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Abstract: The control of paste thickener is important because underflow solids concentration has to be 
maintained within a certain operating window to maximize water recovery while avoiding operational 
difficulties, e.g. pump bogging. Paste thickener dynamics is complicated due to the interactions between 
key process variables, uncertainties in operating conditions and large time constant. In this paper, a 
dynamic model of the paste thickener which addresses varying coal parameters were developed and a 
model predictive control (MPC) was formulated based on the model. The simulated MPC results based 
on actual coal processing plant data show that a significant improvement can be achieved in terms of the 
ability to control the underflow solids concentration as well as conforming to the constraints imposed by 
the physical limitations of the process, e.g. pump speed and solids amount inside the thickener. 

Keywords: model predictive control, process control, Kalman filter, mining processing. 

1. INTRODUCTION 

Thickening is a crucial step in mining and wastewater 
treatment industries. In coal preparation, thickeners are used 
to achieve the overall water recovery from the tailings, which 
are important from both cost and environmental point of 
views. The process involves sedimentation, i.e. the settling of 
discrete particulates, often enhanced with flocculant to form 
larger aggregates in a liquid to achieve a higher concentration 
of solids in the underflow and clarified liquid in the overflow. 

The first thickener was invented by Dorr in 1905 rendering 
the continuous dewatering of solid-liquid mixture possible 
(Dorr, 1915). These conventional thickeners often occupy 
large spaces and are unable to achieve higher solids 
concentration. In the 1970s, paste thickener was introduced 
(Abbott, et al., 1973), a technology that enables higher solids 
content in the underflow (> 50% w/w) with smaller 
equipment size. This is achieved by the combination of high 
bed (sediment) level and deep cone dimension which allow 
increased compression of lower layers of sediment resulting 
in higher dewatering effect. Due to its higher solids 
concentration, the underflow product is often known as paste 
as opposed to slurry produced by conventional thickeners. 

During thickener operation, it is often desired to control the 
underflow solids concentration to be within a certain range. 
In coal industry, tailings should be thickened to high solids 
content to recover water but not too high so as to damage the 
thickener or underflow pump. Important variables in 
thickener operation include underflow rate, feed solids rate 
and flocculant dosage to the feed stream. Underflow rate will 
determine the throughput of the thickener affecting the 
residence time and product quality. Flocculant dosage affects 
the final settling velocity of particles in hindered settling 

region as well as the compression of materials in the 
sediment, thus the underflow solids concentration.  These two 
variables are commonly available to be manipulated by an 
automatic control system to maintain the underflow solids 
concentration within a desired operating range.  However, the 
feed solids rate and coal properties which are determined by 
upstream processes become external disturbances to the paste 
thickener, which require attenuation. 

Although a paste thickener can improve dewatering, its 
automatic control is still challenging due to the interactions 
between key process variables, uncertainties in operating 
conditions (varying feed coal types) and extremely large 
process time constant. These render existing control 
strategies used for conventional thickeners ineffective 
(Segovia, et al., 2011).  Furthermore, the knowledge of the 
dynamic model is still very limited. Previous model 
development was based on mostly empirical results and it 
was not until recently that a first principle based modelling 
was developed using phenomenological theory of 
sedimentation-consolidation. This theory allows the 
incorporation of compression/consolidation effects to the 
thickener modelling which was unavailable previously due to 
the non-existence/insignificance of bed/sediment inside 
conventional thickeners. However, this type of models is very 
difficult to be used directly for control development due to 
their complexity, especially in partial differential equations 
representing the physical nature of plug flow inside paste 
thickeners (Yao, et al., 2012). 

This paper proposed an approach to develop a dynamical 
model suitable for analysis and control purposes based on the 
extension of the discretized phenomenological model 
developed by Bürger et al.  (Bürger, et al., 2004). Then, a 
model predictive control (MPC) algorithm is designed and 
simulated based on the model in conjunction with real coal 
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processing plant data and compared to the existing operating 
results. 

This paper is organized as follows. First a brief explanation is 
given on the model used and its extension to allow control 
development. Next, an MPC is designed based on the 
proposed model. This includes the formulation of a Kalman 
Filter which allows parameter estimation useful for adaptive 
model for online application. Simulation results which 
provide model validation and the comparison among MPC, 
PID control and existing plant operations are given followed 
by a discussion on the proposed approach. Finally, a 
summary, recommendations and on-going study are 
explained in the conclusion.    

2. PASTE THICKENING MODEL 

2.1 Model 

Previously developed modelling technique for conventional 
thickener is mostly based on kinematic sedimentation theory 
by Kynch (1952), which describes the sedimentation of small 
rigid spheres dispersed in viscous liquid (Kynch, 1952). 
However, in mineral processing, most particles are not ideal, 
e.g. coal tailings are flocculated and in a paste thickener, they 
will form compressible sediments. Therefore, a dynamic 
sedimentation-consolidation model as an extension to 
Kynch’s sedimentation theory is required to address the 
compressible sediments by introducing pore pressure and 
effective solid stress (Bustos, et al., 1990). 

In this paper, two regions are considered in the modelling of 
a paste thickener: 1) hindered settling region, and 2) 
compression region. As shown in Fig. 1, the fluid flows 
upward to the overflow producing clarified liquid. In the 
hindered settling region, the solids volume fraction (߶ሻ is 
below the critical concentration (߶ሻ (also known as gel 
point) at which particles start to coalesce to form sediment. 
Higher than ߶, a compression region is formed. 

Fig. 1. Continuous paste (deep-cone) thickener. 

In continuous thickening, the process can then be modelled 
by three mechanisms, i.e. convection, sedimentation and 
consolidation by the following second-order partial 
differential equation (Bürger, et al., 2004): 
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where ߶ሺݔ,  ሻ is the solids volume fraction which is assumedݐ
to be constant across each horizontal section, as a function of 
time (ݐ) and ݔ is the vertical position between underflow 
discharge level (ݔ ൌ 0ሻ and the thickener height (ݔ ൌ  ,ሻܮ
ܵሺݔሻ is the cross-sectional area, ܳሺݐሻ  0 is the underflow 
(U/F) volumetric flow rate at discharge level ݔ ൌ 0 (note the 
negative sign), ݂ሺ߶ሻ is the Kynch’s batch sedimentation 
flux density function and ܽሺ߶ሻ is the consolidation function. 
The last two terms on the LHS of Eq. (1) describe both the 
convective and sedimentation mechanisms while the RHS 
describes the compression mechanism. 

There are several equations commonly used to describe 
݂ሺ߶ሻ and ܽሺ߶ሻ. In this paper, the Kynch’ sedimentation 

function is given as (Michaels & Bolger, 1962): 

݂ሺ߶ሻ ൌ ߶ஶݒ ቀ1 െ
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where ݒஶ is the settling velocity of a single particle in pure 
fluid, ߶ is the maximum solids volume fraction and ܰ is a 
parameter related to particle property.  

The consolidation function is described as follows: 

ܽሺ߶ሻ ≔ െ	
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where Δߩ is the solid-fluid density difference, ݃ is the 
gravitational acceleration and ߪᇱ is the derivative of effective 
solid stress function as follows (Tiller & Leu, 1980):  

ሺ߶ሻߪ ൌ ൝
0

ߪ ቀ
థ

థ
ቁ

െ 1൨

     for	߶  ߶,
     for	߶  ߶,

          (4) 

ᇱሺ߶ሻߪ ൌ ൝
0

݇ߪ ቀ
థೖషభ

థ
ೖ ቁ

          for	߶  ߶,
         for	߶  ߶,

         (5) 

The boundary conditions of Eq. (1) are given as follows: 

1. ߶ሺݔ, 0ሻ ൌ 	߶ሺݔሻ,				0  ݔ  ,ܮ ݐ ൌ 0,         (6) 

2. ሺܳሺݐሻ߶  ܵሺݔሻ ቂ ݂ሺ߶ሻ െ
డሺథሻ

డ௫
ቃ ൌ

ܳிሺݐሻ߶ிሺݐሻ,							0  ݐ  ܶ, ݔ ൌ  (7)         ,ܮ

3. ݂ሺ߶ሻ െ
డሺథሻ

డ௫
ൌ 0,				0  ݐ  ܶ, ݔ ൌ 0.         (8) 

The first condition describes the initial concentration profile, 
while the second and third conditions describe the feed and 
discharge of the thickener. It is assumed that the feed has a 
flow rate of ܳிሺݐሻ  0 (note the negative sign) with solids 
volume fraction of ߶ிሺݐሻ and at the discharge level, Eq. (1) 
reduces to only its convective part. 

2.2 Discretization 

The development of control algorithm based on distributed 
parameter system as shown in the PDE (Eq. (1)) is 
complicated. Therefore, in order to enable model-based 
control design, the PDE is discretized such that the entire 
thickener is modelled as a number of vertical sections (cells) 
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with the height of Δݔ ∶ൌ 	ݐand Δ ܬ/ܮ ∶ൌ ܶ/ܰ, where ܬ and ܰ 
are integers representing the number of cells and number of 
time-steps respectively. Let  ߶

 denote the approximate 
value of ߶ at ሺݔ, ݔ ሻ, whereݐ ∶ൌ ݆Δݐ ,ݔ ൌ ݊Δݐ. With the 
knowledge of initial conditions ߶

 for ݆ ൌ 0,… , J, the 
discretized Eq. (1) is given as follows: 
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where fୠ୩
 is the Engquist-Osher scheme of fୠ୩ given as 

(Engquist & Osher, 1980): 
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To ensure the convergence of the resulting scheme, the 
following stability criterion must be satisfied: 
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One means to ensure the condition in Eq. (11) is satisfied is 
by choosing very small Δݐ. When Δݐ → 0, the discretized Eq. 
(9) can be written as an ordinary differential equation (ODE) 
as follows: 
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Incorporating the approximated boundary conditions given in 
Eqs. (7) and (8), the process descriptions in the feed ሺ݆ ൌ  ሻܬ
and discharge ሺ݆ ൌ 0ሻ are given as follows: 
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3. CONTROL DEVELOPMENT AND STRUCTURE 

3.1 Kalman Filter 

In order to properly develop a model-based control algorithm 
for a paste thickener, actual plant data needs to be 
incorporated with the first principle model elaborated in 
Section 2 (See Eqs (12), (13) and (14)).  This is carried out in 
two stages: 1) obtaining steady-state operating conditions 
required to identify the parameters related to different coal 
types; 2) using a Kalman Filter to predict the bed profile 
based on the measured U/F solids concentration and bed 
height. Additionally, the Kalman Filter is also used to allow 
the process model to incorporate the adaptive coal 
parameters.  

In this work, the Filter gain ܮ is calculated based on the 
linearized system of Eqs (12), (13) and (14) about a desired 
operating condition (Ramirez, 1994). To simplify the 
approach, a steady-state filter gain is applied rather than a 
time-varying one. This assumption is based on the fact that 
the observer is designed to operate continuously throughout 
the thickener operation which can be up to several months. 
The extended Kalman Filter for the thickener is then written 
in the form of: 

ௗథೕ
ௗ௧

ൌ ݂ሺ߶ିଵሺtሻ, ߶ሺtሻ, ߶ାଵሺtሻሻ  ሻݐሺݕ൫	௦௦ܮ െ  ሻ൯,     (15)ݐොሺݕ

where ܮ௦௦ is the steady-state Kalman filter gain, ݂ is the 
nonlinear function in Eqs (12), (13) and (14), ݕሺݐሻ is the 
measured outputs (U/F solids concentration and thickener bed 
volume) and  ݕොሺݐሻ is the predicted outputs from the observer. 

One of the challenges in the control of paste thickener is the 
time-varying coal type in the feed. The Kalman Filter is also 
utilized here to estimate the model parameters of the 
thickener. In the dynamics model, there are five parameters 
that classify a coal type (ݒஶ,ܰ, ݇, ߶,  ሻ, however toߪ
simplify the approach, only ݇ was estimated in the adaptive 
model due to its high sensitivity on the model. Since the 
residence time (time constant) of the process is very large, the 
effect of coal type change and hence its parameter is 
relatively slow and by using a Kalman Filter, the predicted ݇ 
can be calculated as follows (Ramirez, 1994):  

ௗ 	

ௗ௧
ൌ ሻݐሺݕ௦௦൫ܮ െ  ሻ൯.                       (16)ݐොሺݕ

Again the measured outputs ݕሺݐሻ are U/F solids 
concentration and bed volume. 

3.2 Model Predictive Control 

In the general case of paste thickeners, the cost function 
commonly includes the penalty on underflow solids 
concentration, bed height and discharge flow rate. The main 
benefit of utilizing MPC lies in its ability to treat operating 
constraints explicitly. For paste thickeners in this study, 
constraints include maximum/minimum U/F pump speed, 
bed level and U/F solids concentration. In some coal 
processing plant operation, the U/F rate of the thickened 
tailings is also subjected to the available coarse reject. The 
detailed cost function and constraints used in this paper are 
given in the following section.  
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Fig. 2. Control structure for paste thickener with parameter 
estimation. 

3.3 Control Implementation 

In this paper, an MPC implementation approach is proposed 
which allows model parameters (related to the properties of 
different coal types) to be identified recursively online using 
the nonlinear process model, as shown in Fig. 2. This is 
accomplished by utilizing the real plant data in the extended 
Kalman Filter based on the nonlinear model to predict the 
coal type parameters inside the thickener.  This has the 
advantage of allowing the implementation of a linear MPC to 
reduce the complexity on the control algorithm. 

The paste thickener is fed with slurry from upstream with 
certain flow rate (ܳி) and solids volume fraction (߶ி) which 
are regarded as external disturbances to the plant. The actual 
measurements from the process include U/F solids 
concentration (߶) and bed level height. Based on these two 
measurements, the extended Kalman filter predicts the bed 
profile (߶ at different discretized cells) and coal parameter 
݇. Based on the predicted concentration profile, the Kalman 
Filter also calculates the amount of solids inventory ( ௦ܸௗ) 
in the thickener which is required to be within a certain 
operating range. 

The MPC then uses ܳி, ߶ி as measured disturbances and 
߶, ௦ܸௗ as measured outputs to find the optimal underflow 
rate as a manipulated variable (MV) which regulates the U/F 
solids concentration to a set-point while maintaining the 
solids inventory within an allowed range subject to the 
linearized process model about a desired operating condition. 

The MPC control law can be mathematically expressed as 
follows: 

min
ொವሺ௧ሻ

ܬ ൌ  ሺ߶ሺݐሻ െ ߶
∗ ሻଶ		

௧ೖାே

௧ୀ௧ೖ

 

                  (17) 

Subject to: 

߶,  ߶ሺݐሻ  ߶,௫ 

௦ܸௗ,  ௦ܸௗሺݐሻ  ௦ܸௗ,௫ 

ܳ,  ܳሺݐሻ  ܳ,௫ 

and the discrete process model in Eq. (9) and conditions in 
Eqs. (6), (7) and (8), where ݐ is the current time, ܰ is the 
prediction horizon (which is set to be looking at 60 steps 
ahead in this case) and ߶

∗  is the set-point of ߶. On the other 
hand, the control horizon is chosen to be 10 moves. 

In some operations of paste thickener, the discharge is mixed 
with coarse reject prior to transport. In this case, the MV 
becomes the ratio (ݎ) between the U/F rate and coarse reject 
rate (ܴܥ) as follows: 

ܳሺݐሻ ൌ  ሻ.           (18)ݐሺܴܥሻݐሺݎ

Then, the coarse reject rate becomes a measured disturbance. 
If this measurement is available several time steps ahead, 
then the MPC performance is expected to improve.   

4. RESULTS AND DISCUSSION 

The simulations are based on the actual plant disturbance 
obtained from Xstrata Bulga (in terms of ܳி and ߶ி). 
Additionally, this plant also manipulates the U/F rate subject 
to the available coarse reject treated as additional disturbance. 
However, only the results based on using the U/F rate as MV 
are presented due to space limitation. 

The discretized nonlinear model used has 13 states 
representing the solids concentration (߶) of 12 volume cells 
and 1 coal parameter ݇. The complete coal parameters used 
in the model are given in Table 1. 

Table 1.  Coal parameters 

Fig. 3. Paste thickener dimensions. 
 
In this study, the dimensions of the paste thickener are 
illustrated in Fig. 3. Note that it consists of one cylindrical 
and one conical sections. The desired operating conditions 

 ஶ െ10ିଷ m/sݒ

ܰ 5 

߶ 0.15 v/v 

݇ 7 

 50ߪ Pa 
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and set-point of the paste thickener are listed in Table 2. 
 

 
Fig. 4. Model validation with plant data (red (    ) = plant 
data, blue (--) = model prediction). 

Table 2.  Operating conditions and constraints 
 

߶
∗  0.3206	v/v ൌ 46% w/w 

௦ܸௗ 150 m3  ௦ܸௗ  450 ݉ଷ 
ܳ 0 m3/hr ≤	ܳ  	60 m3/hr 
∅ 43.6	ݐݓ%  ∅  58  %ݐݓ

Fig. 4. shows the open-loop simulation of the developed 
process model indicating that the dynamics of the paste 
thickener can be modelled reasonably accurate. However, 
with the application of Kalman Filter as an observer, the 
predictions of the outlet solids concentration and bed level as 
shown in Figs. 5 and 6 have gained significant increase in 
accuracy (note the predicted U/F concentration almost 
overlaps the plant data). Furthermore, the Kalman Filter also 
allows the coal parameter ݇ to be predicted which shows to 
fluctuate around the value of 7 in Fig. 5.  

Fig. 5. Model prediction with Kalman Filter (red, (    ) = plant 
data, blue (--) = model prediction, green (    ) = ݇). 
 
The green (-.) curves which indicate the feed solids in Figs. 
7 and 8 show a significant level of disturbance entering the 
paste thickener. With only PI controller, the system cannot be 
controlled well as shown in Fig. 7. This is due to the inability 
of PI controller to treat constraints properly. Another 
important observation is that between day 10 to 12, when 
there is no feed to the paste thickener, the PI control responds 
too late while the MPC can correct this problem much faster. 
One major improvement of the PI controller is the U/F rate 
has much less fluctuation in comparison to original plant’s 
MV as shown in Fig. 8. 

Fig. 6. Bed level prediction with Kalman Filter (red (   ) = 
plant data, blue (--) = model prediction).  

Fig. 7. Comparison of plant and PI controlled U/F solids 
concentration (red (  )= plant, blue (--) = PI, green (-.) = 
disturbance).  

Fig. 8. Plant and PI controlled U/F and feed flow rates (red   
(    ) = plant, blue (--) = PI, green (-.) = disturbance).  

 

Fig. 9. Comparison of plant and MPC controlled U/F solids 
concentration (red (  ) = plant, blue (--) = PI, green (-.) = 
disturbance).  
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Fig. 10. Plant and MPC controlled U/F and feed flow rates 
(red (   ) = plant, blue (--) = PI, green (-.) = disturbance). 

Figs. 9 and 10 illustrate the response of the process model 
controlled using the MPC. In addition to the ability of MPC 
to control the process to set-point very well, the capacity of 
MPC to handle constraints explicitly can also be observed in 
Fig. 10 where the blue curve representing the U/F rate (as 
MV) always stays inside the 0 – 60 m3/hr range. Furthermore, 
the ௦ܸௗ constraint is also complied as shown in Fig. 11, 
except for the first day during filling-up. The bed level is also 
shown to be within 5-8 m which is desired in the paste 
thickener operation. This is one major advantage of using 
MPC over PI controller.  

Fig. 9 shows the significant potential improvement provided 
by MPC as the U/F solids concentration always operates very 
close to the set-point in comparison to the existing control 
system as well as the result obtained using the PI controller. 
MPC’s capability in utilising the process model in its control 
formulation has shown to improve the performance 
significantly. Additionally, by taking into account the plant 
disturbance (in this case the feed solids), the MPC is able to 
anticipate and reject the disturbance very effectively. 

Fig. 11. The constrained solid volume and bed level response 
using MPC (red (   ) = bed level, blue (--) = solid volume).  

5. CONCLUSIONS 

This paper proposed a dynamic model for paste thickeners 
based on first principle that can be used for the purpose of 
control design. Together with a Kalman Filter and online 
plant data, the model is able to predict the concentration 
profile and estimate the parameters of different coal types 
which vary continuously in a coal preparation plant. 

An MPC algorithm was also formulated based on the above 
process model. The simulation results show the capability of 
MPC to improve the operation of the paste thickener in coal 
tailings treatment which translates to higher potential of 

water savings. The ability of MPC to treat process constraints 
explicitly also suits the paste thickener operation to enable 
the U/F solids concentration and bed height to be controlled 
within a certain window as well as to account for the physical 
restrictions of underflow pump speed. In summary, for paste 
thickener control, the MPC is able to deliver excellent 
performance because it utilizes the process model, take into 
account the effect of external disturbance as well as handle 
process constraints explicitly. 
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