 0
0, if Zm = 0

—1Zm—-1 — &(m—l)n + Pest

The adaptive gains éj, 1<j<m, ,30, and ,3,,, are given by

00 = I .
Bo(t) = l|zm |,

1<j=<m,

. (18)
Bn(®) = |1zl [xII.
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C. Perturbation Estimation

The perturbation estimation method proposed in [25] is
utilized in this paper to design the signal pes;. From (1), (2),
and (17), it is seen

_Gm 1Zm—1 — (é + €m)Zm — Pest + Al

=1 —(Bo+ ,3m||X||)||1m|| &m—1)p If Zm # 0
—Gm_lzm_l — Pest + Ay —@n—1)p, f2Zm =0
which also indicates that
Jio L= G = (Bo + Bun XD 22y = Pes:
+Af — B + €m)zm — &m—1)p |dT+ Zm(l0),
Zn =1 if Zm 7é 0

m 1Zm—1 — Pest + JAN
42y (t0), if 2, =0

Now let two measurable signals z,, and AI(¢) be

Jul-6

Jil=

—&m-1)p]dT

m 1Zm— 1_(,30 +,3m||x||)||zm||

Zm 2 _(9 + €m)Zm — pest]df + Zm(fo), if Zm ?é 0
fto[ T 1Zm—1 — Pest |dT + Zm(to), if 2m =0
and
AX(1) £ 2 — T

t

J

respectively. Equation (19) indicates that d[AI(z)]/dt
Afy — du—1)p. Therefore, one simple way to estimate the

perturbation Afy, — 6 (;;—1)p is to compute the derivative of
Al(t), ie.,

[Afm - d(m—l)p]df +Zm (IO) — I (IO)a (19)

dr="

The derivative estimation method proposed in [26] is utilized
to estimate %[AI(I)].

d _
Pest = E[AI(I)] = - Zm]‘

IITI. STABILITY ANALYSIS

Theorem 1: Consider the dynamic equations (1) with as-
sumptions A1-A3. Suppose that the virtual inputs &; and ¢;
in the domain of interest satisfy the following constraints

i
loer GOl = > aiglixgll

q=1

m
loeip ()| <> diellxell.
(=1

where a;jg and diy, 1 < g <i,1 <€ <m,1<i<m-—1,
are unknown positive constants. If the virtual inputs and the
controller are designed as (15) and (17), respectively; then

(a) the trajectories of states z and x will reach zero asymp-
totically, and the adaptive gains 6;, 1 < j <m, Bo, and B,,
are all bounded;

(b) there exist finite constants 6}, Boco, and ,Bmoo such that
lzm,_>009 (t) =0ioo, 1 <i <m-—1, lzm,_moﬂo(t) = Booo»
and llmt—>oo,3m(t) = ,Bmom

(c) the stability of overall controlled system is guaranteed.



Proof: (a) Define a Lyapunov function candidate as

1 | T
Vin = Vin—1 + szzm + 529(2 + EIB(% + Eﬂrznv (20)
Where 95 2 95—95, 1 < ¢ < m, ,30 = ,30—,30, and
Bm £ Bm — ,Bm are the adaptlve errors of the unknown

positive constants 0y = Z;":_l Fie, Bo, and B, respectively.

By noting that 6, = —é(, ,go = —,30, Bm = —,3,,,, and using
(1), (2), assumption A3, (16) with i = m — 1, then one can
compute the time derivative of (20) along the trajectories of
Z,, and (18) as

m—1
V== S ey g1 43 0512 + 2 G
Jj=1 Jj=1
+ ZZ;, [fm + Guu+ Pest — O.l(m—l)n] + IBOHZm ”

m . . .
_29696 + BmlzZmlIX]| — BoBo — BmPBm- 21
=1
Substituting the proposed controller (17) and adaptive

gains (18) into the preceding equation for z,, # 0 yields

m
Vi <= i1z 1> + Bmlxl| 1 Zmll — [Bo + BumllxI] 12z |

J=1

+ Bollzmll = (Bo — Bo)Bo — (Bm
<= ¢lzl* <o
j=1

It is easy to verify that V;, < —Z;';l 5‘,-||zj||2 < 0is
also fulfilled for the case of z, = 0. Since V;, > 0 and
Vm <0, Vy is a bounded functign. Fronl (20) and (13), it is
known that z;, 6;, 1 < j < m, Bo, and B, are all bounded.
Equation (22) also clearly indicates that z; will approach
zero as t — oo. Then from (2), it can be seen that x; — 0
as t — oo. According to (5) and (2), a; and x, will reach
zero as t — 00. Noted also that x; and x, are bounded since
Z1, 7, and «; are bounded.

Suppose that Xy, 1 < £ < i,and z;, 1 < j < m, all
approach zero. Then according to the analysis in Appendix
C, one is able to see that the state variables x;, 1 < j <m,
will be asymptotically stable. . .
(b) From (18), it is known that 8, (), 1 < j < m, Bo, and B,
are monotonically increasing functions, and these functions
are all bounded in accordance with (a). Therefore, according
to the Proposition 2.14 in Tao [27], one can conclude that
there exist finite constants 0o, 1 < j <m, Booos and Bmoo
such that lzm,_>009 (t) =00, | < j <m, lzm,_moﬂo(t) =
Booo, and lzm,_moﬂm(t) = Bmoo It is also noted that 64,
Booco, and Bmoo may not necessarily be equal to 6;, Bo, and
Bm respectively, since Visa negative semidefinite function.
(c) From (a), one can assume that X¢, 1 < £ < i, and z;,
1 < j < m, are all bounded. Then (30) implies that ¢ _1),
is bounded. From (15) it is seen that o; (X;) is also bounded.
Hence x;4+; is bounded in accordance with (2). Therefore
from the mathematical induction point of view, one is able

- Bm),ém

(22)
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to conclude that x;, 1 < j < m, are all bounded. On the
other hand, according to [26], the output of the derivative
estimator pes; is also a bounded function due to the fact that
Z,, and z,, are continuous. Therefore, the stability of overall
controlled system is guaranteed due to the previous stability
analysis. O

Remark 3: Note that the unknown functions Af;(e) may
depend on the state variable x, which means that if some
terms in (1) do not satisfy the so called “Block Strict-
Feedback Form”, then one can treat these terms as the
uncertainty Af;(x). This is one of the advantages of the
proposed control scheme. Noted also that these unknown
functions Af;(e) were all accumulated in the last step and
were suppressed effectively by the adaptive gains 0;.

IV. NUMERICAL EXAMPLE AND SIMULATION

Consider an MIMO system with dynamic equations in the

. A

form of (1), where m = 3, the state variables are x; =
A A

[x11 x12]7, x2 = [x21 x22]7, x3 £ [x31 x32 x33]7. The

nonlinear vectors f; and matrices G;, 1 < i < 3, are given

by
£, = [ X11 £, — x%l G — 1 0
e [ X11x12 | 27 x| T T T 1

[x11 + sin(x31)

1 0
f3 = X32X22 , Gy = 22 ,
: 0o 1 0
sin(x33)
[2 + sin(x31) 0 0
G; = 0 24 cos(x3z) 0
X11X31 0 1

The vector u £ [uy uz wu3]T denotes the input. For
demonstrating the robustness of the proposed control scheme
using computer simulation, we assume that the unknown
perturbations Af;, 1 <i < 3, are

[ O.lx%z +2 sin(x31)
| 0.2x11 sin(x22) + x22]

i O.SX32
Ay = X _a=22 |,
_0.5 sin(x31) + 6x2;€ 3

Afy =

[x11 sin(x31) + 0.2x2, sin(27)
0.2x22 4+ 0.2x12 cos(t) ,
0.5sin(x31x21) + 0.1x3,

Nf3 = (23)

respectively.

Noted that the preceding dynamic equations are not in
block strict feedback form. The robust backstepping con-
troller is designed in accordance with (17), and the designed
parameters (g1, €2, 1, Bo, B1, P2, B3) are all chosen to
be 1. The initial condition of each adaptive rule is 0, and
the unknown initial condition of x(¢) are assumed to be
x(0) = [-0.5,—0.5,1,1,0,0, —1]7. The results of computer
simulation with step time 0.1 msec are shown from Fig. 1
to Fig. 5. The state trajectories x(¢), which are all driven
to zero as ¢ — oo, are given from Fig. 1 to Fig. 2.
The adaptive gains 6;, 1 < j < 3, Bo, and B3, which
are all bounded and approach a constant respectively, are



] state x, and x, 3

1.59 S X,
1 —— X
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21
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Fig. 1. Trajectories of state variables x1 and x».

X3

T Xy

T Xy

J Time(sec)
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2 4 6 8 10 12 14

Fig. 2. Trajectories of state variable x3.

demonstrated in Fig. 3. Fig. 4 displays the perturbation
estimation errors, which almost approach zero after 7>5
sec. The designed perturbation estimator performs well even
though there is an unexpected, large external disturbance
“6)6216‘_%” occurring around the 2nd sec in Af,. Let the
control energy consumed by the proposed control scheme
be £ = f(; |u||2dt. 1t is clearly seen in Fig. 5 that the
controlled system will consume a lot more energy if the
controller contains no perturbation estimator at all.

154 ;a,d_apzizeg@l_s________________________________A__
1 — B,
! -1,
1 ]
1 ST T T e m e r e -=°" @2
.: /1 - e
IR RS -
0.5 ¢
3
ot ' ' Time(sec)

10 12 14

(3]
o~
o
o0

Fig. 3. Adaptive gains é 1<j<3, Bo, and 33.

V. CONCLUSIONS

In this paper a robust adaptive backstepping control
scheme with perturbation estimation embedded is success-
fully proposed for a class of perturbed multi-input nonlinear
systems to solve regulation problems. The proposed method
releases the restriction that the dynamic equations of con-
trolled systems have to be in block strict feedback form,
and it is also able to save control energy due to the usage
of perturbation estimator. The adaptive mechanisms, which

1 Af
0
] — 4,
—_——— Af
—20 Y32
] - A,
—40-
—607 Time(sec)
0 2 4 6 8 10 12 14
Fig. 4. Perturbations estimation errors Af'm.
x10°
14 Energy
] I’_’ _______________
0.8 L —— with perturbation estimation
0.6 ", ———- without perturbation estimation
1
0.4+ ¢
|
0.2 |
! []
o Time(sec)
0 2 4 6 8 10 12 14
Fig. 5. Energy consumed by the controlled system with and without

perturbations estimation.

are also embedded in the virtual inputs and the proposed
controller, can effectively overcome the perturbations as
well as estimation errors without knowing their least upper
bounds in advance. However, the proposed control method is
only able to alleviate, not totally eliminate, the disadvantage
of “explosion of complexity”. Therefore, for future study,
designing adaptive block backstepping controllers without
computing the derivatives of virtual input functions is worth
considering.

APPENDIX

Appendix A: Consider the system (1) with the assumptions
A1-A3. Suppose that the virtual inputs «; in the domain of
interest satisfy the following constraints

llos Gl < aiglIxgll. (24)

q=1

where a;4, 1 < g <1, are unknown positive constants. Then

m m
ARl < Y rislizsl, Nz AR <D Frellzel).

s=1

(25)
Proof: According to (2) and (24), the upper bounds of ||x; ||
is
Ixill < llzill + kinllzall + -+ + kig-pllzi-all - (26)
where

i—1 [P . .
A Z;:j ai-1pkpj, if i>j, 1<i=m

kij = TR
L ifi=j
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are unknown positive constants. From Assumption A3 and
(26) one can compute the upper bound of ||Af;(x)| and
lz1 || AfL ()| as (25), where ris & Y0 bigkgs, 1 <5 <
m, ri1 2 i, ¢ 2 %, 2 < { < m, are unknown positive
constants. O
Appendix B: Consider the system (1) with the assumptions
A1-A3 and (24). Suppose that the virtual inputs &;, in the

domain of interest satisfy the following constraints

i) = 3 diclixell,

(=1

27)

where dj¢, 1 <€ <m, 1 <i <m—1, are unknown positive
constants. Then

m
1A% (%) = doypll <Y rislzs|l.

and  (28)
s=1
m

lzi || A% (%) — @—ppll <D Frellzel®. (29)
(=1

Proof: From Assumption A3, (26), (27), and (2), one
can compute the upper bounds of ||Af;(X) — o (—1),| and
1z ||| Afi (x) — @—1)pll as (28), (29) respectively; where

_ _ -
ris = bis +di-ns, 1 <5 <m, rii = rig, Ty = 5
1 < ¢ <m,{ # i, are unknown positive constants. O

Appendix C: According to (15) and (1), one can compute
the derivative of «;_; with respect to time as

do_ . _ .
dl L2 0 —1)n(Xi) + &i—1)p(x)
t
where
i—1 30[' )
G- (®i) =Y 3;; [£1(6, %) + Gi(%p)x141]
=1
i—1 30[' )
+Y —— =l (30)
= 00
i—1 30[' )
G-y (®) = D = A1),
=1

Suppose that X, 1 < £ < i,and z;, 1 < j < m, all
approach zero. Then (30) implies that & (;_1), converges to
zero as t — oo. From (15) it is seen that &;(X;) will also
approach zero as t — oo. Hence x;4+1 — 0 as t — oo
in accordance with (2). Therefore from the mathematical
induction point of view, one is able to conclude that x;,
1 < j <m, will be asymptotically stable.
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