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Sufficiency of a Necessary Condition for Local Observability of
Discrete-Time Polynomial Systems

Yu Kawano and Toshiyuki Ohtsuka

Abstract— We consider local observability of discrete-time
polynomial systems. When testing local observability of non-
linear systems, the observability rank condition is commonly
used. However, the rank condition is only a sufficient condition
in general. For this problem, recently, in terms of commutative
algebra and algebraic geometry, a necessary condition for local
observability of the polynomial systems has been derived. In this
paper, we show the necessary condition is a sufficient condition
for local observability for almost all initial states. Based on this
result, we derive a necessary and sufficient condition for local
observability.

I. INTRODUCTION

In this paper, we consider local observability of discrete-
time polynomial systems. Observability is one of the most
fundamental properties, along with controllability and sta-
bility, in modern control theory. For nonlinear systems,
there are various definitions of observability [1]-[4]. Mainly,
global and local observability have been defined, and two
types of each observability have been defined. One is called
global or local observability at an initial state. The other is
simply called global or local observability and means that
a system is globally or locally observable for all initial
states. In this paper, we focus on local observability and
adopt weak observability [1] as its definition. Note that weak
observability is sometimes adopted as local observability [4],
[7].

Local observability is worth researching in its own right.
Global observability is a too strong property when we design
state feedback controllers for nonlinear systems in practice.
Sometimes, local observability at possible initial states is
sufficient for controlling dynamical systems even if they
are not globally observable. For local observability, the
observability rank condition [3], [4] has been derived. This
is only a sufficient condition, and for necessity, this is a
necessary condition for almost all initial states. That is, the
rank condition is not a necessary and sufficient condition
for all initial states. Therefore, there is no necessary and
sufficient condition for local observability for all initial
states.

For polynomial systems, observability is studied in terms
of commutative algebra and algebraic geometry [5]-[7].
Especially, [7] shows a local observability condition at an
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initial state but it is difficult to check this condition for
all initial states. In [8], based on this local observability
condition, a necessary condition for local observability for
all initial states has been derived. In this study, we show
that this necessary condition is also a sufficient condition
for almost all initial states. Note that the observability rank
condition is a necessary condition for almost all initial states
and sufficient condition for all initial states. In contrast,
our condition is a necessary condition for all initial states
and sufficient condition for almost all initial states. Finally,
by utilizing the necessary condition, we derive a necessary
and sufficient condition for local observability. It is not
always easy to check the necessary and sufficient condition.
However, there exists a polynomial system whose local
observability is verified with our condition while the system
does not satisfy the rank condition.

The remainder of this paper is organized as follows. In
Section II, we show a necessary condition for local observ-
ability and discuss sufficiency of the necessary condition.
Moreover, we derive a necessary and sufficient condition
for local observability. In Section IV, an example illustrates
that local observability can be tested by using our condition.
Concluding remarks are given in Section V, and some
lemmas are summarized in Appendix.

II. LOCAL OBSERVABILITY AT AN INITIAL STATE

A. Notations

Throughout the paper, R and NN denote the field
of real numbers and the set of non-negative inte-
gers, respectively. The polynomial ring over R with

variables &;,m; (¢ = 1,2,...,n) is denoted by
R, (= R[&1, ... &n, M, .-, Mn])- The ideal generated
by ai,as,...,as € R[{,n] is denoted as (ai,...,as) C

RI[¢,n). The set V(I) € R™ x R™ represents an affine
variety, which is the set of common zeros of all elements
in an ideal I C RJ[,n]. For more details, see Appendix.

B. Polynomial Systems

Let us consider a discrete-time polynomial system de-

scribed by
zD{ 2t +1] = f(alt), a[0] = @0,
ylt] = h(x[t),
where £ € N, z € R™ and y € R denote the time step, the
state and the output of the system, respectively. Moreover, f :
R™ — R” and h : R™ — R are polynomial mappings. The
identity mapping of R"™ is denoted by f, and we recursively
define a composite mapping fi*! := fo f* (i € N). For
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discrete-time systems, the output at time N € N starting
from o € R™ can be expressed as h(f" (zo)).

Observability of a system X is defined as follows.

Definition 1: A pair of initial states ({,7) € R™ x R"
of a system X p is distinguishable if there exists a time step
N € N that yields h(fN(€)) # h(fN (n)).

Definition 2: A system is locally observable at an initial
state ¢ € R if there exists a neighborhood of o, denoted
as U(o) € R™, such that for all £ € U(o) \ {o}, pairs
of (0,€) are distinguishable. Moreover, a system is simply
called locally observable if the system is locally observable
for all initial states.

The following proposition [3], [4] is commonly used when
testing local observability of discrete-time nonlinear systems.

Proposition 1: (Observability rank condition) System X p
is locally observable if there exists N € N such that

h(f(x
rank — (o) =n, ®(z) = (@) (1)

h(fN(x))

holds for all o € R". Conversely, if a system is locally
observable, then there exists N € N such that (1) holds for
almost all 0 € R™.

The observability rank condition (1) is only a sufficient
condition for local observability. Even for the following
simple and locally observable polynomial system, the rank
condition does not hold.

Example 1: Consider a system:

{ 2ft + 1] = a[f],
y[t] = 2°[1].

First, we check the rank condition for this system. The
mapping P is computed as

P(z)=1[a* - a8 ]T7
and consequently,
0
%(x) = 3a? 322 ]T.

Therefore, we obtain

P
rankg—z(()) =0,

which implies that the observability rank condition does not
hold at the origin.

However, it is possible to show that the system is locally
observable based on its definition. The set of pairs of
indistinguishable initial states (£,7) € R x R satisfies

&=’
By fixing 1 on each point o € R™, we have &3 = o3. By
solving this equation, we obtain £ = ¢. Therefore, any initial
state ¢ € R"™ is only indistinguishable from itself. That is,
the system is locally observable in the sense of Definition 2.

Example 1 shows that the observability rank condition
is only a sufficient condition even for a one dimensional

polynomial system. Therefore, it is necessary to derive an-
other local observability condition. For polynomial systems,
a necessary condition has been given [8]. In this paper, we
discuss the sufficiency of the necessary condition. Moreover,
by using the necessary condition, we derive a necessary and
sufficient condition for local observability.

C. Fairs of Indistinguishable Initial States

To show a necessary condition for local observability,
we obtain pairs of indistinguishable initial states. Here, we
show that the set of pairs of indistinguishable initial states
is characterized by a finite set of polynomials.

We generate the following ideals J; (i € N) in R[&, n]:

Ji = (h(€) = h(n),.... h(f*(§) — h(f'(m))-

From the definition of J;, we have Jy C Ji, and con-
sequently an ascending chain of ideals Jy C J; C ---.
According to Hilbert’s basis theorem, the chain will stabilize.
In other words, there exists a certain ideal J C RJ¢,7)
satisfying

JOCJIC...CJN:JNH:...ZJ 2)

for N € N. In particular, it is readily shown that the chain
(2) has the following strict inclusion property [7]:

JoGC NG CIN=Inp1 = =] (3)

=

Then, the variety V(J) C R™ x R™ represents the set of
pairs of indistinguishable initial states (£,7) € R"™ x R™.

To describe observability conditions, we define an ideal
Z C R, 7] as

Z=(& —ms-- & — ). 4)
D. Local Observability Condition at an Initial State

Here, we show a local observability condition at an initial
state 0 € R” of a system Xp derived in [7]. Based on this
condition, a necessary condition for local observability has
been obtained in [8].

Suppose that p C R[¢] is a prime ideal. Then a localization
R[¢], of R[¢] at p is defined as

R[ﬂp - {a/b ra,be R[S]ab ¢ p}a
and for an ideal I C R[¢], an ideal I, C R[¢], is defined as
I,={a/b:acI,beR[{],b¢p}.

Based on the fact that I, NR[¢] is an ideal in R[¢], an affine
variety V(I,) C V(I) C R" is defined as

V(lp) == V(I NR[]).

To describe a local observability condition at an initial
state 0 € R”, it is necessary to obtain the set of initial
states indistinguishable from o. Let ¢, : R[§,n] — R[¢]
be a mapping that substitutes n = ¢ € R" for an element
of R[¢,n], which is a surjective ring homomorphism over
R, n). Then, V(p,(J)) C R™ denotes the set of initial
states indistinguishable from o. For ¢,(Z), we have the
following.
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Lemma 1: The ideal ¢,(Z) C R[¢] is a maximal ideal.
Lemma 1 holds because of ¢, (Z) = (&1 — o1,...,&n —
on). Moreover, we obtain

I(V(ps(1))) = ¢ (). (5)

Since a maximal ideal is prime, R[¢], (7) is a local ring.
From Proposition 9 in Appendix, ¢,(Z),, (z) N R[§] =
o (Z) holds. Thus, we have

\% (WU(I)WU(I)) = V(SDU(I)) . (6)

A local observability condition at an initial state is ob-
tained as follows [7].

Theorem 1: A discrete-time polynomial system Xp is
locally observable at o € R" if and only if

V (9o (T)p, @) = V(s (T)) (7)

holds.

Theorem 1 is a necessary and sufficient condition for local
observability at a certain initial state while the observability
rank condition (1) is only a sufficient condition.

III. LoCcAL OBSERVABILITY

It is difficult to directly check (7) for all initial states
because we need to compute the ideal v, (J),, (z) at each
o € R™. On the other hand, based on Theorem 1, a necessary
condition for local observability has been presented [8].
In this paper, we show that the necessary condition is a
sufficient condition for almost all initial states.

The following properties of Z shown in [8] are used in
this paper.

Lemma 2: For the ideal Z C RJ[¢, 7] in (4), we have the
followings.

1) Z is prime.

2) V(Z) Cc R" x R™ is irreducible.

The kernel Keryp, C R[¢, 1] of the surjective ring homo-
morphism ¢, : R[¢,n] — R[n] is generated as

s — O'n>‘ (8)

From (8), I(V (Kery,)) = Kery, holds.
Furthermore, Z + Kerp, C R[{, 7] is generated as

Kerp, = <771 —01,M2 —02,...

T + Kerp,
=& —01,.- &0 — Oy ML — 01y -y, — )y (9)
which implies
V(I + Kerg,) = {(0,0)}, (10
I(V(Z + Kerg,)) =T + Kerp,. (11)

A necessary condition for local observability is derived as
follows.

Theorem 2: [8] If a discrete-time polynomial system X p
is locally observable, then
V(Jz) =V(2) (12)
holds.

In this paper, we show necessary condition (12) is a
sufficient condition for almost all initial states.

Theorem 3: If (12) holds, we have the followings.
1) The minimal decomposition of V() is

V() =V(@)Uu,u---UY,, (13)

where Y; C R™ (i = 1,...,t) is an irreducible variety
or the empty set.

2) A polynomial system X p is locally observable at any
initial state o € R™ such that

{(,0)} c VD \ (N1 U---UY)

holds.
3) The Zariski closure of V(Z)\ (Y1 U---UY;) is V(Z).
Proof: If (12) holds then from Proposition 10 in Ap-
pendix, V(7) has the minimal decomposition as (13). The
minimal decomposition has a property V(Z) ¢ Y1 U---UY%,
and V(Z) = U,cgn{(0,0)} implies the existence of an
initial state o € R™ such that (14) holds. Let ¢, : R[{, 7] —
R[¢] be a mapping that substitutes o € R™ satisfying (14)
into n € R[¢, n]. From (14), we have

{(U,O’)}gzylu-”UY;,

(14)

and consequently
{(0,0)} ¢ (V1 U---UY;) N V(Kerg,).
The left hand side can be computed as follows with (10).
V(I +Kerp,) ¢ (Y1U---UY;) NV (Kerp,).

From Propositions 3.1) and 4 in Appendix, the right hand
side satisfies

Y1U---UYy) NV (Kerp,)
=V(I(Y1U---UY;)) N V(Kerp,),
=V({I(Y1U---UY;) + Kerp,), (15)

which yields

V(Z +Kerpy,) ¢ VII(Y1 U ---UY;) + Kery, ).
From Proposition 2.3) and (11) in Appendix, we have
I(V(Z +Kerp,)) 7 LVI(YiU---UY;) + Kerg,)),
I+Kerp, 7 I(VAIY1U---UY;) + Kerp,)),

and, from Propositions 5 and 12 in Appendix,

QOU(I) ZS @U(I(V(I(YI u---u Y;f) + KGI‘@U))),
¢o(I) 7 IV(ps(I(Y1U-- UYy)))).

On the other hand, by computing intersections between
V (Kery, ) and each side of the minimal decomposition (13),
we have

V(J) NV (Kereo)

=(V(D)u (11U --UYy)) N V(Kergp,),

=(V(@)NV(Kerp,))U ((Y1U---UY;) N V(Kery,)).

(16)

From Proposition 3.1) in Appendix and (15), we obtain

V(J + Kery,)
=V(Z+Kerp,) UV(I(Y1 U---UY;) + Kerp, ),
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and, from Proposition 3.3) in Appendix,
I(V(J + Kery,))

=I(V(Z + Kerg,) UV(I(Y1 U---UY;) + Kery, ),

=I(V(Z + Kerg,)) NI(VI(Y1U---UY;) + Kerp,)).
From (11), we have

I(V(J + Kery,))

= (ZT+Kerp,) NI(VI(Y1U---UY;) + Kerp,)),

and thus
P (I(V(J + Kerg,)))

= 0, ((Z 4+ Kerp,) NI(V(I(Y1 U---UY;) + Kerp,))).
Proposition 6 in Appendix implies

Po (I(V(j + KGTSDJ)))

= @, (Z 4+ Kerg,) N ((VI(Y1U---UY;) + Kerpy))).

Moreover, from Proposition 12 in Appendix, we have

I(V(#o (7)) = o (1) NIV (po (I(Y1 U - -- UY)))). (17)
From Lemma 1, ¢,(Z) is prime, and thus R[¢], (7) is a
local ring. Equation (17) implies

I(V(eo(T)))e., )

= (o () NT(V(pa(I(Y1 U - -- UY1)))))g, (1)

The right hand side can be computed as follows with (16)
and Proposition 8.

LV (o (I)))eo@) = o (D)e, @)

Then, we have

VIVl IN)pa) = V (9o (Dem) -

From Proposition 11 in Appendix and (6), we have

\% ((pa(j)goo(l)) = V(@U(I))'

Thus, (7) holds, and the system X, is locally observable at
o satisfying (14).

Finally, we show that the Zariski closure of V(Z) \
M uU---uYy) is V(2), ie.,

VI(V(T)\ (i U+ UY,) = V(T) (1)

holds. When Y7 U---UY; is the empty set, from Proposition
4 in Appendix, (18) holds. Thus, assume that Y7 U --- U
Y, is not the empty set. Let Z; U --- U Z; be the minimal
decomposition of V(Z) N (Y1 U --- U Y;). Then, we have
VIZO)\(Miu---UYy) = V(I)\ (Z1 U---U Zy), which
implies that

VI(V@)\(1U---UY)))

=VI(VD)\(Z1U---UZy))). (19

We consider the right hand side of (19). From Proposition 3
4) in Appendix, we have
IV@Z)\ (21U U Z,))

=I(V(@):L(Z U---UZ,). (20)

Since from the assumption, V(Z) 2 Z; U --- U Z, holds,
Propositions 2 2) and 3) in Appendix leads to

L(V(Z)2I(ZU---UZ,). Q1)

Proposition 7 in Appendix and Lemma 2 2) imply that
I(V(Z)) is prime. Thus, from (21) and Proposition 13 in
Appendix, we obtain

I(V(T)): 1(Z,U---U Z,) = I(V(T)). (22)

Therefore, (19), (20), (22) and Proposition 4 in Appendix
imply that

VIV@)\(Z10---UZy))) = V(I(V(I))) = V(I)

holds. [ ]

Remark 1: Condition (12) is a necessary and sufficient
condition for local observability at initial states o € R"
satisfying (14). Moreover, from Theorem 3 3), (12) is a
necessary and sufficient condition for local observability for
almost all initial states.

To check condition (12), it suffices to check whether
V(Jz), which is the common zeros of a finite set of
polynomials, equals V(Z) or not. To test local observability
of nonlinear systems, the observability rank condition (1)
is commonly used, and that is a sufficient condition for all
initial states and necessary condition for almost all initial
states. In contrast, our condition is a necessary condition
for all initial states and guarantees sufficiency for almost all
initial states.

Theorem 3 leads to the following corollary.

Corollary 1: A discrete-time polynomial system Xp is
locally observable if and only if the followings hold:

1) (12) holds, and

2) The system is locally observable at o € R"™ satisfying

(0,0) EW :=V(I)N(Y1U---UY)),  (23)

where Y; (i =1,...,t) is defined in (13).

Proof: The necessity is obvious. We show the suffi-
ciency. If (12) holds, Theorem 3 2) implies that the system
is locally observable at 0 € R™ satisfying (14), i.e., not
satisfying (23). Therefore, if condition 2) holds, the system
is locally observable. [ ]

Remark 2: 1t is not always easy to check condition 2) of
Corollary 1 because we need to check local observability for
an infinite set of initial states in general. However, Corollary
1 helps testing local observability of polynomial systems
not satisfying the observability rank condition. Actually,
based on Corollary 1, we can test local observability of a
polynomial system as shown in Section IV.

1V. EXAMPLE

We give an example in which local observability of a
discrete-time polynomial system is tested. Consider

3[t] + w3[t]
zft +1] = z1[t] ;
z3[t]
ylt] = = [t].
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The observability rank condition does not hold when z2[0] =
0. Thus, we test local observability with the proposed crite-
rion.

To check local observability, we generate an ideal Z C

R[57T/](: R[517€27£377717T/25773D as
T=(& —m,& —n2,& —n3),
and J; C R[§,n] (i € N) as:
Jo = (&1 —m),
Ji=Jo+ (& + & —n5 —n3),
Jy=J1+ (& + & —ni —n3),
Js=Jy+---.

Here, J3 = J> is obtained. Thus, we define 7 as Js, which
is generated as

T = (& —m,& —ns,& —n3),

and we have JzNR[{, ] = Z. Thus, V(Jz) = V(Z) holds.
The minimal decomposition of V() can be computed as
follows.

V(7)) =V@)Uuy,

&1 m
Y = (§7’r]) € R3 X R8 : 52 == -T2 )
&3 73

and the intersection between V(Z) and Y is obtained as

W = V(@)nY
&1 m
= {(ENERIXR3: | 0 [ =] 0 ,
&3 73

Thus, Theorem 3 2) implies that the system is locally
observable at initial states o € R? satisfying o2 # 0.
Next, we test local observability at c € W C R3:

W:={ceR3: 0y =0}

Let ¢ : R[£, ] — R, €3, 1] be a mapping that substitutes
& = 0. Then, we have

o(J) = (& — .3, & —n3),

and V(p(J)) C R? x R represents the initial states
indistinguishable from o5 = 0. Since V(¢(7)) = V(¢(2))
holds, each initial state [o1 0 o3]T € R? is only indistin-
guishable from itself. That is, the system is locally observable
at o € W. In summary, the system is locally observable
while the observability rank condition does not hold.

V. CONCLUSION

In this paper, we showed that a necessary condition for
local observability of discrete-time polynomial systems is
a sufficient condition for almost all initial states. Since the
necessary condition can be checked simply by solving a
set of algebraic equations, local observability for almost
all initial states can be checked by solving it. Moreover,
based on the necessary condition, we derived a necessary and

sufficient condition for local observability, and we evaluated
local observability of a polynomial system not satisfying
the observability rank condition by our condition. However,
it is not always easy to test the necessary and sufficient
condition because it is necessary to check local observability
for an infinite set of initial states in general. Therefore, it
is necessary to derive another local observability condition
which can be checked simply by solving a set of algebraic
equations, which is a future work.

APPENDIX

A. Basic Proposition

We show basic definitions and propositions of commuta-
tive algebra and algebraic geometry described in [9]-[12].

An ideal I of the polynomial ring R[] has the following
properties for any a,b € I and ¢ € R[¢]:

1) a+bel,

2) ca € 1.

Let P1,p2,---
defined as

7p7’> = {Zalp7. L ay € R[l’](% = 1723"'7T)}7
i=1

is called the ideal generated by p1,...,p;,.
If I and J are ideals of R[¢], then the sum of I and J,
denoted I + J, is the set

,pr be in R[¢]. Then the set (p1,...,p,),

<p1,...

I+J:={a+b:aelandbe J},

which is also an ideal in R[]. The intersection I N J of
two ideals I and J in R[¢] is the set of polynomials which
belong to both I and J and an ideals in R[¢]. Next, the ideal
quotient of I by J is the following set

I:J:={aeR[f]:abeforallbe J}

which is also an ideal in R[¢].
An ideal p C RJ[¢] is said to be prime if ab € p implies
a€porbcenp.

The affine variety of polynomials pi,...,p, € R[¢] is
defined as
Vpi,...,pr) ={€€R" :p;(§) =0,i=1,...,7}.

The affine variety of an ideal I C R[¢] is defined as
V() ={{ e R":p(§) =0,Vp € I},

and thus V(I) represents the set of common zeros of all
polynomials in I. If py,...,p. € R[] are generators of the
ideal I C R[], we have

V({I)=V(p1,...,pr)

An affine variety V' C R" is said to be irreducible if
V=V UV, implies V = V; or V = V5, where V;, Vs C
R™ are affine algebraic varieties. Let V' C R"™ be an affine
variety. A decomposition V = Vo UVi U---UV,, (m € N),
where each V; is an irreducible variety, is called a minimal
decomposition (or, sometimes, an irredundant union) if V; ¢
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V; for ¢ # j. It is shown that every affine variety has the
minimal decomposition.

Let V C R" be an affine variety. We define the following
set:

I(V) ={p e R[¢]:p(§) =0,Y¢ €V},

which is an ideal, and we call I(V) the ideal of V.

Next, we state some technical lemmas used in this paper.

Proposition 2: Let I, J C R[¢] be ideals, and let V, W C
R"™ be affine varieties. The followings hold:

1) If I D J, then V(I) C V(J).

2) If VO W, then I(V) C I(W).

3) If V2 W, then I(V) ¢ I(W).

Proposition 3: Let I, J C R[€] be ideals, and let V., W C
R" be affine varieties. The followings hold:

) VI+J)=V({I)NV(J]).

2) VINJ)=V({)uV(J).

3) I(VuWw) =L(V)nI(W).

4) (V\W)=LV): I(W).

Proposition 4: For an affine variety W C R",
V(I(W)) = W holds.

Proposition 5: Let ¢ : R[{,n] — R[] be a ring homo-
morphism. Suppose that ideals I, J C R[{, n] contain Kery.
Then, I C J holds if and only if ¢(I) C ¢(J) holds.

Proposition 6: Let ¢ : R[§,n] — R[] be a ring homo-
morphism, and let {I;};cr be a family of ideals in R[¢, ]
If I; O Keryp holds for all ¢t € T, we have ¢ ((,er It) =
Neer o (1).

Proposition 7: Let V. C R"™ be an affine variety. V is
irreducible if and only if I(V) C R[¢] is prime.

B. Some Technical Results

The following propositions are given in [7], [8].

Proposition 8: Let p C R[¢] be a prime ideal and I ¢
p,J C p be ideals in R[¢]. Then, (I NJ), = J, holds.

Proposition 9: Let p C R[¢] be a prime ideal, and ¢ C
R[¢] be a primary ideal. If ¢ C p holds, ¢, NR[{] = ¢ holds.

Proposition 10: Suppose that I C R[] is an ideal and
p C R[] is a prime ideal satisfying p = I(V(p)). Then,
V(I,) = V(p) holds if and only if V(p) UX; U---UX, is
the minimal decomposition of V(I) C R™.

Proposition 11: Let I C R[¢] be an ideal. If a prime ideal
p C R[¢] satisfies p = I(V(p)), then the following holds

VI(V(Lp)) = VI(V(I))p) = V(). (24)

Proposition 12: Let ¢, : R[¢,n] — R[] be a mapping
that substitutes 7 = o € R". For an ideal I C RJ[{, )], we
have

0o (I(V(I + Kergo))) = I(V(ps(1))))- (25)

Proposition 13: Let I C RI[¢] be an ideal, and let p C
R[] be a prime ideal. If p C I, then p: [ = p.

Proof: Suppose that f € p: I. Then, fg € p holds for

all g € I. Thus, fg € p holds for all g € I\ p. Since p is

prime, f € p holds. The converse is proved in [9]. |
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