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Abstract: DNA separation is required to be rapid to be a useful component in DNA
analysis devices. Different microfluidic device structures can be exploited to separate DNA
with high throughput. We presents a framework for determining the optimal microfluidic
device structure for rapid DNA separation through solving a nonlinear programming problem.
Optimally designed spiral and serpentine microfluidic device configurations are shown to give
comparable results for separating up to 425 bases of DNA using the micelle end-labeled free
solution electrophoresis technique. The minimum run time for the serpentine microfluidic device
configuration separating up to 425 bases of DNA is 5.1 minutes.

Keywords: Optimization, Nonlinear Programming, Biotechnology, DNA separation,
Microfluidics

1. INTRODUCTION

DNA separation is an essential step in many DNA analy-
sis techniques including DNA sequencing (Sanger et al.,
1977), cancer identification (Albrecht et al., 2013) and
forensic analysis (Butler, 2001). DNA separation by elec-
trophoresis, when coupled with micelle chromatography,
forms a fast and reliable method called micelle end-
labeled free-solution electrophoresis (ELFSE) (Grosser
et al., 2007; Savard et al., 2008). Micelle ELFSE is well
suited for microfluidic devices, which are commonly used
for electrophoretic separations of small samples sizes on or-
der of 1 µL and holds several advantages for rapid separa-
tions over conventional bench-top capillary electrophoresis
methods.

Design variables such as micelle size, applied electric field
strength, and microfluidic device layout are not easily iden-
tified by intuition and laboratory experience alone. Several
groups have worked in the area of modeling (Culbertson
et al., 1998; Griffiths and Nilson, 2000; Molho et al., 2001;
Wang et al., 2004) and optimization of electrokinetic sepa-
rations using microfluidic devices (Pfeiffer et al., 2004). In
this paper we develop a modeling and optimization frame-
work for rapid DNA separations on a microfluidic device
using micelle ELFSE. Our optimization approach allows
for assessment of different microfluidic device configura-
tions. The two configurations considered in this work are
spirals and serpentines. The trade-offs between spirals and
serpentines are discussed for DNA seperation using micelle
ELFSE and we conclude the serpentines is the optimal
configuration in the sense of minimum run time.

2. MODELING AND OPTIMIZATION FRAMEWORK
FOR DNA SEPARATION IN MICROFLUIDICS

In this section we outline the physics, modeling and opti-
mization of the DNA separation problem on a microfluidic
device. Electrophoretic separation of different lengths of
DNA in a microfluidic device requires each DNA length to
migrate at different velocities as determined by Eq. (1)

u = µEapp (1)

where u is the velocity, Eapp is the applied electric field,
and µ is the electrophoretic mobility. The applied electric
field is the ratio of the applied voltage to the channel length

Eapp = Vapp/L (2)

The electrophoretic mobility µ is indicative of the number
of charges on the analyte relative to the friction applied
by the solvent to the analyte. For DNA, the number
of charges and the friction applied by the solvent both
increase linearly with increasing DNA length resulting in
an electrophoretic mobility that scale independently of
length (Viovy, 2000; Dorfman, 2010). Several methods
exist to break the length independent scaling of DNA
electrophoretic mobility. Micelle end-labeled free-solution
electrophoresis is one such method that uses an uncharged
surfactant micelle attached to the end of each DNA
molecule to supply additional friction which scales as an
affine function (linearly plus a constant) with increasing
DNA length. The electrophoretic mobility, µm, of the
micelle-DNA complex is

µm = µ0
m

m+ α
(3)

where µ0 is the free-solution mobility of DNA, m is the
length of DNA in bases, and α is the size of the micelle in
units of uncharged DNA bases that have the equivalent
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drag of the micelle. The sensitivity of the mobility to
DNA length ∂µ/∂m is maximized when α = m, while the
mobility itself tends to zero as the micelle size, α, becomes
large. As separation of long DNA lengths requires a large
micelle of commensurate drag, the short DNA lengths will
move very slowly.

As the DNA molecules migrate down the separation chan-
nel, they separate into different concentration profiles that
are Gaussian in shape, when averaged across the cross-
section of the separation channel, as shown in Figure 1.
The concentration profiles are resolved from each other

separation → 

co
nc

en
tra

tio
n Δx 

w1 w2 

Fig. 1. Microfluidic separation processes produce Gaussian
concentration profiles.

when the average full-width at half-maximum, wm, is less
than 1.5 times the spacing between maximums, ∆xm,

Rm =
wm + wm+1

2∆xm
≤ 1.5 (4)

where Rm is the resolution factor. Well-resolved Gaussian
profiles are indentified using post-processing software that
fit Gaussians to the detected concentration profiles. The
spacing between Gaussians is given by

∆xm = (µm+1 − µm)Eappt (5)

where t is the time at which the Gaussians are detected.
The full-width at half-maximum is determined completely
by the Gaussian’s variance

wm = 2
√

2 ln(2)σ2
m (6)

where σ2
m is the variance of each DNA length. The variance

is a result of the distrubances that cause each DNA of
length m to be at a slightly different position during de-
tection. Separation devices are therefore built to mitigate
against these different distrubance. If a separation device
were ideal, the only source of variance would be due to
diffusion, which is unavoidable according to the laws of
Thermodynamics,

σ2
diff = 2Dt (7)

where D is the DNA diffusivity, which scales with DNA
length as D = D1/

√
m+ α, and t is the mean detection

time for DNA of length m. As variance due to diffusion
grows with time, we generally want to design devices which
require the least amount of time to achieve resolution. In
micelle ELFSE DNA separations, the long DNA migrates
the fastest so we would like to image the separation as
soon as the long DNA becomes resolved. This can be
achieved using snap-shot detection which images an entire
separation channel at specific instant in time. Classically
separations are detected using a finish-line detector which
would require DNA of every length to pass a fixed location
to be detected. Finish-line detection mode introduces a
dead-time for micelle ELFSE DNA separations where
the short DNA, which is the easiest to resolve, migrates
to the detector at the slowest rate. Snap-shot detection

eliminates this dead-time by imaging the entire separation
channel the instant the long DNA, and every shorter
DNA length, is resolved. Snap-shot detection is difficult to
implement, however, as it requires a small chip area due to
optical constraints Dorfman et al. (2012). Sufficiently long
separation channels, needed to acheive resolution, require
that the separation channels curve to fit on a small area
for the snap-shot detector.

Microfluidic devices are useful for DNA separations be-
cause they enable rapid detection of short DNA lengths
by using a small topology to achieve “snap-shot” detec-
tions. Microfluidic devices are generally made on the top
of a silicon or glass substrate and feature small channels
(widths on the order of µm) etched in by acid or other
lithography techniques Dorfman et al. (2012). Figure 2
shows the serpentine and spiral configurations which are
commonly used to fit long separtion channels on a small
chip area. The convection-diffusion equation can be used to
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Fig. 2. (A) Microfluidic spiral, (B) microfluidic serpentine.
The microfluidic devices each feature injection and
waste reserviors. Spirals are typically designed using
connected semi-cirlces of decreasing radii. Serpentines
feature both straight and turn sections. Each section
is number and separated by a dashed line.

model the effect of the microfluidic device topology on the
concentration profiles as the DNA lengths migrate through
the microfluidic device

∂cm
∂t

+ u·∇cm = D∇2cm (8)

where cm is the concentration profile of DNA of length
m, D is the diffusivity, and u is the electrophoretic
velocity vector. The convection-diffusion equation (8) can
be solved analytically, using a few simplifying assumptions,
to reveal the model for the variance generation σ2

m as
the concentration profile propagates down the microfluidic
channel Griffiths and Nilson (2000); Molho et al. (2001);
Wang et al. (2004).

The primary simplification to the convection diffusion
equation (8) deals with the velocity of the DNA in a curved
microfluidic channel. In a straight channel, the velocity is
constant. In a microfluidic turns, the DNA velocity varies
across the interior of the channel. This is because the
outside channel has a longer contour length than the inside
channel which also results in an electric field gradient.
Defining the x coordinate to be along the axial direction
of the microfluidic channel and the y coordinate to be

IFAC CAB 2013
December 16-18, 2013. Mumbai, India

200



pointing to the interior of the microfluidic channel (see
figure 3), the velocity is given by u = u(y)ex where ex
is the unit vector pointing in the axial direction (Griffiths
and Nilson, 2000; Molho et al., 2001; Wang et al., 2004).

The convection-diffusion equation (8) is two-dimensional
in (x, y) and is solved analytically to determine σ2

m as a
function of the microfluidic structure (Molho et al., 2001;
Wang et al., 2004),

σ2
m = σ2

0 + 2Dt+
∑
i∈I

σ2
skew,i +

∑
j∈J

σ2
turn,j + σ2

other (9)

where σ2
0 is the initial variance of the injected Gaussian

profile, 2Dt is the variance caused by diffusion over the mi-
gration time t, DNA diffusivity scales as D = D1/

√
m+ α

where D1 is constant (Ren et al., 1999), σ2
skew,i is the vari-

ance caused by a skewed concentration profile as it enters
section i, I is the set of all sections in the microfluidic
device, σ2

turn,j is the variance caused by the concentration
profile migrating through each turn, J is the set of all
turn sections in the microfluidic device, and σ2

other is any
other source of variance not modeled by the convective-
diffusion equation. Here a section is defined as either a
straight channel or a semi-circular turn. A spiral consists
only of semi-circular turn sections while a serpentine

→
(1)L1

L2 = π r2→

x
y

y
(2)(3) L3

L4 = π r4

x
y→

y→(4) L5

y
x (5)

Fig. 3. Concentration profiles are broadened by turns.
The variance of the concentration profile is increased
during each turn and quantified by σ2

turn,j . The initial
concentration profile is unskewed. After the first turn
the concentration profile becomes skewed and diffu-
sion is enhanced by the concentration gradient which
results in variance generation σ2

skew,3. The second
turn is complementary which subtracts some variance
σ2
skew,4. The index of each section i is specified at the

section exit.

Figure 3 shows the variance generated by turns in a
microfluidic device. After a turn, the concentration band
becomes skewed. The skewed concentration band causes
the variance to increase as the concentration gradient
cause diffusion to be exacerbated. The variance increase
due to concentration profile skew is

σ2
skew,i =

∞∑
n=1,3,5,...

S(i)
n Γ(i)

n (10)

where Γ
(i)
n = ± 8µmEappw

2
c

riD(nπ)4

(
1− e−(nπ)2Dti/w2

c

)
, µm is the

mobility given by Eq. (3), Eapp is the applied electric field,
wc is the channel width, ri is the radius of the center-line
of the turn, D is the diffusivity, ti is the time it takes to get
through the turn or straight section i, i.e. ti = Li/ (µEapp)
where Li is length of the turn or straight channel. The term

S
(i)
n indicates the concentration band skewness as it enters

section i.

S(i)
n =

{
S(i−1)
n e−(nπ)

2Dti−1/w
2
c , (i− 1) ∈ K

S(i−1)
n e−(nπ)

2Dti−1/w
2
c + Γ(i−1)

n , (i− 1) ∈ J
(11)

where K is the set of straight sections, J is the set of turn
sections, and the initial concentration profile is assumed

to be unskewed, S
(1)
n = 0. The sign on the terms σ2

skew,i

and Γ
(i)
n is indicated by the orientation of the turns with

respect to the y-axis. If the center of the turn is pointing
away from the positive y-direction then the sign on σ2

skew,i

and Γ
(i)
n is positive, if the center of the turn is pointing

toward the positive y-direction then the sign on σ2
skew,i

and Γ
(i)
n is negative. In figure 3 the sign of σ2

skew,i and

Γ
(i)
n on the right turn is positive and the sign on the left

turn is negative. The sign changes with each successive
turn which indicates how the complementary turns can
be used in a serpentine to mitigate against large variance

developement. The sign on σ2
skew,i and Γ

(i)
n is always

positive for a straight channel (after a turn) and a spiral.
The spiral configuration does not allow for complementary
turns and instead uses large turn radii to mitigate against
large variance development. As the turn radius tends to
large values, the turn can be well approximated as a
straight channel as variance generation due to the race
track effect becomes negligible.

Turns in microfluidic devices introduce variance into the
concentration profile due to the non-uniform velocity
across the width of the channel. This variance generation
is quantified by

σ2
turn,j =

(
8µmEappw

3
c

rjD

)2 ∞∑
n=1,3,5,...

Φn(tj)

(nπ)
8 (12)

where Φn(tj) = −1 + e−(nπ)
2Dtj/w

2
c + (nπ)

2
Dtj/w

2
c .

The term σ2
other in Eq. (9) refers to any other sources of

variance not modeled by the convection-diffusion equation
(8). For ELFSE DNA separations, drag tag polydisper-
sity is a significant source of variance (Ren et al., 1999;
Albrecht et al., 2011; Istivan, 2012). The drag tag poly-
dispersity leads to variance generation as multiple DNA
molecules of the same length migrate at different velocities
while attached to drag tags of different sizes. Micelles drag
tags are polydisperse but they are also dynamic aggregates
of surfactant monomers. Over a sufficiently long time, each
DNA molecule samples a range of different micelle sizes
as the micelles continuously trades surfactant monomers
and decompose and reconstruct over longer time scales
(Rillaerts and Joos, 1982; Patist et al., 2002). This results
in an effective micelle drag tag size distribution that is
of low variance. The model for σ2

poly is derived using a
propagation of error analysis

σ2
poly =

(
∂x

∂α

)2

σ2
α. (13)

The distance traveled by a DNA molecule after some
time t is x = µmEappt where µm is given by Eq. (3).
Since micelles change their size dynamically, the observed
variance σ2

α is the results of sampling N times from the
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actual micelle size distribution, thus σ2
α = σ2

micelle/N . The
sampling frequency, ν, is assumed constant thus N =
νt. Furthermore, micelle polydispersity changes with size
(Mukerjee, 1972). A model that captures this effect is
derived assuming that relative standard deviation, RSD =
σmicelle/α is constant with respect to micelle size. The
variance due to micelle drag tag polydispersity is

σ2
poly = B′

(
α

m+ α

)2

µmEappL (14)

where B′ = RSD2/ν, µm is the electrophoretic mobility
given by Eq. (3), Eapp is the applied field strength, and
L is the total length of the separation channel. All other
sources of variance for micelle ELFSE in a microfluidic
device that are not specified in Eq. (9) – (12) and Eq. (14)
are neglected.

The run time for micelle ELFSE in a microfluidic device
is set by the instant the longest DNA length of interest
(the length of read) is resolved. At that instant, the entire
microfluidic device is scanned by the snap-shot detection
and every DNA length is detected. The minimum snap-
shot run time can be found by solving the following non-
convex optimization problem

min
α,Vapp,Li,rj

trun =
L

µ0Eapp

(
1 +

α

mLOR

)
s.t. Eq. (2) – Eq. (6),

Eq. (9) – Eq. (12), Eq. (14)

L =
∑
i∈I

Li

0 ≤ α ≤ αmax

0 ≤ Vapp ≤ Vmax

g(Li, rj) ≤ Xmax

h(rj) ≤ Ymax

c(Li, rj) ≤ 0

(15)

where M is the set of DNA lengths separated, mLOR is the
length of read, i.e. mLOR = max{M}. The constraints g,
h, and c are geometric constraints that ensures that the mi-
crofluidic device fits the specified area and ensures that all
the sections are contiguous, g(Li, rj) = h(rj) = 2rj , ∀j ∈
J for a spiral or g(Li, ri) = Li + ri+1 + ri−1, ∀i ∈ I and
h(rj) =

∑
j∈J 2rj for a serpentine, Xmax and Ymax is the

maximum length allowed for the horizontal and vertical
side of the microfluidic device, respectively. A serpentine
is assumed to have straight channels aligned in the hor-
izontal direction. In addition, spirals have the constraint
c(Li, rj) = δr − (rj−1 − rj) , ∀j ∈ J , which prevents the
turns from overlapping. For serpentines the constraint
c(Li, rj) = Li − Li−1, ∀i ∈ I guarantees connectivity be-
tween the turns and each straight channel. Because of the
physical nature of this problem, the resolution constraint
Rm ≤ 1.5 is a monotonic function that decreases with
decreasing m. This allows us to replace the constraint
Rm ≤ 1.5, ∀m ∈M with RmLOR

≤ 1.5.

The parameters are specified to match DNA in a micelle
solution, i.e. µ0 = 2.7 × 10−4 cm2/V-s, D1 = 3.6 × 10−6

cm2/s, αmax = 502 and B′ = 0.6 msec (Istivan, 2012).
The length of read mLOR is chosen to be 425 bases which is
common for DNA separations in forensic applications (Shi,
2006). The maximum dimensions of the device are set at
Xmax = Ymax = 10 cm. The minimum gap between turns

in a spiral δr is set at 0.1 cm, which allows for practical
fabrication of the device (Culbertson et al., 2000). The
maximum applied voltage is Vmax = 30 kV.

For this work CONOPT v. 3.14V supplied in GAMS v.
23.6.2 was used to solve the NLP.

3. RESULTS AND DISCUSSION

In this section we show the results from solving NLP
(15) for both spiral and serpentine configurations with
a varying number of sections separating a length of read
mLOR of 425 bases. Figure 4 shows the optimal run time as
the number of sections increases from 2 to 9. A section is
defined as either a straight channel or a semi-circular turn.
Serpentines alternate between staight channels and semi-
circular turns while spirals use a series of semi-circular
turns of decreasing radius. The NLP (15) is infeasible using
only one section which implies that the separation is not
possible within these design constraints. Under our set of
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Fig. 4. Results from solving NLP (15) for spiral and
serpentine configurations with a variable number of
sections separating up to a length of read mLOR =
425 bases. The minimum run time for the spiral is 5.2
minutes using two turn sections, while a serpentine
requires 5.1 minutes using four turn sections and
five straight sections. Both the serpentine and the
spiral require at least two sections to produce feasible
results.

design constraints, a serpentine using four turns and five
straight sections is shown to be the minimum run time
configuration for separating DNA using micelle ELFSE in
a microfluidic device. The optimal serpentine configuration
separates 425 bases of DNA in 5.1 minutes. In fiugre 4
we can see that the run time of a spiral increases as the
number of turns increases. This is from requiring a full
semi-circular turn with each additional turn section which
have large radii to reduce turn variance. Turns of large
radius better approximate straight channels and therefore
reduce the variance introduced by the turn. The separation
channel lengths for a varying number of turns for the
spiral and serpentine configurations is shown in figure 5. A
spiral is shown to have a longer optimal separation channel
length than a serpentine. This result follows as spirals can
use large turn radii to mitigate the effect of turn variance
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Fig. 5. Separation channel lengths. The separation channel
length is sum of lengths of each section.

which leads to longer contour length. Serpentines are less
efficient at fitting large radius turns into a small 10 cm ×
10 cm area which results in less channel length available
for the serpentine. Long channel lengths are generally
desirable because they increase the spacing between DNA
concentration bands. However they also lead to longer run
times so the channels must be set sufficiently long to satisfy
the resolution constraint Rm ≤ 1.5 in the NLP (15) while
maintaining the microfluidic device within the specified
dimensions Xmax and Ymax. The voltage as function
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Fig. 6. Applied voltage in optimally designed spiral and
serpentine configurations.

of the number of sections in the spiral and serpentine
configurations is shown in figure 6. The design constraints
were chosen so Vmax is 30 kV. Figure 6 shows that this is
an active constraint when a spiral has two or more turn
sections or when a serpentine has six or more sections.
The electric field results shown in figure 7 are proportional
of the migration velocity of the DNA in the microfluidic
device. Because the objective is to minimize run time, the
optimal electric field must balance fast migration velocity
against the resolution requirement.
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Fig. 7. Applied electric field strength in optimally designed
spiral and serpentine configurations.
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Fig. 8. Variance in optimally designed serpentine configu-
ration.
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Fig. 9. Variance in optimally designed spiral configuration.
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The optimal micelle size is 502 (αmax) bases for every
configuration in this work. Faster run times are, indeed, ac-
cessible with larger αmax and lower micelle polydispersity
B′ which is currently an active area of research (Grosser
et al., 2007; Savard et al., 2008; Istivan, 2012).

The variance sources for the serpentine and spiral con-
figurations are shown in figure 8 and 9, respectively. Poly-
dipsersity is the most significant source of variance for both
configurations.

4. CONCLUSIONS

In this paper we present a framework for determining the
optimal configuration of a microfluidic device to separate
DNA in minimum run time using the micelle end-labeled
free solution electrophoresis technique. The non-linear pro-
gramming problem is solved for a varying number of turn
sections and straight sections to determine the optimal
number of sections for both spiral and serpentine configu-
rations. We found serpentines to be superior for separating
DNA using micelle end-labeled free-solution electrophore-
sis. This work shows the utility of our framework for
quickly differentiating between different DNA separation
designs.
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