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Abstract— This paper derives explicit solutions for Rieman-
nian and sub-Riemannian curves on non-Euclidean spaces of
arbitrary constant cross-sectional curvature. The problem is
formulated in the context of an optimal control problem on a
3-D Lie group and an application of Pontryagin’s maximum
principle of optimal control leads to the appropriate quadratic
Hamiltonian. It is shown that the regular extremals defining
the necessary conditions for Riemannian and sub-Riemannian
curves can each be expressed as the classical simple pendulum.
The regular extremal curves are solved analytically in terms
of Jacobi elliptic functions and their projection onto the
underlying base space of arbitrary curvature are explicitly
derived in terms of Jacobi elliptic functions and an elliptic
integral.
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I. INTRODUCTION

Let G denote the 3-D isometry group of a simply con-
nected surface S of constant cross-sectional curvature €, and
let Aj,A; and A3 denote a basis of left-invariant vector fields
in the Lie algebra g of G with the Lie bracket [X,Y] =
XY —YX (with X,Y € g and where XY denotes matrix mul-
tiplication of X and Y) defined by the commutative relations
[A1,A7] = €As, [A2,A3] = A and [A],A3] = —A;. Note that
when € = 1,—1,0 we obtain the standard 3-D matrix Lie
algebras i.e. G is the Special Orthogonal Group SO(3) with
Lie algebra so(3) when € = 1, G is the Hyperbolic Group
SO(1,2) with Lie algebra so(1,2) when € = —1, and G is the
Special Euclidean Group SE(2) with Lie algebra se(2) when
€ = 0. In each of the standard cases the simply connected
surfaces S are the planar forms; the sphere S, the hyperbola
H? and the Euclidean plane R? with each having constant
cross sectional curvature of € = 1,—1 and 0 respectively. In
this paper we generalise to spaces of arbitrary constant cross
sectional curvature, with € € (—e0,0)U (0, 0) ensuring that G
is a semi-simple Lie group while the degenerate Euclidean
case € =0 is considered as a limiting case. This paper
considers the problem of minimizing quadratic functions of

the form:
LIS ena I
J== vidt
2./0 i;cm (1)

where i <n <3 and ¢; > 0 are constant weights and v;
are functions on the interval [0, 7], satisfying the prescribed
boundary conditions g(0) = go and g(T') = gr where g(t) € G
satisfies the differential constraint:

dg(t) .
7 _g(t)i:ZIAlvr (2)
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This class of problem is associated with Riemannian geom-
etry when n =3 where the metric (the integrand of equation
(1)) is a positive definite quadratic form defined on the entire
Lie algebra. If the metric is defined only partially on the Lie
algebra (n < 3) the problem is a sub-Riemannian one [1], [2],
[3], [4], [S]. The Riemannian problem equates to a statement
of the Principle of least action for a free rigid body if ¢y, ¢z, c3
are equal to the principal moments of inertia, v; the angular
velocities and € = 1 (G € SO(3)) [6], [7]. In this case the
Hamiltonian vector fields defining the necessary conditions
for optimality are the Euler equations. In this particular case
the Hamiltonian equations of the free rigid body can be
reduced to the classical simple pendulum equations under a
cylindrical coordinate change of variables [7]. In this paper
it is shown that the necessary conditions for optimality can
be reduced to the equations of the simple pendulum for a
larger class of optimal control problem.

In all other cases, other than the Riemannian problem,
this problem statement is associated with sub-Riemannian
geometry where the integrand of (1) defines only a partial
metric on the Lie algebra (n < 3). Sub-Riemannian curves
can also be defined equivalently by the Riemannian case but
with any single weight ¢; — co. Note that no more than one
constant weight can tend to infinite as for these cases the
optimal control problem is not well posed. A particular class
of sub-Riemannian curves, called p-curves, were studied in
[1] where the partial metric is defined on the vertical vector
fields p of the Cartan decomposition. In [1] p-curves are
studied for the classic planar forms where their curvature
€ =—1,0,1. The p-curves, in [1], correspond to the limiting
case where c3 — o or equivalently setting n =2 in equations
(1) and (2). In this paper we generalise the analysis of p-
curves, in [1], to spaces of arbitrary constant curvature.

Another potentially interesting case is where A; and A3
in (2) are controlled and A, is not. In other words v, =0
in equations (1) and (2) which corresponds to the limiting
Riemannian case as ¢ — . In this case the differential
constraint (2) can be viewed analogously to the kinematics
of a wheeled robot with a nonholonomic (sliding) constraint
where v; is the velocity in the forward direction and v3 the
angular (steering) velocity. It follows that the optimal control
problem defines paths of a wheeled robot that minimises
a weighted cost function of the forward velocity and the
amount of required steering.

This paper solves the extremals for these Riemannian
and sub-Riemannian curves in terms of Jacobi elliptic func-
tions and shows that the equations can be reduced to the
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classical pendulum through a simple coordinate change. An
integration method is then presented which generalises the
procedure used to project the extremals onto g(r) € SO(3)
presented in [8] to spaces of arbitrary cross-sectional cur-
vature. This integration method is then applied to project
the extremals related to Riemannian and sub-Riemannian
curves onto the simply connected surface S. This reveals that
Riemannian and sub-Riemannian curves are described by
Jacobi elliptic functions and an incomplete Elliptic integral
of the third kind.

II. NECESSARY CONDITIONS FOR (SUB-) RIEMANNIAN
CURVES

An application of Pontryagin’s maximum principle of op-
timal control (where the functions vy, v,,v3 are the assumed
control functions) brings us to the associated (left-invariant)
Hamiltonian formalism. There is a wealth of literature on
the co-ordinate free Maximum principle and in line with the
geometric interpretations of this paper the interested reader
should refer to [8], [5], [9], [3] for details. Each left-invariant
Hamiltonian can be expressed independently of co-ordinates
on G as a function f of the extremal curves H = f(hy,hy,h3)
where hy,hy,h3 € g are the extremal curves and h; = p(A;)
with p(-) a scalar function which maps an element of the Lie
algebra to its dual defined through the non-degenerate trace
form (for € € (—o0,0) U (0,0)). Explicitly, minimising the
cost function (1) subject to the constraint on the Lie algebra
from (2) gives the Hamiltonian:

n 1 n
H= ;hm ~Po3 Z] civ} (3)
= =

where pg = 0 for abnormal extremals and pp = 1 for regular
extremals. Proceeding in this paper with an analysis of the
regular extremals and noting that H is a concave function
with respect to v; then the optimal controls are:

vi=— )

Ci

and substituting (4) into (3) gives the optimal Hamiltonian:

1/ h5 K
H=_ ( +24 3) (5)
2 C1 Cc2 Cc3

where the Hamiltonian corresponds to the Riemannian prob-
lem for arbitrary non-zero constant values of ¢; and to sub-
Riemannian problems whenever any single constant weight
¢;j — oo. The Hamiltonian vector fields are then given by the
equation Xgy[-| = {-,H} where the Poisson bracket on the
dual of the Lie algebra is defined in terms of the Lie bracket
as {hi,hj} = —p([A;i,A;]). Then the Hamiltonian vector fields
defining the necessary conditions for optimality are given by:

{H hl} _ 8h2h3 _m

C
{H l’l }_ hlhg _Eh]ilg (6)
{Hh }_hth_M

c
It is easily verified that the limiting cases of the Hamiltonian

vector fields as any single ¢; — oo, correspond to the limiting
cases of the Hamiltonian function, that is, the equations are

well behaved. For example, as ¢3 — oo the Hamiltonian (5)
yields the Hamiltonian of general p-curves and (6) to the
corresponding vector fields defining the necessary conditions
for the existence of p-curves. In addition, it is easily shown
that the function:

M = h} +h3 + eh} (7

is a Casimir function for (6) i.e. {H,M} = 0. Furthermore,
the intersection of these functions (that implicitly define
surfaces) (7) and (5) geometrically define the extremal curves
[8]. In particular they are the intersection of an Ellip-
soid (Riemannian Case) or elliptic cylinder (sub-Riemannian
case) with an ellipsoid for € > 0 or a hyperbola for € < 0.
It is also well known that the smooth intersection of any
two quadric hypersurfaces in projective three space define
an elliptic curve [10] which can be parameterised by elliptic
functions. This gives us an indication to the form the analytic
solution the extremal solutions will take.

Lemma 1: The real extremal curves associated with Rie-
mannian and sub-Riemannian curves on 2-D simply con-
nected surfaces of constant cross sectional curvature are
described by the equation of the mathematical pendulum of
arbitrary length.

Proof:
define the constants

2/ _ ECc3—C) 2 A, _ c1—E&c3 2 )‘ _ c1—C 2 (8)
1= ( €23 ) 2 = ( ci1c3 ) A3 = ( c1c2 ) )
then (6) can be expressed as:

(1) = Mbi,

(ha)? = 2al2h2,  (h3)? = 2ah3h3,

€))
using equations (5) and (7) we can write:
_ 2
1B = s (2t + 1 = = ),
2 _ 2_ahi _
= 5% (el + 1 -2 —m),
W= <ZC3H£+h2 E M) :
(,’; c1 (10)
h2 = (2 H+h27%—M>
3 Sc3 1 ) )
2 e 2
hl—cz Cl(ch 25 Mtend),
1= 52 (201H — ‘1”* SoM+eR),

and again the expressions for the sub-Riemannian case are
the limits of these equations as any single ¢; — oo. For
example as ¢3 — oo equation (10) become:

2
W2 =2cH —cr L,
h2 M— 2HC2+<(,2 c])hz

€cy

h2 chH—Clh

(11)
h% M- 2Hc1+ Cl{-)c‘zcz)hz
h%_ Cz o (2HC16‘2—M01+8C1/1 )
h%— o 62 (2H6’1€2—MC2+£Czhg)

then substituting in either (10) or (11) into (9) the
Riemannian and sub-Riemannian curves can be expressed
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in the quadratic form:

(hi)z = Ai(oghi — By) (kihi — d;),

(12)

where i =1,2,3 and A; are defined in (8) and for Riemannian

curves
_ afc1=c3¢) _ _ ©2(2c3He—M)
o = L|EL3€ )’ Bl - £c3—cp
c3(Cq C2) _ C3(2CzH—M)
ki = ~ ole—€a)’ dy = €3~
O — ci(cp—ec3) ,B __ ci(2c3He—M)
- czESC3 Cl)’ 2 = €c3—Cy (13)
k — c3(C Cl) d — Cz(ZClH M)
c(c1—€c3)? 2 Ec3—cy
_ ci(ecz—c2) _ c1(2e0H-M)
&= e ps = 1=
_ (ecs—c) _ 2(2c1H-M)
ks = c3(e1—c2) d3 = c—cy

and for example sub-Riemannian curves when c¢3 — o are:

Cj cj—¢j 2c;H-M
ai:_?;7 ﬁi: _2ch7 ki = ]ecila di = Jg
_ & _ L‘1(2HL‘27M) _ &x _ C2<2HL‘17M)
a3 - —C ’ﬁ3 - c1—C ’ k3 - c1—C 7d3 - c)—cC
(14)
where i =1 when j =2 and i =2 when j = 1. Then using

the change of coordinates /; = ,/%Sing in (12) yields the

equation of the mathematical pendulum:

6 = +vA+BcosH (15)

where the constants A = (4a;d; — 2k;b;),B = 2k;b; where
a; = A;a; and b; = A;f;. O. The recognition of the extremal
curves qualitative behaviour as being determined by the
mathematical pendulum enables the description of all
possible qualitative behaviours of the (sub-) Riemannian
curves. Setting [ = ’d we define the qualitative behaviours
as:

Case A: I = 0 corresponds to the stationary position
analogous to the downward position of the mathematical
pendulum.

Case B: 0 < I <1 corresponds to oscillatory motion
analogous to a pendulum swinging back and forth.

Case C: I =1 corresponds to the equation of the separatrix
connecting the two saddle points of the upward equilibrium
position.

Case D: I > 1 corresponds to circulating orbits where the
pendulums energy is high enough to carry the pendulum
over the top.

Lemma 2: The real extremal curves associated with
Riemannian and sub-Riemannian curves on 2-D simply
connected surfaces of arbitrary curvature for b;k; < a;d; are
of the analytic form:

hi =/ b,-/a,- sin(z,-) (16)

where: bk
g = am(E\/adit + B, ) (17)
where am(-,-) is the Jacobi amplitude function [12] and the

constant f; = sin~! (am (ﬁ%o) , i’[’fé )) and for b;k; > a;d;:

h,' =\ d,'/k,' sin(z,-)

(18)

where: 4
= am(/bikit £, 52 (19)

"™
where am(-,-) is the Jacobi amplitude function [12] and the

constant ;= sin~!(am (4, 540 )).

Proof. It is easy to verify by substitution that this solves equa-
tion (12). Note that for b;k; > a;d; the Jacobi transformation
is used [11]. O

Here we note that (16) corresponds to Case D of the
classical simple pendulum and (18) corresponds to Case A.
If b;k; = a;d; then each solution degenerates to a hyperbolic
tan function defining the heteroclinic connection of Case C.

Theorem 1: Riemannian and sub-Riemannian curves on
a simply connected surface S of cross sectional curvature

€ € (—00,0)U(0,0) can be expressed in terms of the extremal
curves hy,hy,h3 as:
_ VEhyhy
X = = g s — i sin g
_ hy fhzhz
y= sin ¢; + cos ¢y (20)
K¢ —ehd
_ Vel "
TR
where K2 =M in (7) and
¢ K/ (c| I ) @1
N

Proof: Recall that as the Hamiltonian for sub-Riemannian
curves can be viewed as limits of the Riemannian case
(5) it suffices to integrate the system down to G using the
expression for the Hamiltonian (5). It is convenient to express
the equations describing the extremal curves (6) and their
relationship to g(t) € G in Lax Pair form defined on the
basis of the Lie algebra:

01
—800
-1 0
0
0

0
0

) Az =

S = O

(22)
then the (sub-)Riemannian curves are defined by the equa-
tions:

G =lH L), G =gmaH 23

z hiAi, dH = ): h’A
by dlfferentlatlon that

8(1)L(t)g(t)~

It follows that if we define the conserved quantity K> =
h% +h3 + €h3 then (24) can be conjugated such that

where L(t) = It is easy to show

' = constant 24)

g(OL(1)s(r) " = VeKAs (25)
then defining g(¢) € G in the convenient form:
8(t) = exp(9143) exp(9242) exp(9343) (26)
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where @1, ¢, @3 are local coordinates then

L(1) = VeKg(r) " Asg(1) 27)
comparing with L(¢) gives:
0 —&hy Iy
ehsy 0 h | =VeK(£3]2)  (28)
—8h| —£h2 0
where %,¥,Z are the vectors
£=[0 cos(vep) +ecosgssin(vep)"
§=[—cos(vep) 0 —esingssin(vep)]" (29
t=[— cos¢ssin(vedy)  singssin(vedr) 0"
Ve Ve
which yields
h1 = —Kcos ¢3sin(y/€¢,)
Ksin 03 sin(1/edn) (30)
hs Jecos(VER)
it follows that
cos(VEp) = VI, sin(y/Epy) = VG @D
and P N
— 1] 1 — 2
cos 3 = e’ sin ¢z = =T (32)

these solutions will be used in conjunction with the follow-

ing. First, we substitute equation (26) into g(¢)~ 'dg() =dH
from (23) which yields:
B cos(VEg2) 91 + s
by slE) S o g, (33)
b _snl/E et i g
which on substitution of (31) and (32) simplifies to
_ e
o= 4f¢3
h m -
I Kve /Kz £h2 ¢ (34)
h h1¢1
€1 \/KZ sh2
it follows that:
h
¢ —Kf("l ) (35)
R
noting that the projection of g(¢) € G (26) onto S given by

0 o0 o
X = COS 3 COS @1 — COS /€, sin @3 sin P;
y = €08 @3 Sin @1 + cos /€@, sin @3 cos P;
z=—\/esin Ve sings

then substituting (31), (32) and (35) into (36) gives (20). O
Lemma 3: The solution to the integral

_ KVE((r])/e1+(m3)/ca)
h? + h3

with the extremal curves defined by (16) (b3ks < azds) is

g1 ="+ U TG am(EVardy + s, 25), )

VaydzyTK? azdz /? azdy
(38)

g1

(36)

(37)

where II[-,-,:] is the incomplete elliptic integral [12] and
am(-,-) the Jacobi amplitude function with constants:

o =2HK\/e, I =X/

ascs

y="2 (39)

and with the extremal curves defined by (18) (b3k3 > azd3)
is

o ==
—T'K? dyay\ dia (40)
%H[%,am(i Vk3bst + 13, kibz )7 k:b:]
with constants:
=2HK\E, T=5(b y_tb (41)

Proof: rearranging the differential equation (37) as an integral
and using the Hamiltonian (5) and Casimir function (7), ¢;
can be expressed in terms of h3 as:

b= / K€ (2H — h}/c3)

dt 42
K2 —¢eh3 (42)

then substituting hz = 3sn (i\/a3d t—|—B3,a d3) from
(16) into (42) and 1ntegrat1ng yields (38). Equation (40) is
obtained in an analagous manner. [J.

Lemma 4: Riemannian and sub-Riemannian curves on
non-Euclidean spaces of constant curvature € € (—e0,0) U
(0,00) are of the analytic form:

x=——Yhising o 0 — abzzab3 sinz, sinzz sin ¢y
Vvai K2—£ 51HZ3
y= —w sin@; + €babs sinzp sinzz cos @
) h aras
Vary | Ke—e 2 smz;
NG
= K\/> Sll‘lZ2

(43)
where z; is the Jacobi amplitude function (17) for b;k; < a;d;
and (19) for b;k; > a;d; and where ¢, is defined by (38) for
(b3k3 < a3d3) and (40) for (b3k3 > a3d3).

III. CONCLUSION

In this paper a closed form solution for Riemannian and
sub-Riemannian curves on non-Euclidean spaces of arbitrary
curvature are derived. The projection of the curves onto the
base space are expressed in terms of Jacobi elliptic functions
and trigonometric functions of the sum of a secular term and
an incomplete elliptic integral.
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