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Abstract: We introduce GP-RLARX, a novel Gaussian Process (GP) model for robust system
identification. Our approach draws inspiration from nonlinear autoregressive modeling with
exogenous inputs (NARX) and it encapsulates a novel and powerful structure referred to as latent
autoregression. This structure accounts for the feedback of uncertain values during training and
provides a natural framework for free simulation prediction. By using a Student-t likelihood, GP-
RLARX can be used in scenarios where the estimation data contain non-Gaussian noise in the
form of outliers. Further, a variational approximation scheme is developed to jointly optimize all
the hyperparameters of the model from available estimation data. We perform experiments with
five widely used artificial benchmarking datasets with different levels of outlier contamination
and compare GP-RLARX with the standard GP-NARX model and its robust variant, GP-tVB.
GP-RLARX is found to outperform the competing models by a relatively wide margin, indicating
that our latent autoregressive structure is more suitable for robust system identification.
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1. INTRODUCTION

System identification is classically defined as the task of
creating mathematical models of dynamical systems based
on their inputs and observed outputs (Ljung, 1998). This
general definition can be further complicated if we consider
the analysis of nonlinear systems and noisy data, possibly
containing outliers. In this paper we are interested in the
later problem, which is very often encountered in practice.

In order to account for the uncertainty in the noisy data
and in the dynamics learned by the model, we follow
a Bayesian approach to system identification (Peterka,
1981). In this context, Gaussian Process (GP) models
provide a principled, practical, probabilistic approach to
learning in kernel machines (Rasmussen and Williams,
2006) and are the main subject of our work.

Since the early research on modeling dynamics with GPs,
e.g. by Murray-Smith et al. (1999) and Solak et al. (2003),
several contributions to GP-based system identification
have been published, such as autoregressive models (Ko-
cijan et al., 2005), non-stationary systems (Rottmann
and Burgard, 2010), local modeling (Azman and Kocijan,
2011) and state space models (Frigola et al., 2014).

Most work on GP-based system identification has been
limited to the case of Gaussian noise, which implies a
Gaussian likelihood. However, when one expects to have
non-Gaussian observations in the form of outliers, such
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as impulsive noise, the estimation of the model’s hyper-
parameters can be severely compromised. Furthermore,
because of the nonparametric nature of the GP model, the
estimation data is carried along the prediction phase, i.e.
the estimation samples containing outliers and the mis-
estimated hyperparameters will be used during the pre-
diction stage, something which can deteriorate the model
capability to generalize for unseen test data.

In (Mattos et al., 2015) we reviewed some recent work
on GP regression in the presence of outliers. Such models
replace the Gaussian likelihood by heavy-tailed distribu-
tions, such as Student-t and Laplace. While inference by
GP models with Gaussian likelihood is tractable, non-
Gaussian likelihood models are not, requiring the use of
approximation methods, such as variational Bayes (VB)
(Jordan et al., 1999) and expectation propagation (EP)
(Minka, 2001). We then evaluated two robust models in
the task of robust system identification: a GP model with
Student-t likelihood and variational inference (GP-tVB)
and a GP model with Laplace likelihood and EP infer-
ence (GP-LEP). The experimental results indicated that
although the robust models performed better than the
standard GP, especially GP-tVB, they were still sensitive
to the outliers in some scenarios.

As in (Mattos et al., 2015), here we are interested in
nonlinear autoregressive models with exogenous inputs
(NARX) and in performance evaluation by free simulation
on test data. However, the autoregressive structure and the
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free simulation procedure result in the feedback of noisy
values, and even outliers, into the model. Standard GP-
based NARX models do not consider the additional un-
certainty associated with this kind of noise. The standard
variational approximation used in GP-tVB, detailed by
Tipping and Lawrence (2005) and Kuss (2006), covers only
the intractabilities from a non-Gaussian likelihood, but we
are still left with intractabilities from uncertain inputs.

The problem of GP modeling with uncertain inputs has
been studied before. Girard et al. (2003) consider predic-
tion under uncertain inputs and apply it to multi-step
ahead prediction. In (McHutchon and Rasmussen, 2011)
a Taylor expansion is proposed to tackle the problem of
training with noisy inputs. Frigola and Rasmussen (2013)
propose a model with an integrated pre-processing step
and optimize the filter’s and the model’s hyperparameters
jointly. More recently, the thesis of Damianou (2015) has
considered the broad problem of uncertainty propagation
by variational techniques, inspired by the framework of
Bayesian GP latent variable models (GP-LVM) (Titsias
and Lawrence, 2010).

Following ideas presented in those recent works, we in-
troduce a new robust latent NARX model named GP-
RLARX. Our model includes a Student-¢ likelihood and
a modified variational approach which enables it to learn
dynamics from data containing outliers and account for
uncertainty in both training and test steps. Moreover,
the latent autogressive structure of GP-RLARX, which
replaces the outputs by latent (unobserved) variables in
the dynamics, is able to tackle the problem of noisy feed-
back. We compare the proposed approach to standard GP-
NARX with Gaussian likelihood and the mentioned GP-
tVB model in five artificial datasets with different levels
of corruption by outliers.

The remainder of the paper is organized as follows. In
Section 2 we briefly describe the standard NARX model.
In Section 3 we explain GPs for regression tasks. In
Section 4 we summarize robust GP modeling and the GP-
tVB model. In Section 5 we introduce our new approach,
GP-RLARX. In Section 6 we report the results of the
performance evaluation on computational experiments.
We conclude the paper in Section 7.

2. SYSTEM IDENTIFICATION WITH
AUTOREGRESSIVE MODELS

A standard NARX model considers an input vector x; €
RP comprised of L, past observed outputs y; € R and L,
past exogenous inputs u; € R (Kocijan et al., 2005):

i = [Yio1, YioL,s Wis1," " uior,] (1)
yi=fla)+e”, YN0, (@)

where i is the instant of observation, f(-) is an unknown

nonlinear function and egy) is a zero mean Gaussian

observation noise with variance 02. After N instants, we
have the dataset D = {(z;,y:)}Y, = (X,y), where
X € RV*P is the so-called regressor matriz and y € RY.

Although one could use the estimated model of an identi-
fied system for one-step-ahead prediction, i.e. use previous
inputs and observed outputs until the present instant to

predict the output in the next instant, this validation
methodology can be misleading, because even “poor mod-
els can look good” (Billings, 2013).

We follow the more adequate procedure where only given
inputs and past estimated outputs are used for prediction,
which is called free simulation, infinite step ahead predic-
tion or model predicted output (Billings, 2013).

For the rest of the paper we focus on single exogenous in-
put and one-dimensional output systems, but the multiple
inputs case is straightforward and the multivariate output
can be implemented using separate models for each output.

3. GP FOR REGRESSION

In the GP framework, a MISO (multiple input single
output) nonlinear function f(-), as in Eq. 2, is assigned
a multivariate Gaussian prior:

f=f(X)~N(f]0, K), (3)
where a zero mean vector was considered, f € RY and
K ¢ RVXVN is the covariance matrix. Each element of
K is obtained from K,;; = k(x;, x;), where k(-,-) is
a kernel function, which must generate a semidefinite
positive matrix. In our experiments we use the so-called
squared exponential kernel:

D
1
k(x;,x;) = UJ% exp | =3 Zw?i(xid —z0)?,  (4)
d=1
where the vector 8 = [0}, w7, ... ,w3] T is comprised of

the hyperparameters which characterize the covariance of
the model.

If we consider a Gaussian likelihood p(y|f) = N (y|f,021),
where I is a N x N identity matrix, the posterior distri-
bution p(f|y, X) is tractable and the inference for a new
output f,, given a new input x,, is calculated by:

pe = kun (K +0,1) "y,
0'3 =Ky — kZ*N(K +0’§I)_1k1\1*,

where k.y = [k(z.,@1), -, k(Tw, zN)], kne = k]y and
ks = k(x., ). The predictive distribution of y, is similar
to the one in Eq. (5), but o7 is added to the variance.

The vector of hyperparameters @ can be extended to
include the noise variance 0‘5 and be determined with the
maximization of the marginal log-likelihood log p(y| X, 0)
of the observed data, the so-called evidence of the model:

1
log p(y| X, 0) = —5 log| K + oI ©
6

1 _ N
- in(K + o2ty — 5 log(27).

The optimization is guided by the gradients of the
marginal log-likelihood with respect to each component of
the vector 6. The optimization of the hyperparameters can
be seen as the model selection step of obtaining a plausible
GP model from the estimation data.

4. ROBUST GP WITH STUDENT-T LIKELIHOOD

The Gaussian likelihood cannot deal with outliers, due its
light tails. An alternative is to consider a likelihood with

1122



IFAC DYCOPS-CAB, 2016
June 6-8, 2016. NTNU, Trondheim, Norway

heavy tails, such as the Student-t or Laplace distributions,
since they are able to account for extreme values. In this
paper we focus on the Student-t distribution. However,
by changing the Gaussian likelihood, the standard GP
equations become intractable.

In (Kuss, 2006), a variational framework is used to tackle
the intractability. First, the Student-¢ likelihood is rewrit-
ten as follows ! :

pylf. 771 = N(ylf, diag(t71)), (7)
p(tla, B) = HF(Tilaﬁ), (8)

where 7 € RYM are the precisions (inverse variances),
diag(+) builds a diagonal matrix from a vector and 7; has
a gamma prior with hyperparameters o and (.

The joint posterior of f and 7 is considered to be factor-
ized as
N

p(f.7ly, X) = a(f)a(r) = N(flm, A) [] T (zldi, By),

i=1
) (9)
where m € RN, A € RV*N and &, 3 € RY are unknown
variational parameters.

A lower bound L(q(f)q(7)) to the log-marginal likelihood
can be found relating it to the factorized approximate
posterior ¢(f)q(7) (Tipping and Lawrence, 2005):

logp(y| X, 0) = £(Q(f)Q(T))+KL(Q(f)Q(T)||P(f»T\yvg&?

where the last term is the Kullback-Leibler (KL) diver-
gence between the approximate distribution and the true
posterior. The maximization of the bound L(q(¢)q(T))
also minimizes the KL term, improving the approximation
(Tipping and Lawrence, 2005). We name this robust GP
model with Student-t likelihood the GP-tVB model.

The optimal values of m and A can be written in terms of
& and ﬁ, which themselves are optimized with the help of
the gradients of the bound, as detailed by Kuss (2006).
Then, the moments of the prediction p(f.|y, X, x.) =
N (filpps, 02) for a new input x. are given by
M = k*N(K+E)_1y7 and Uz = k**_k:*N<K+E)kN*7
(11)
where ¥ = diag(3/a).

5. ROBUST LATENT AUTOREGRESSIVE GP

In the present work we propose an alternative to the
NARX approach where the autoregressive vector contains,
besides the control inputs, only latent variables:

) ui*Lu) + Ggm)a

z; = f(zi—1,- (12)

yi = a; + €Y, (13)

" ~ N(g”0,02), (14)
¢ ~ N0, T~ Trila, B), (15)
where L, is the number of considered past latent variables
and the observation noise egy) follows a Student-¢ distribu-

s Lj—LpWi—1,"""

I In Kuss (2006) an inverse gamma prior is chosen for the variance
of the Guassian distribution, which is equivalent to our analysis.

tion, which is once again written as a mixture of Gaussians
with gamma distributed precisions.

We emphasize that Eqs. 12 and 13 are distinct from Egs.
1 and 2, which are used in the GP-tVB. In our model
the autoregression is made with the latent variable x;,
instead of the observed outputs y;. This feature avoids
the feedback of possibly corrupted observations into the
dynamics. Differently from the inputs of standard NARX
models, the latent variables x; have a probability distribu-
tion, which allows the propagation of uncertainty during
free simulation, as will be explained later.

Moreover, the separate transition and observation func-
tions allow the use of distinct noise models, a Gaussian for
the transition and a Student-t for the observation. Hence-
forth, we call this proposed robust latent autoregressive
with exogenous inputs approach the GP-RLARX model.

The features proposed for GP-RLARX make it more
powerful, but also introduce additional intractabilities
not covered by the variational framework of GP-tVB.
These additional intractabilities come from the difficulty
in propagating uncertainty of latent inputs through the
nonlinear GPs. To overcome this issue, we build on the
variational approach of the Bayesian GP latent variable
model (Titsias and Lawrence, 2010) and extend it to
account for the autoregressive structure and the Student-¢
likelihood of our model, as explained in the next section.

5.1 Variational Lower Bound

We can rewrite Eqgs. 12-15 in terms of distributions:
p(flz) = N(f|0,Ky),
plas) = Nailun® X), vie {1, L),
p(xilfi) = N(zil fi,02), Vie{lo+1,---, N},
p(yilwi, 7:) = N(yilzs, 7,7 1),
p(r) =D(7le, B), Vie{l,+1,---,N}, (20
where K is the covariance matrix of the GP and we have

put Gaussian priors to the initial latent variables J;i\éil.
The joint distribution of all the variables is given by

N
I pilzi, 7)p(m)

i=ly+1

p(y,x, f,7) = <
(21)

I
p(fﬂilfi)p(fikfi)) Hp(xi),

where we introduce the notation

r; = [Ii—la ey Ly Uj—1y e v vy ui_lu]T. It can be seen
from the joint distribution that we can not integrate out
the latent variables x, since they appear in the terms | K|

and I{f_1 in p(flx).

We tackle the intractabilities of our model with the vari-
ational sparse framework introduced by Titsias (2009).
First, we include M inducing points z € R evaluated in
M pseudo-inputs ¢ € RP such as that z are extra samples
of the GP that models f(-) and p (2) = N (2|0, K ), where
K, is the covariance matrix obtained from {. Thus, we
replace in Eq. 21 the term p( f;|Z;) by p(fi|z, Z;)p(z). Note
that if we integrate out z we recover exactly the original
expression.
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By applying Jensen’s inequality within the variational ap-
proach, we can obtain a lower bound to the log-likelihood
p(y) (Bishop, 2006):

logp(y) > /Qlog {p(y,w,@f,z,ﬂ} dedfdzdr, (22)

where @ is the variational distribution. We choose Q@ =
g(x)q(2)q(T) I, 1 p(fil2, &), such that

N N
a(@) = [Tate) = [[N(@lu” A7), (23)
a(z) = N (z|ul?, 20), (24)
N N R
ar)= T[] at)= I Tmlab).  (25)
i=ly+1 i=ly+1
p(filz, @) = N(fillagli [E¢lii), (26)

ay = KfZKz_lz,

S =K;- KK 'Kj.,
where ugx), )\Ez), p®, 2E) G, and lA)Z are variational
parameters which will be optimized with the maximization
of the lower bound, K, € RM*M ig the sparse kernel
matrix calculated from ¢ and Ky, = k(z,{) € RV*M
is the cross-covariance matrix calculated from x and ¢.

We replace the factorized variational distribution @ back
to Eq. 22 and by working the expressions with a strategy
similar to (Titsias and Lawrence, 2010) we are able to
optimally eliminate the variational parameters pu(*) and
> (%) and obtain the final form of the lower bound:

_l:v _la:

logp(y) > — log 2702 — log 27 (27)

Qi (o oo (2) | \(2) ()2
(5 (yz 2yip - + A+ (g )))

K3

N
]‘ x xr —
- <§ (A (u)) + o — Tr(K 1%))
K i=1
1

1
Kz + 72‘:[’2
O—.

xT

1
+ §log\KZ\ — §log

R 1 o
+72(0_%)2/Lx ‘I/l (KZ+0'§‘I]2> ‘Ill Mo

N
- Z /q(xz‘)Iqu(mi)dxi

i=l,+1

o
+3° [ ate ogp(e)de; ~ KLla(r) | (7))
= (28)

where ¥(+) is the digamma function, the last term is the
KL divergence between two gamma distributions, ¥y =
Tr((Kf)g(a)), O1 = (Kj2)g@) and Oy = (K K. )q(a),
where (-)q(z) denotes expectation with respect to the
distribution ¢(x). When a squared exponential kernel is
chosen, all the expectations can be solved in closed form, as
detailed by Titsias and Lawrence (2010). The lower bound

includes some entropy integrals in the last two lines of Eq.
28, which involve Gaussians and are, hence, also tractable.

It is worth mentioning that the third line in the Eq. 28
shows the only term that includes the observations. The
value of each y; is weighted by the fraction %, which
comes from the expectation of a gamma distribution.
For observations containing outliers, the value of this
fraction is much lower than regular observations, reducing
their influence in the bound. Thus, the inspection of the
optimized variational parameters per se can be used as a
method to detect outliers in the estimation data.

The kernel hyperparameters and the variational parame-
ters, including the pseudo-inputs ¢, are jointly optimized
by maximization of the lower bound, using the analytical
gradients of Eq. 28.

5.2 Predictions with Approximate Uncertainty Propagation

Although the computation of the exact predictive dis-
tribution is intractable, since the input is uncertain, we
can calculate its moments. Given a new regressor vector
I, obtained from past latent variables and a sequence of
external control inputs, the mean and variance of the pre-
diction f, are calculated by following the results presented
by Girard et al. (2003):

E{p(f.|®.)} = B" (¥7)",
V{p(fZ.)} = BT (®5 — (])"¥})B + ¥
— Tr((K7' — (K. +0,7%,) ) ¥)),

where B = 0, %(K.40,2%) ' Wy, U = Tr((K.) g(.))
‘IF{ = <K*z>q(m*) and \1’3 = <K;K*Z>q(m*)
As opposed to GP-tVB and other NARX models, our
framework allows for a natural way of approximate prop-
agation of the uncertainty during free simulation, since it

uses the distribution ¢(.) of the input, instead of just its
mean value or single point estimates.

(29)

(30)

6. EXPERIMENTS

We perform computational experiments on five artificial
datasets which constitute popular benchmarks. The first
four were presented in the seminal work of Narendra and
Parthasarathy (1990). The fifth was generated following
Kocijan et al. (2005). Tab. 1 summarizes the datasets.

Besides the Gaussian noise indicated in Tab. 1 we further
corrupt the estimation data with different amounts of
outliers equal to 0%, 5%, 10%, 15%, 20%, 25% and 30%
of the estimation samples. The outliers were sampled from
o(y) x T(0,2), where o(y) is the standard deviation of
the original estimation data and 7(0,2) is a Student-t
distribution with zero mean and 2 degrees of freedom.
We emphasize that, although we use the same datasets
of Mattos et al. (2015), the results can not be directly
compared due the different outlier generation scheme.

We evaluate the performances of the following GP models:
standard GP-NARX with Gaussian likelihood, GP with
Student-t likelihood and VB inference, GP-tVB, and the
proposed robust latent autoregressive model, GP-RLARX.

The orders L, and L, (or L, for GP-RLARX) chosen for
the regressors were set to their largest delays presented in
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Table 1. Details of the five artificial datasets used in the computational experiments. Note that
U(A, B) is a random number uniformly distributed between A and B.

Input/Samples
#  Output Estimation Test Noise
C_ Yi—1¥i—2(¥i-1+2.5) ) u; = U(-2,2) u; = sin(27i/25)
1 Yi +y?_  +v? i 300 samples 100 samples N(0,0.29)
) u; = sin(27i/25)+
Vi = U(—
2 Y= 1+y21 ) +ud_y ui =U(=22) sin(2mi/10) N(0,0.65)
o 300 samples 100 samples
yi = 0.8y;_1+ u; = U(—1,1) u; = sin(2mi/25)
3 (uij—1 — 0.8)u;—1(uj—1 +0.5) 300 samples 100 samples N(0,0.07)
4 yi = 0.3y;—1 + 0.6y; 2+ u; =U(-1,1) u; = sin(27i/250) N(0,0.18)
0.3sin(3mwu;—1) + 0.1sin(5mu;—1) 500 samples 500 samples T
u; = N(ui]0,1)  u; = N(u4/0,1)
5 y;=vi—1—05tanh(yi—1 +ud ) —1<u; <1 A<y <1 N(0,0.0025)
150 samples 150 samples
the second column of Tab. 1. For GP-RLARX we use a ACKNOWLEDGEMENTS

number of pseudo-inputs ¢ equal to 15% of the estimation
data size and initialize them by applying the K-Means
clustering algorithm in the regressor matrix.

The obtained root mean square errors (RMSE) are pre-
sented in Fig. 1. As expected, both GP-tVB and GP-
RLARX were better than GP-NARX in the scenarios con-
taining outliers. However, for most cases, with the excep-
tion of some scenarios of Artificial 1 and 2 datasets, GP-
tVB obtained considerably worse RMSE after the addition
of outliers, when compared to the outlier-free experiments.

On the other hand, GP-RLARX was able to avoid large
error increments even with the addition of several outliers
and this behavior is observed for all datasets. In fact,
GP-RLARX is the only method that achieved an almost
constant RMSE in three of the datasets, and its gains
compared to baselines are significant in almost all cases.

The impressive results obtained by GP-RLARX indicate
that in many scenarios, only the inclusion of a Student-¢
likelihood, as in GP-tVB, is not enough. The proposed
latent autoregressive structure of our model showed to
have a great impact on its capability to learn dynamics
from data containing outliers and perform free simulation.

7. CONCLUSION

We presented GP-RLARX, a new robust GP model for
system identification which includes a Student-¢ likeli-
hood and a latent autoregressive structure. We also in-
troduced a modified variational approximation framework
to tackle the intractabilities of our model and to enable
it to account for uncertainty during both training and
free-simulation. In several computational experiments GP-
RLARX obtained better overall performance over stan-
dard GP-NARX and its robust variant GP-tVB.

In future work we intend to explore variations of the
base structure of GP-RLARX, for example by including
a nonlinear observation function modeled by a second GP
prior between the latent variable x; and the output y; to
further increase its flexibility.

The authors thank the financial support of CAPES, FUN-
CAP, NUTEC, CNPq (Maresia, grant 309451/2015-9,
and Amalia, grant 407185/2013-5) and the EU (research
project FP7-ICT).
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