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Abstract—In high precision inertial navigation, gravity ĕeld
modeling error becomes a limiting factor. Granted that high
precision accelerometers are used, airborne gravity gradiometry
can be employed in a self-contained way to accurately estimate
the gravity ĕeld on the Ęy and eliminate the gravity ĕeld
modeling error. e local acceleration of gravity will be estimated
using the onboard accelerometer measurements, provided that
the acceleration measurements are very accurate, as is the case
in high precision INS using cold atom interferometry-based
accelerometers. An autonomous free-inertial gravity gradiometer
integrated aircra navigation system is promulgated. e accu-
rate mapping of the gravity ĕeld along the aircra’s Ęight path
is an added beneĕt.

I. I

T   navigate precisely is a critical enabler on
the modern battleĕeld. Most modern military aircra

and munitions rely on GPS for position updates as they
navigate. GPS uses a set of signals from navigation satellites
to determine position and velocity. It is a proven system and
provides the needed accuracy for most mission objectives in
a cost-effective way. However, these satellite signals can be
unavailable due to physical blockage (inside a cave or under-
water), denied by jamming, or subjected to interference, as
in spooĕng.

ere is currently a signiĕcant amount of research into
methods to navigate precisely in a GPS denied environment.
Some of these include, but are not limited to, the use of
stellar tracking [], terrain referenced navigation (TRN)
such as the Sandia Inertial Terrain Aided Navigation (SITAN)
system [], Terrain Contour Matching (TERCOM) [], Ter-
rain Proĕle Matching (TERPROM) [], and INSs which can
be provided with position updates from the aforementioned
navigation methods to correct errors that accumulate over
time. Finally, a method of aircra and submarine navigation
that has been suggested in the recent literature is by the use
of a device known as a Gravity Gradient Instrument (GGI),
or gravity gradiometer.

is paper discusses the feasibility of using an airborne
GGI in a high precision inertial navigation system. e
beneĕt of a gravity gradient instrument is that the measure-
ment is completely passive and not subject to interference
from external sources. is integrated system relies solely
on passive measurements exclusively using inertial sensors,
making it ideal for missions in which GPS is unavailable
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or unusable. e envisioned navigation system will operate
passively and autonomously, without emitting or receiving
signals in the electromagnetic spectrum. As designed, the
GGI-augmented high precision INS will enable navigation
over long durations and distances, suitable for strategic airli,
reconnaissance, or attack missions, without being subject to
detection or denial.

ere are two schools of thought concerning the em-
ployment of gravity gradiometry in high precision, fully au-
tonomous INSs. e ĕrst approach is to use the best available
gravity ĕeld model on board an aircra to aid the INS
with GGI measurements, using a Kalman ĕlter arrangement.
e second is particularly suited to high precision inertial
navigation where gravity ĕeld error becomes a limiting factor:
it is suggested to employ gravity gradiometry to estimate the
gravity ĕeld on the Ęy to a high degree of accuracy and
thus reduce the gravity modeling error in high accuracy
free-inertial navigation. is paper focuses on the latter
in the context of high precision inertial navigation where
cold atom interferometry based accelerometers are used. e
development of a strategy to integrate gravity gradiometry
into free inertial navigation is undertaken.

II. T U  G G
Gravitation and gravity are distinct terms, as the latter

accounts for the centrifugal force due to Earth’s rotation and
is what is sensed by an observer using a plumb on the surface
of the Earth. In the following discussion, the terms grav-
itation and gravity—and gravitational gradient and gravity
gradient—are used interchangeably. However, it is important
to note that a GGI measures speciĕc force due to gravitational
attraction and is more precisely described as a gravitational
gradient instrument. Spatial changes in the gravitational ĕeld
are a result of the nonhomogeneity of the Earth, oblateness,
the Earth’s rotation, and variations in the Earth’s terrain.
e magnitudes of these differences are very small, and
their measurement requires sensitive instruments. A gravity
gradiometer is an instrument that measures the difference in
the Earth’s gravitational acceleration across a known, ĕxed
baseline. Development of these instruments is an area of
active research which has already demonstrated practical
utility. Use of airborne gravity gradiometry is becoming
more prevalent in surveys for mining and natural resource
prospecting, as aircra have inherent advantages of covering
more ground than their terrestrial-based counterparts and
can survey areas that cannot easily be reached over land [].

A relatively recent body of research into using the mea-
surement of variations in the Earth’s gravitational ĕeld for the
purpose of navigation exists. In , Affleck and Jircitano
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discussed an INS that was aided by a gravity gradient-based
map-matching algorithm []. In , Gleason presented a
terrain avoidance method using optimal generation of gravity
gradient maps and GGI sensor ĕltering []. In , Jekeli
investigated a future high-accuracy inertial measurement unit
that could provide near-GPS accuracy by using an onboard
integrated gravity gradiometer to provide in situ compen-
sation []. In , Richeson investigated airborne gravity
gradiometry in a high-altitude hypersonic cruise application
[]. It is claimed to be “the ĕrst thorough derivation and
investigation of a map-matching gravity gradiometer aided
inertial navigation system” and explicitly includes reference
to navigation in a GPS-denied environment using an ex-
tended Kalman ĕlter. e sensitivity required for “GPS-
like performance” from the onboard gradiometer in this
application, if the simulated GGI is assumed to be giving
the full gravitational gradient tensor at an update rate of
1Hz, was determined from a Monte Carlo simulation to
be 10ି3 E (Eötvös, an acceleration gradient unit named for
Loránd Eötvös, a nineteenth-century Hungarian physicist:
1 E = 10ି9/s2). An M.S. thesis was presented by Rogers
in  that investigated the inclusion of terrain variation
effects on a standard Earth gravitational model and used
the augmented model to compensate an INS through use
of a Bayesian map-matching technique []. DeGregoria
continued this work in  [] and found that the map-
matching technique stabilized INS errors if the GGI had a
sufficiently low noise level.

III. A M
We begin by presenting the formulae for measurement of

acceleration. Accelerometers measure speciĕc force f:

f = a− g

where a is the kinematic acceleration and g is the acceleration
of gravity. us, in order to integrate the accelerometer
measurement and obtain our position, the effect of gravity
must be removed from the accelerometer’s speciĕc force
measurements. Gravity is a function of position. Reference
the measurement setup in Figure , where six non-collocated
three-axis accelerometers numbered (1−6) are shown. Eigh-
teen single-axis accelerometers are needed for navigation in
three dimensions. e angular acceleration can be measured
with accelerometers only for a gyro-free inertial navigation
system []. e position of the origin of the space-stabilized
platform is (x, y, z). e acceleration of the space-stabilized
platform is (ax, ay, az). e position-dependent gravitation
vector components are Gx, Gy and Gz.

In this paper we are solely interested in the proof of con-
cept. us, precision inertial navigation in a two-dimensional
“vertical” plane (x, z) is considered, and the gravity ĕeld is
expressed as a function of position, g = (Gx(x, z),Gz(x, z)).
Furthermore, we assume a perfect gyroscope on board the
space stabilized platform in order to focus exclusively on
gravity measurement errors. With the addition of a ring laser
gyro or ĕber optic gyro to the inertial navigation system,
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Fig. . Distributed accelerometer arrangement.

gyroscopic errors will obviously add to the error budget, and
gyro dynamics would need to be included in the system
mechanization. us, in [] we consider a complete INS
with an accelerometers-only inertial measurement unit that
uses precise accelerometers such as those in cold atom inter-
ferometry based instruments. A gimballed, space-stabilized
platform controlled by an ideal gyroscope which maintains
the pitch angle θ ≡ 0 is shown in Figure . On that platform
are mounted four dual-axis accelerometers: in two dimen-
sions, eight single-input axis accelerometers, distributed at
the four locations (1, 2, 3, 4), are needed. e accelerometer
input axes are aligned with the platform axes, which, in
principle, are rotated by an angle θ relative to the inertial
frame. But, since an ideal gyroscope is considered, the angle
θ ≡ 0. e accelerometers are cold atom interferometry-
based precision instruments, and a non-rotating Earth is
assumed. In the simpliĕed two-dimensional case, and since
the angle θ ≡ 0, the speciĕc force measurement equations
are

f1x = ax − Gx(x+ a, z) f1z = az − Gz(x+ a, z)
f2x = ax − Gx(x, z+ b) f2z = az − Gz(x, z+ b)
f3x = ax − Gx(x− a, z) f3z = az − Gz(x− a, z)
f4x = ax − Gx(x, z− b) f4z = az − Gz(x, z− b)

where (ax, az) is the acceleration at the center of the
platform. Using a ĕrst-order Taylor series expansion, we
obtain

f1x ≈ ax ି Gx(x, z) ି Gx,xa f1z ≈ az ି Gz(x, z) ି Gz,xa ()
f2x ≈ ax ି Gx(x, z) ି Gx,zb f2z ≈ az ି Gz(x, z) ି Gz,zb ()
f3x ≈ ax ି Gx(x, z) ା Gx,xa f3z ≈ az ି Gz(x, z) ା Gz,xa ()
f4x ≈ ax ି Gx(x, z) ା Gx,zb f4z ≈ az ି Gz(x, z) ା Gz,zb ()

e eight unknown variables are

ax, az, Gx(x, z), Gz(x, z),
డGx

డx ቤ
x,z
,
డGx

డz ቤx,z
,
డGz

డx ቤ
x,z
,
డGz

డz ቤx,z
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Fig. . Distributed accelerometer arrangement for navigation in two
dimensions.

Equations ()–() are differenced to obtain
𝜕Gx
𝜕x = f3x − f1x

2a
𝜕Gx
𝜕z = f4x − f2x

2b
𝜕Gz
𝜕x = f3z − f1z

2a
𝜕Gz
𝜕z = f4z − f2z

2b
In addition, Equations () and () yield

ax − Gx(x, z) =
1
2(f1x + f3x)

and similarly Equations () and () yield

ax − Gx(x, z) =
1
2(f2x + f4x)

By using all the available measurements, ax−Gx(x, z) can be
expressed as

ax − Gx(x, z) =
1
2 ⋅ ቈ

1
2(f1x + f3x) +

1
2(f2x + f4x)቉

us,
ax − Gx(x, z) =

1
4(f1x + f3x + f2x + f4x)

which is the same measurement that would be recorded by
an accelerometer placed at the center of the space-stabilized
platform.

Note that the measurement’s error variance is

σ(axିGx) = ඨቆ1
4ቇ

2

× 4σ2 = 1
2σ

e same result is obtained for the z-axis.

IV. E  L G  D R
One beneĕt of the integration of gravity gradient mea-

surements into the inertial navigation is that the gravity
ĕeld along the aircra’s Ęight path can be isolated from the
body acceleration and recorded. Based on the high precision
accelerometer measurements from cold atom interferometry

based instruments, an accurate estimate of gravity can be
made. Assume that at time t = 0, at a known starting position
(x0, z0), the gravity vector G(x0, z0) = (Gx(x0, z0),Gz(x0, z0))
is known. Also assume that the platform is kept in perfect
alignment with the inertial frame, that is, θ ≡ 0. We exclu-
sively focus on the navigation accuracy afforded by cold atom
interferometry-based highly accurate accelerometers—to this
end, we assume a perfect gyroscope. It is necessary to
determine the time history of the gravity vector

Gx(x(t), z(t)), Gz(x(t), z(t)), ∀ 0 ≤ t

Taking the total derivative gives

d
dtGx(x(t), z(t)) =

𝜕Gx
𝜕x ቤ

x,z
Vx +

𝜕Gx
𝜕z ቤx,z

Vz

where (Vx,Vz) is the inertial velocity. Given the initial
condition/initial gravity measurement

Gx(x(0), z(0)) = Gx(x0, z0)
the following expression for the x-component of local gravity
along the Ęight trajectory is obtained:

Gx(x(t), z(t)) = Gx(x0, z0)+න
t

0
൭ 𝜕Gx
𝜕x ቤ

x,z
Vx +

𝜕Gx
𝜕z ቤx,z

Vz൱ dt

Similarly:

Gz(x(t), z(t)) = Gz(x0, z0)+න
t

0
൭ 𝜕Gz
𝜕x ቤx,z

Vx +
𝜕Gz
𝜕z ቤx,z

Vz൱ dt

Substituting the accelerometer measurements of the gravity
gradients gives

Gx(x(t), z(t)) = Gx(x0, z0)

+ 1
2 ቈ

1
a න

t

0
(f3x − f1x)Vx dt+

1
b න

t

0
(f4x − f2x)Vz dt቉ ()

Gz(x(t), z(t)) = Gz(x0, z0)

+ 1
2 ቈ

1
a න

t

0
(f3z − f1z)Vx dt+

1
b න

t

0
(f4z − f2z)Vz dt቉ ()

Hence, as long as the initial gravity vector is known, the
local acceleration of gravity G(x, z) can be autonomously
estimated on the Ęy using onboard accelerometer measure-
ments in a GGI arrangement, and the estimate is good if the
acceleration measurements are very accurate, as is the case
in cold atom interferometry.

V. M  E E  
I F

We now present the INS mechanization and error equa-
tions for the distributed accelerometer arrangement. e
mechanization equations for a gimballed space-stabilized
INS, assuming a perfect gyroscope so that θ ≡ 0, are
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ẋ = Vx

ż = Vz
̇Vx = fx(x, z) − Gx(x, z)

V̇z = fz(x, z) + Gz(x, z)

Ġx =
1
2a(f3x − f1x)Vx +

1
2b(f4x − f2x)Vz

Ġz =
1
2a(f3z − f1z)Vx +

1
2b(f4z − f2z)Vz

where:

fx(x, z) =
1
4(f1x + f3x + f2x + f4x)

fz(x, z) =
1
4(f1z + f3z + f2z + f4z)

ese are the speciĕc forces in each axis that putatively
would be measured by accelerometers at the center of the
platform. e speciĕc force measurements of the distributed
accelerometers are f1x, f2x, f3x, f4x and f1z, f2z, f3z, f4z, and the
gravitational accelerations Gx(x, z) and Gz(x, z) are given by
Equations () and (), respectively. In our two-dimensional
scenario and under the assumption of an inertial space
stabilized gimballed platform using a perfect gyroscope, the
augmented navigation state is x, z, Vx, Vz, Gx and Gz; the
gravity vector components Gx and Gz are new non-traditional
navigation states.

We assume that a perfect gyroscope is used, i.e., the
platform axes are aligned with the i-frame at all times; this
is done so that we can focus exclusively on the achievable
navigation accuracy afforded by cold atom interferometry-
based high precision accelerometers. By construction, the
navigation state error dynamics are linear. us, superposi-
tion can be used to add the various sources of error to obtain
the total error in the navigation system. e error equations
in the gimballed, space stabilized INS are then expressed as
follows:

̇δx = δVx
̇δz = δVz

̇δVx =
1
4(δf1x + δf2x + δf3x + δf4x) − δGx(x, z)

̇δVz =
1
4(δf1z + δf2z + δf3z + δf4z) − δGz(x, z)

̇δGx =
1
2a(δf3x − δf1x)Vx +

1
2b(δf4x − δf2x)Vz

+ 1
2a(f3x − f1x)δVx +

1
2b(f4x − f2x)δVz

̇δGz =
1
2a(δf3z − δf1z)Vx +

1
2b(δf4z − δf2z)Vz

+ 1
2a(f3z − f1z)δVx +

1
2b(f4z − f2z)δVz

We use the notation: the navigation state error vector δx is

δx = (δx, δz, δVx, δVz, δGx, δGz)T ∈ ℝ6

and the disturbance vector d, consisting of the eight ac-
celerometers’ random biases, is:

d = (δf1x, δf2x, δf3x, δf4x, δf1z, δf2z, δf3z, δf4z) ∈ ℝ8

us, the navigation state error dynamics are
d
dtδx = F(t)δx+ Γ(t)d, δx(0) = δx0 ()

with initial conditions (for an aircra at rest)

δx0 = ൣ 0 0 0 0 δGx(0) δGz(0) ൧T ()

where the initial uncertainty of the gravity ĕeld measurement
is the same as the accuracy of the INS accelerometers [],
[], that is, δG(0) ≈ 2 × 10ି12 m/s2. Substituting the gravity
gradient terms, the dynamics matrix F and the disturbance
input matrix Γ are

F =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 డGx

డx ቚx,z
డGx
డz ቚx,z 0 0

0 0 డGz
డx ቚx,z

డGz
డz ቚx,z 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

()

Γ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1
4

1
4

1
4

1
4

0 0 0 0
0 0 0 0 1

4
1
4

1
4

1
4ିVx

2a
ିVz
2b

Vx
2a

Vz
2b

0 0 0 0
0 0 0 0 ିVx

2a
ିVz
2b

Vx
2a

Vz
2b

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

()

VI. INS E D

Suppose an aircra starts at latitude L = L0 at a constant
airspeed V = const. and Ęies due North. Its latitude and its
velocity components Vx and Vz are then functions of time.
is allows us to calculate the necessary time-dependent
terms in the F and Γ matrices

Vx = −V sinቆL0 +
V

Re + h ⋅ tቇ

Vz = V cosቆL0 +
V

Re + h ⋅ tቇ

𝜕Gx
𝜕x = ω2

s ቆ2 cos2 ቆL0 +
V

Re + h ⋅ tቇ − sin2 ቆL0 +
V

Re + h ⋅ tቇቇ

𝜕Gx
𝜕z = 3ω2

s cosቆL0 +
V

Re + h ⋅ tቇ sinቆL0 +
V

Re + h ⋅ tቇ

𝜕Gz
𝜕x = 3ω2

s cosቆL0 +
V

Re + h ⋅ tቇ sinቆL0 +
V

Re + h ⋅ tቇ

𝜕Gz
𝜕z = ω2

s ቆ2 sin2 ቆL0 +
V

Re + h ⋅ tቇ − cos2 ቆL0 +
V

Re + h ⋅ tቇቇ

In the above calculations a spherical Earth was assumed.
One could also use the closed form gravity formulae of
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Pizzetti and Somigliana [] along with the parameters of the
WGS- ellipsoid [] to account for the ellipsoidal geometry
of the Earth, although this makes little difference in the
calculations. ωs is the Schuler frequency: ωs = ඥg/Re. With
the above equations, we can simulate the development of the
error in the integrated navigation system by propagating the
navigation state error dynamics from Equations () and (),
wherein we randomly select constant accelerometer biases
such that the disturbance input vector d8×1 ∼ 𝒩(08×1, σ2

a ⋅
18×1). e results of one such simulation are depicted in Fig-
ures  and . e plots are smooth because the measurement
errors are random, but constant, biases.
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Fig. . Position error propagation for a GGI integrated INS, V ୀ 300m/s,
one hour simulation.
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Fig. . Gravity error propagation for a GGI integrated INS, V ୀ 300m/s,
one hour simulation.

To ascertain the performance of the gravity gradiometer
integrated system, a covariance analysis is performed for
the navigation state mechanization equations presented in
Section V. e F and Γ matrices in Equations () and () are

TABLE I
O- , ,    (

  )   .

δx 41.41m
δz 5.08m

δvx 7.37 cm/s
δvz 0.98 cm/s

δGx 0.1291mm/s2
δGz 0.0208mm/s2

used to generate an augmented dynamics matrix Fa = ቈF Γ
0 0቉

whereupon the Lyapunov equation in the predicted naviga-
tion state’s error covariance matrix P is the solution of the
Lyapunov equation,

Ṗ = FaP+ PFT
a

where

Fa = ቈ F6×6 Γ6×8
0 0 ቉

14×14
, P(0) = ቈ 06×6 0

0 σ2
a ⋅ I8×8

቉
()

for 0 ≤ t ≤ T, with T = 3600 s.
For the covariance analysis that follows, we set V =

300m/s and L0 = 0. e covariance matrix P is initialized
at a known position with the accelerometer bias statistic
σa = 2 × 10ି12 m/s2. e integration is carried out for one
hour. e propagations of the one-sigma position, velocity,
and gravity errors for the given aircra trajectory are depicted
in Figure . e position, velocity, and gravity errors for
t = 3600 s are shown in Table I. Evidently, an accelerometer
bias causes the position error to grow ∝ t2.
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Fig. . Position error propagation for GGI integrated INS (random
accelerometer bias model), V ୀ 300m/s, one hour.

Consider now the accumulated error over time in the
calculation of gravitation g in Equations () and (). For
a cold atom interferometry precision instrument, say, δf ≈
10ି12 m/s2, the accumulated velocity error δV ≈ 2 cm/s aer
one hour []. e question to answer is: assuming level Ęight
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at 300m/s, does an accelerometer measurement error (δf) of
10ି12 m/s2 result in position errors of less than 5m/√h ?

Since

fx = 0

δGx ≈ δGx(0) + න
t

0

δfx
1 Vxdt

⇒ δG ≈ න
t

0
δfxVxdt ≈ 10ି12/s2 × 300m/s × 3600 s

≈ 10ି6 m/s2

Now, for a ĕve meter per hour CEP precision navigation
system,

5m = 1
2δa × (3600 s)2

⇒ δa = 10m
(3600 s)2

≈ 7.7 × 10ି7 m/s2
δa = δf+ δG = 10ି12 m/s2 + δG

en, the required accuracy is on the order of δG =
10ି6 m/s2, and so in order for the accumulated error in the
calculated gravity estimate to be ≈ 10ି6 m/s2, the speciĕc
force measurement error must be on the order of δf =
10ି12 m/s2. is is compatible with reported gravity gradient
measurement accuracies of 0.004 E in the Gravity ĕeld and
steady-state Ocean Circulation Explorer (GOCE) satellite,
assuming they were taken over a baseline of 0.5m []. It
is also noteworthy that a required measurement accuracy on
this order was calculated in a Russian text on inertial systems
in , well before such accuracy was achievable [].

When gravity gradiometry is used, the dynamics matrix Fr
of the reduced error state has the eigenvalues of ±√2ωs and
±jωs, where ωs is the Schuler frequency. ere remains the
unstable mode which is always a problem with standalone
INS and requires an independent altitude measurement
for stability. is problem has been properly addressed by
Britting in [], but sadly is not addressed in most of the
current literature []. In this respect, a pressure altitude
measurement from an altimeter would be sufficient to aid
the INS in order to “dampen” the vertical channel while also
maintaining the passivity of the inertial navigation system.

VII. C

We have shown that using cold atom interferometry-based
accelerometers whose accuracy is δf ≈ 10ି12 m/s2, in a free
INS integrated into a gravity gradient instrument, and under
ideal conditions (no gyro error), a positional accuracy of
5m/√h is possible; including gyro errors would of course
increase the error budget. Interestingly, the error dynamics
of an INS using gravity gradiometry are more benign than
the error dynamics for a standalone INS—assuming perfect
alignment, both position and velocity errors are identically
zero in a gravity gradiometry integrated navigation system

despite the accelerometer measurement errors, whereas with
a standalone INS the navigation state error diverges, even
with perfect alignment. Admittedly, we have conĕned our
attention to an academic two-dimensional scenario and,
even more importantly, have assumed error-free gyroscope
measurements. In this respect, the measurement of aircra
attitude exclusively using accelerometer measurements is
addressed in a separate paper []. However, the objective
of this work is a proof of concept: by using highly accurate
accelerometers, one can, in a self-contained way, do away
with gravity modeling in an inertial navigation system and
achieve high precision autonomous navigation. In future
work, the mechanization equations will be developed and
an error analysis will be performed for a full-blown INS.
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