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Abstract—1In this paper, the properties of two recently
proposed frequency-domain subspace-based algorithms to
estimate discrete-time cross-power spectral density (cross-PSD)
and auto-power spectral density (auto-PSD) matrices of
vector auto-regressive moving-average and moving-average
(ARMAMA) models from sampled values of the Welch
cross-PSD and auto-PSD estimators on uniform grids
of frequencies, are illustrated by numerical and real-life
application examples. The latter is concerned with the modeling
of acoustic spectra for detecting faults in induction motors.

Index Terms—power spectrum, subspace identification,
Welch estimator, dynamic factor model, acoustic spectra.

I. INTRODUCTION

The cross-spectral analysis is a fundamental and powerful
technique to investigate an unknown relationship between
two time series in frequency-domain. It is widely used in
many engineering problems; e.g., time delay estimation of
spatial sensors [1], [2], blind equalization in communications
[3], speech enhancement [4], analysis of feedback systems
[5], system identification of mechanical vibration systems
[6], atmospheric problems [7], and vibration testing of
structures against earthquake and wind loads [8].

The cross-PSD function has mostly been computed in a
nonparametric way by using the fast Fourier transform (FFT).
A parametric approach was recently proposed in [9] for the
cross-spectral analysis of the so—called ARMAMA models.
See Section 2, for the definition of vector ARMAMA models.

In [10], the cross-PSD and the auto-PSD matrices
were estimated by subspace methods using the averaged
periodograms (the Welch auto and cross-PSD estimates)
computed on uniform grids of frequencies from observed
time series. The proposed algorithms are realization
based and the AR parameters are computed by Hankel
matrix factorization followed by extraction of the so-called
observability range space, and the MA parameters are
estimated from the data by a least-squares procedure. An
additional step, which is implemented as solution to a convex
semidefinite programming problem, comes into action when
the lack of positivity of the estimated auto-PSD has been
detected.

The purpose of this paper is to illustrate in a case study the
properties of the identification algorithms developed in [10]
by means of numerical and real-life application examples.
The latter is concerned with the modeling of acoustic spectra
for detecting faults in induction motors.
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II. THE VECTOR ARMAMA MODEL

Let z[k] € R™® and y[k] € R™v be observable
output sequences of two jointly stationary processes. The
discrete-time vector ARMAMA model is defined as

z[k] =
ylk] =

where e[k] € R™e, e,[k] € R", and ey[k] € R™
are unobservable inputs of white-noise sequences with
zero-means and unit covariance matrices, which are mutually
independent; G, (z), Gy(2), Hy(2), Hy(z) have MacMillan
degrees respectively n,,ny, k;, ky and their poles are inside
the unit circle; H,(z) and H,(z) are proper and minimum
phase; G.(z) and Gy(z) are strictly proper, minimum
phase, and have neither poles nor zeros at the origin. The
block diagram of the vector ARMAMA model is shown in
Figure 1.

Ga(2)elk] + Ha(2)ex (K], (1)
Gy(2)elk] + Hy(2)ey[K] )

ez (k] H,(2)
+
Go(2) —10 (k]
elk] —
Gy(2) —10 ylk]
+
eylk] Hy(z)
Fig. 1. Block diagram of the ARMAMA model.

The model defined by Eqgs. (1) and (2) is actually a
very special case of the dynamic factor model [11], [12]
or errors-in-variables model [13].

III. THE WELCH METHOD

Welch introduced a method [14] that is particularly well
suited to direct computation of a power spectrum estimator
using the FFT. In his method, a data record z[k], 0 < k < N
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is divided into L disjoint segments of M samples each so
that N = LM, i.e., the segments

Ok =alk+iM], 0<k<M, 0<i<L ()

are formed and the modified periodograms

, 1
S (w; M) = MX(Ti)(w;M)X(i)(*w;M) 4)

are computed for 7 =0,---, L — 1 where

Xiy(w; M) Zx“) Je=iwn, (5)

The Welch auto-PSD estimator is then defined as
) 1 )
w wy _ & § @), ,.
Smx(ej ) - L ‘ Sxm(va) (6)

The Welch cross-PSD estimator of two random signals
x[k] and y[k] is defined as

SWeJ“’—LZSZ)wM (7)

where

. 1
S (w; M) = MXEC)(w;M)%)(*w;M) (®)

and Y(;)(w; M) is defined similarly to Eq. (5).

IV. THE SPECTRAL ESTIMATION PROBLEMS

In this paper, in a case study we study applications of the
following estimation problems.

Problem 4.1 (Cross-PSD Estimation):
Given: the samples of the Welch cross-PSD estimator

SW(IHF),  n=0,---,M/2, 9)

Find: a strongly consistent estimator §Iy(z) of the
cross-PSD matrix Syy(2) = G, ()G (271).

We will restrict the attention to finding the state-space
parameters of Sg,(z). Unless both G,(z) and G,(z) are
scalar functions, their parameters can not be determined
solely from S, (2) as discussed in [10].

Problem 4.2 (Auto-PSD Estimation):
Given: the samples of the Welch auto-PSD estimator

SW (eI, n=0,---,M/2 (10)

where x = G (z)e and G;(z) is proper,

Find: a minimum- phase stable factor G(z) such that
Sua(2) = G4 (2)GT(271) is a strongly consistent estimator
of the auto-PSD matrix S,,(2) = G.(2)GL(271).

The problem of determining all of the transfer functions
Gz(2),Gy(2), Hy(2), Hy(z) from the sampled values of the
auto-PSD and the cross-PSD matrices of z[k] and y[k] is not
treated in this paper. This topic is left as a future study.

V. ESTIMATION OF THE CROSS-PSD AND THE AUTO-PSD
MATRICES BY SUBSPACE METHODS

In this section, we review the subspace algorithms
developed in [10] which consistently estimate the cross-PSD
and the auto-PSD matrices from the samples in Egs. (9)
and (10).

Algorithm 5.1 (Cross-PSD Estimation Algorithm):

1) Expand the Welch cross-PSD samples in Eq. (9)
according to the relation S}% (e77%) = SW(e/v) to
obtain samples of lengths M.

2) Fix the parameters p and 7 as p > ng+ny, 1 > Ng+ny,
p+r < Mandfork=1,---,p;l=1,---, r, compute
the Hankel matrix ) defined blockwise by

Vit = Sgylk+1—1]+ 8y [M+k+1—p—r—1] (11)

where for k= 0,---, M — 1, with z, = e/ 57,

Byl Z 2 ST (12)
3) Calculate the SVD
0 1%
y=[Uf U’]{O E,HV,} (13)

where this decomposition is partitioned such that
contains the n, + n, largest singular values.
4) With U* defined by Eq. (13) and .J, and .J4 by

Ju = [O(pfl)mxxmx I(pfl)mw}a (14)

Jd = [I(p—l)mw O(p—l)mwxm,lv (15)
calculate

AP = (JaUHTIUR (16)

5) Put A into the following canonical form:

% 0
e |l ]

where the eigenvalues of Y. are inside the unit circle
and the eigenvalues of ¥,. are outside the unit circle

At = 10, HM}{ -

and let
A Se,  Ce= JUL, (17)
A, Sty Cac = WU, (18)

where
Jf = [ImI Ommx(p—l)mm] 5 (19)
Jo= [Omwx(p—l)mw Imz] . (20)

6) For the estimates of F, B. and B,., solve the linear
least-squares problem:

M—1 2

mln E

EBC7BB(‘ n=0

[CC(ZI —A)7 Cue(z7 — Aac)_l].

ac

B,
S;}Z(Zn) - E - X(zn) [ B 1

F

where x(2) =
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7) As the estimator of Sg,(2), set

§wy(z) = E+Co(2f — A)!
L8 (11— i = ~ 21 G (2) Cyp(2I — Ay)By + Dy,
- o Gy(z) = Gyl = Ay)By + Dy,
H,(2) = Cu(2I—A,;)B, + Dy,
Algorithm 5.2 (Auto-PSD Estimation Algorithm): Hy(z) C'y (21 — fly)By + Dy
1) Replace S} (z,) with S}¥(z,) in Algorithm 5.1 and where
set ng = ny, my = my. Repeat steps 1-5 of
Algorithm 5.1 and compute A, and C. from Eq. (17).
2) So%ve the linear least-sguares problem: o (7 —08 055 0 0 0 0
—-0.55 —0.8 0 0 0 0
M-1 2 0 0 09 04 0 0
. ~ - ~T ~H o w A, =
min 3 Hx(zn)F-i-F R (2n) + B = S (za)|| @ 0O 0 -04 09 0 0]
E.F n=0 0 0 0 0 —-09 02
~ ~ 0 0 0 0 —-02 -09
where X(z) = C’C/gzlnz - AC/)\’l/.\ 11 01 0 o0
3) If H(z) = % + Ce(zI,, — Ac)F is not positive real, 01 -1 1 0 3
solve the linear matrix inequality problem: c, - 00 01 -1 0|,
win ||~ Hls (22) 0L 0000
E,F.P 10 0 1 0 0 0
subject to the constraints 1 (1) 1 0
PN SO -1 1
T P—APAT  F—APCT B - |1 Y| p_ :
M(E,F) = - el 7 e 0, Pz = s x = 0 17];
EE)=| pr_g.par B-cpcr | g } 11
(23) 5 B 3 2 1
P > 0 -
where H(z) = g + Cul2d,, — AJF. 0.8876  0.4494 0 0
4) Perform an SVD of M(E, F): A, = _0'44961 0'797(8) 0 6128 0 0642 )
- o o, -0 o
M(E, F) = |:Un i } pIN (,) [Un i } I 0 0 —6.4516 —0.7419
e Ne O Zne e Ne 0 0
where X,,_ contains the n. largest singular values and B, L1 , Dy=1[1 2],
define the estimates of B and D as (1) _(1)
~ o, L .
B v,k @ G = [1030];
D
N R R o 06 0.5 0 0 o0 0
5) Set G,(z) = Ce(2I — A.)"'B + D. —-0.5 —0.6 0O 0 O 0
A closely related subspace algorithm to ours was proposed i 0 0 0.8 0.3 0 0
in [15]. Since this algorithm uses unbiased auto-covariance x 0 0 —-0.3 0.8 0 0
estimates, it may yield a negative-definite auto-PSD estimate. 0 0 0 0 0.5 0
The final step ensuring positive-definiteness of the estimated 0 0 0 0 0 —0.25
spectrum is identical to ours. r 3 1 0 5 1 —1
~ -1 0 -1 2 1 -3
VI. SIMULATION EXAMPLE c, 1 9 3 0 —1 1,
In this section, we use an academic example to illustrate 0 0 [ 0 2
the properties of Algorithms 5.1 and 5.2. This example will L 11 -5 0 3 1
demonstrate the poor performance of the Welch estimators ! 0 -2 0 3
when used directly for the identification of auto-PSD and 0 7 1 0 5
cross-PSD with closely spaced sharp peaks. But, the cross B 1 -1 0 0 4 D -
and auto-spectra will be identified accurately when the r -1 =2 4 0 1|’ v
subspace algorithms are driven by the Welch estimators. 2 -1 2 2 5
2 3 -9 01

Let the transfer functions in Figure 1 be given by the
state-space models:
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06 04 0 0

i _ | 04 06 0 0
v 0 0 —05 05|’

. 0 0 —-05 —05
¢, = [1 -1 0 3],

[0
- 1 ~
By - _1 ) Dy:[1]7

|5

Note that D, # 0 and D, # 0. Likewise, in this example
whether there exist finite zeros outside or on the unit circle
is not our concern since we are not interested in determining
the transfer functions in Egs. (1) and (2). Our main concern
is the accuracy of Algorithms 5.1 and 5.2.

To examine the accuracy of Algorithms 5.1 and 5.2,
we performed Monte Carlo simulations estimating the
cross-PSD matrix S, () and the auto-PSD matrix S, (%) of
the above ARMAMA model from the data record: x[k], y[k],
k=0,---,N — 1 by using different noise realizations and
compared them with the Welch estimators in Eqgs. (6) and
(7). For M = 16,384 and L = 256, Algorithms 5.1 and
5.2 were used with p = r = 200. The quality of the
models was assessed by determining the relative errors in
the Frobenius norm defined for a given pair matrices X and
Y of compatible sizes by

_ X =Ylr

X,v)="12_"1F 25
p(X,Y) i (25)

In Figures 2 and 3, the results are shown for the estimators

in Egs. (7) and (21). We computed p(@%, Szy) = 0.6762 and
p(Sey, Szy) = 0.0321 with the latter denoting the relative
error of Algorithm 5.1. Since S,,(e/*) and its estimates
are matrix-valued functions of w, it is reasonable to plot
their largest and smallest nonzero singular values versus
frequency. The latter is defined as the minimum of all
singular values which do not vanish for all w.

The Welch cross-PSD estimate appears to be drowned
in noise and only some, not all, sharp peaks of the
true cross-PSD are detectable from Figure 2. At other
frequencies, scattering of the estimate resembles that of a
white noise process and predicates the judgement about the
poor performance of the Welch estimators. Nevertheless,
Figure 2 contains also essential features of a spectral
density, i.e., visible peaks. Then, Algorithm 5.1, owing to its
interpolation property, from the Welch cross-PSD estimate
recovers very accurately the true cross-PSD by averaging
noise out in the Welch cross-PSD estimate as demonstrated
in Figure 3.

Next, we study accuracy properties of Algorithm 5.2.
This algorithm yielded p(S;z,Szz) = 0.0600 for a 12th
order model with 7 inputs, and the parameters p and r
were both set 200 as in Algorithm 5.1. The fit by this
model is excellent as shown in Figure 4. The chosen model
order is right since G, (z) and H,(z) are 6th order transfer
matrices. The number of the inputs was determined from
the singular value decomposition in step 4. This number

10 L L L
0 0.1 0.2 0.3 0.4 0.5
Frequency (Hz)

Fig. 2. the largest singular values of the true and the estimated cross-PSD
matrices: (- -) the true cross-PSD; (-) the Welch cross-PSD estimate.

10

10 L L L
0 0.1 0.2 0.3 0.4 0.5
Frequency (Hz)

Fig. 3. the largest singular values of the true and the estimated cross-PSD
matrices: (- -) the true cross-PSD; (-) the subspace estimate in Eq. (21).

is also right since e[k] € R? and e,[k] € RS. Thus,
the identified spectral factor is a fat matrix with 7 inputs
and 5 outputs. This identified spectral factor, however, can
not be used to determine G,(z) and H,(z) since the
correlation structure in the ARMAMA model described by
Egs. (1) and (2) was not considered explicitly. Steps 2 and
3 of Algorithm 5.2 were implemented since the auto-PSD
estimates returned by Algorithm 5.2 were not positive real
in all trials; thus, showing that steps 2 and 3 are effective
in assuring non-negativity of the estimated spectrum. Due
to space limitations, the results for the Welch auto-PSD
estimator in Eq. (6) were omitted.
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103 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5
Frequency (Hz)
102
10° Frzm=speRes === i
10_20 I I I I
0 0.1 0.2 0.3 0.4 0.5
Frequency (Hz)
Fig. 4. the largest and the smallest nonzero singular values of the true

auto-PSD matrix of  and the 12 th order subspace estimate with 7 inputs
returned by Algorithm 5.2: (- -) the true auto-PSD; (-) the subspace estimate.

VII. AN APPLICATION TO MODELING OF ACOUSTIC
SPECTRA

In a fault detection study, experiments were carried out
on both healthy and faulty induction motors. The fault types
studied were ball bearing failures and eccentricities, broken
rotor cage bars, short circuits in the stator windings. The
experiments were performed in a reverberant and noisy room
to simulate the real working environment. Each experiment
was repeated twice. An array of five microphones of the
same type with the frequency band 20Hz-20kHz were
hemispherically placed around the motors. The microphones
were connected to an amplifier and professional sound card
unit and sampled at the rate 44.1 kHz about 30 seconds for
each experiment. The measurements were recorded after the
motors reached the steady state. The motors were coupled
to a single phase generator with permanent magnet, which
provided loads varying between 3.8 and 5.4 Amperes. The
test rig used in the experiments is shown in Figure 5.

For each experiment, the data were divided equally into
the two disjoints sets: the estimation and the validation data
sets. Then, the Welch auto-PSD estimate in Eq. (6) was
calculated for M = 1000 on both data sets. In Figure 6,
the largest and the smallest nonzero singular values of the
five-microphone array Welch auto-PSD estimate of a healthy
motor are plotted for both the estimation and the validation
data sets. The motor was partially loaded and the current
drawn was minimum, i.e., 3.8 Amperes.

In Figure 7, for the healthy motor in Figure 6, the largest
and the smallest singular values of the auto-PSD matrix
of the five-microphone array estimated by Eq. (6) with
parameters M = 1000 and L = 480 and Algorithm 5.1 with
the parameter values p = r = 200 and the 35th order model
using the estimation data only are plotted versus frequency.
The fit by the subspace algorithm is impressive in spite of
many spikes in the data. None of the spikes are missed

Fig. 5. the test rig.

10 I I I I
0 0.1 0.2 0.3 0.4 0.5
Frequency (Hz)
Fig. 6. the largest and the smallest singular values of the five-microphone

array Welch auto-PSD estimate of a healthy electric motor for L = 480:
(-) estimation data; (-) validation data.

by Algorithm 5.1. The off-diagonal entries of the estimated
cross-PSD matrix are the cross-PSD function estimates of the
microphone pairs in the array, and the diagonal entries are the
auto-PSD function estimates of the individual microphones.
It was not possible to extract the spectral factor of the
subspace estimate plotted in Figure 7 since the estimated
poles were very close to the unit circle. In fact, for the healthy
motor plotted in Figures 6 and 7 the first microphone of the
array using the estimation data only and the parameter values
chosen as before, we found that the poles of the estimated
auto-PSD were almost on the unit circle with a distance
1.5x 1077 to it and the farthest away pole from the unit circle
had a modulus 0.969. Moreover, the power spectrum estimate
had a minimum value of —0.0081. These values explain
the difficulty faced in computing a spectral factor even for
a scalar spectrum. This is an example to auto-regressive
moving-average modeling of harmonic signals.
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1 0 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5
Frequency (Hz)
Fig. 7. the cross-PSD magnitudes of the 5-microphone array estimated by

the Welch method and the subspace algorithm for the healthy motor and
M = 1000, L = 480, p = r = 200 using the estimation data only : (-)
the Welch cross-PSD estimate; (=) Algorithm 5.1 with a 35th order model.

Although, in this example, we were not able to extract
spectral factors directly from the auto-PSD estimates,
we were, however, able to accurately identify their
eigenstructures by utilizing the cross-spectral analysis. In
structural vibration monitoring, a plethora of fault detection
methods is based on monitoring changes in eigenstructures
[16].

We end this section by studying the performance of the
N4SID algorithm on the acoustic data. The time-domain
measurements used to obtain the identification results plotted
in Figures 6 and 7 were used to compute the spectral estimate
by the N4SID algorithm. In Figure 8, the estimation results
are shown for 480 trials. In each trial, 1000 measurements
were used, and the N4SID algorithm picked the best model
order. As expected, due to the implementation of the
positive-realness constraint, the N4SID algorithm has failed.

VIII. CONCLUSIONS

In this paper, properties of two subspace-based
identification algorithms recently developed in [10] to
estimate the cross-PSD and the auto-PSD matrices from
sampled values of the Welch cross and auto-PSD estimators
on uniform grids of frequencies were illustrated in a case
study by using academic and real-life application examples.
Preliminary results indicate good performance of the
proposed algorithms.
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