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Abstract: Process optimisation and quality control are crucial in process industries to minimise
waste and enhance economics. However, common uncertainties ranging from feedstock variability
to human error can cause significant deviations in product quality leading to batch discards. This
study introduces a novel framework combining machine learning with optimisation strategies to
identify optimal operational spaces under uncertainty. Using a process model, the framework
screens a broad operational space, isolating promising sub-regions and control trajectories.
Machine learning techniques are used to cluster these sub-regions by displayed control patterns,
and a dynamic optimisation framework identifies the maximum operable design space, ensuring
constraints are met under uncertainty. Two case studies, involving a fermentation process and
a formulation manufacturing process, were conducted to demonstrate the high efficiency of the
proposed framework and to showcase its strong potential for industrial applications.
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1. INTRODUCTION

Product quality control is essential in industries such as
pharmaceuticals, specialty chemicals, and formulation pro-
cesses, where one aims to strictly regulate process con-
ditions for a myriad of reasons, ranging from ensuring
the safety and efficacy of process operations, to process
optimisation for improved economic performance and sus-
tainability (Hicks et al., 2021). In recent years, there has
been an increase in pressure for industries to attain tighter
control over their product qualities; this is primarily driven
by global and local governmental initiatives to reduce envi-
ronmental emissions, alongside increasing operation costs.
Due to this, it is highly desirable to eliminate any sources
of wasted product which is often in considerable volumes,
particularly in the pharmaceutical sectors (Amrih and
Damayanti, 2022).

In order to address such problems and maintain an advan-
tage in a competitive market, it is necessary that new for-
mulations and greener processes are developed (Hill, 2007).
Due to this, process optimisation and control becomes
a key focal point, especially in addressing inefficiencies,
reducing waste, and enhancing process flexibility to adapt
to manufacturing demands and constraints. Many existing
processes rely on traditional set-point control methods
which, whilst effective for maintaining specific process
conditions known to provide reliable operation, lack the
adaptability needed to respond effectively to uncertainties
and dynamic process requirements which may result in fre-
quent batch rejections. Furthermore, the identified optimal
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set-point strategy is, by definition, rigid in its control and
thus could require significant energy consumption.

Naturally, uncertainties pose a great challenge which re-
mains to be addressed in the implementation of the current
safety, economic and environmental directives, since the
quality of process control solutions are heavily influenced
by them. Uncertainties arise within standard processing
for a multitude of reasons, and although possible to mit-
igate certain sources, it is not possible to eliminate all
uncertainties so, it is good practice to identify and ac-
count for these when aiming to implement robust control
solutions (Geletu et al., 2013). Such sources of uncertainty
are inherent to operations, and can be exhibited through
variation of one’s ability to achieve a control action’s
set-point, changes in feed concentrations or compositions,
variability in measurements, and even operator actions.

A promising alternative to set-point control is operational
space control, which provides greater flexibility by defining
an operational space rather being bound to a single set-
point. This approach offers distinct advantages over set-
point control, as it enables processes to adapt dynamically,
within certain process constraints, to account for variabil-
ity and uncertainties.

1.1 Optimisation Under Uncertainty

Robust Optimisation  Robust optimisation tackles un-
certainty in a deterministic manner, focusing on ensur-
ing that constraints remain satisfied even in the worst-
case scenarios corresponding to the most adverse oper-
ating conditions and uncertainties. This is achieved by
incorporating uncertainty sets, which define the ranges of
variability for both the objective function and constraints



(Garcia and Pena, 2018). The goal is to develop an opti-
mal control strategy that performs adequately under all
possible conditions within these uncertainty sets, with a
particular emphasis on the worst-case outcome. While ef-
fective in maintaining feasibility, this often results in overly
conservative solutions, as the method prioritises reliability
over performance (Bomze and Gabl, 2023). This is usually
considered in the event that any probability of constraint
violation is unacceptable (Gabrel et al., 2014).

Stochastic Optimisation — An alternative method used for
optimisation under uncertainty is stochastic optimisation.
It is a generic branch of optimisation which refers to the
use of random variables to represent uncertain parameters
(Zheng et al., 2014). The probability distributions can
be tailored to accurately account for different uncertainty
types, and their expected characteristics (e.g., Gaussian)
such that real operations are reflected. This can be used
to provide information about the expected performance of
a solution during an optimisation procedure. In practice,
it is intractable to optimise over the range of a probability
distribution. Hence, it is common that Monte Carlo and
scenario-based methods are implemented to reformulate
the problem into a deterministic one (Zheng et al., 2014).
Naturally, this usually revolves around unique sampling
methodologies. When dealing with optimisation under un-
certainty, stochastic optimisation is often chosen over ro-
bust optimisation because it offers more flexibility, better
application to non-convex optimisation of complex real
non-linear systems, and usually more practical solutions
for industrial use.
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Fig. 1. Diagram of an example scenario tree.

Scenario tree optimisation, a form of stochastic optimisa-
tion, can be employed to transform complex probabilistic
problems into more manageable deterministic ones, thus
avoiding the computational challenges of directly solving
probabilistic systems. In this approach, uncertainties are
propagated across an entire process, with multiple differ-
ent realisations of these uncertainties considered (Silvente
et al., 2019; Kammammettu and Li, 2023). Each full tra-
jectory of the process, defined by a unique combination
of uncertainty realisations, is referred to as a scenario.
One can represent all considered uncertain trajectories as
a single system named a scenario tree where uncertainty
unfolds stagewise, an example of this is shown in Fig. 1.

This method provides a structured way to account for a di-
verse range of time-varying uncertainties, enabling better
decision-making across a set of potential future outcomes.

In this paper, we propose a novel scenario tree optimi-
sation framework that combines the concepts of flexible
and optimal operational spaces to simultaneously enhance
process adaptability, robustify the process to uncertainties
and achieve operational optimality, therefore, representing
a novel advancement in process quality control.

1.2 Process Description

We assume a mathematical model is available to describe
the process dynamics:

&(t) = F(t,2(t),u(t),0,£), (1)
where, x(t;) € R™ is the vector of state variables, ¢; €
[0,%/] is a time instance of the operational time horizon,
and &(t;) is the corresponding time derivative. u(t;) € R™
is the vector of control actions. 8 € RP is the vector of
fixed parameters, and £ € R" is the vector of uncertain
parameters. In this work, each uncertainty sources, &;,
for ¢+ = 1,...,r, is approximated as a random variable,
and assigned a unique Gaussian distribution, i.e., & ~
N(ui, 02), with mean value, p;, equal to its nominal
value, and standard deviation, o;, equal to the deviation
one might expect during operations. Both, u; and o;, are
assumed to be known. The goal is to identify a practical,
optimal, and flexible operational space for u(t), ensuring
that product quality is consistently maintained despite the
uncertainties introduced by &.

2. METHODOLOGY

The proposed methodology is described in Fig. 2. In
general, the approach can be split into 4 steps, which are
detailed in the following subsections.

Step 1

Sample a suitable number
of scenarios based on
uncertainty

Step 2 l

Generate a diverse range
of optimal set-points

Step 3 l

Cluster the optimal set-points
(machine learning)

Step 4 l \

Identify the nominal control action and
corresponding bounds for each optimal
region

Return violating
batches

If validation I
of bounds
yields >1% Else

END

Fig. 2. Proposed methodology for optimal space identifi-
cation.



2.1 Step 1: Uncertainty Sampling

We adopt the scenario tree analysis, as described in Section
1.1, to represent the possible range of uncertainties one
may experience in processing. The entire scenario tree can
be realised by sampling each uncertainty source &; from
their corresponding distributions.

It is important to note that a good representation of
uncertainty is necessary to achieve a robust control action.
Hence, it is recommended that a large enough number of
uncertainty samples is taken from each source of uncer-
tainty. However, this must be considered in conjunction
with the increased computational cost one faces when
increasing the size of the scenario tree. In practice, it is
common to find a trade-off between the two. Once the
scenario tree is realised, all optimisation strategies will
be optimised over the entire scenario tree such that any
defined constraints are satisfied for any of the considered
uncertainty realisations.

2.2 Step 2: Filling out the Optimal Region

Since different pathways may exist to achieve control goals,
in Step 2, we focus on narrowing the broad search space to
identify specific operating spaces that are likely to contain
the optimal control actions. These selected spaces will be
further reduced to identify the operational regions in Step
4. The optimal operational space is characterised by con-
trol trajectories that meet a predefined standard of process
optimality while also adhering to process constraints under
any considered uncertainties realised in the scenario tree.
Specifically, we want to minimise some process cost, C,
while maintaining tight control over end product quality,
Yt,, close to the desired set point, ysp. In addition, we
aim to locate different operational spaces, if they exist, to
characterise the process.

We discretise the operation time horizon into N inter-
vals, with the control actions, u(t), assigned as piecewise
constants within each time interval, i.e., u(t) = uy, for
t € [tk,tky1), Yk € [0,N — 1], where ¢, = kAt and
At = tﬁf We assume that the system states, z; = z (1),
are fully observable, and the initial states, g, are known.
Often, the process is subject to constraints, which are
denoted as g(xy). Additionally, the control actions are
bounded by physical limitations, denoted as u;, and uy, for

k=0,...,N —1. The problem formulation is summarised
as follows:
mm A1-obj; + A2 - C
k=0,...N—1
S
s.t. obj, = Z (Ytp,s — ysp)?
= 2)
T = f(ALzy, ug,0,8)
zo = z(0)
g(xr) <0

Uy, < up < Uy,

where A1 and Ao represent the weighting parameters for
each objective; S is the number of uncertain scenarios
considered in the scenario tree; and f(-) is the selected
numerical integrator (e.g., implicit/explicit Euler, Runge-
Kutta, etc.).

Since we want to identify a diverse set of plausible control
trajectories to find different operational spaces (if multiple
exist), once an initial optimisation of Problem (2) is
complete, we can identify the next control trajectory by re-
optimising Problem (2), with a penalty function, p, added
to the original objective function (i.e. A1 -0bj; +Aa-C+p),
to maximise the differences between the existing control
trajectories and the ones to be identified. The form of such
a penalty could be

Decyrr m N— 1

2IDIY

d=1 j=1 k=0

ujk jkd)
At (3)

where, A3 is the weighting parameter used to dictate the
strength of the penalty function, for which larger values
aim to identify more varied optimums and so, a larger
optimal region. D¢y, is the number of identified control
trajectories thus far. uj . 4 represents the discretised con-
trol actions from an identified trajectory, and wu;j is the
corresponding control action within the current optimisa-
tion. A%j;, is the maximum range of control action w;
among identified ones, which is used to normalise the
values for each control variable which may otherwise be
of different orders of magnitude.

Using this methodology, with a large enough number of
optimal solutions, Dy..x, it is possible to approximate
regions of optimal solutions (control strategies) which
satisfy all the feasibility constraints under uncertainty.

2.8 Step 3: Clustering Optimal Regions

Following Step 2, different operational spaces may be iden-
tified. Clustering algorithms are applied to identify and
characterise these spaces. As clustering is an unsupervised
learning approach, validating the results across different
clustering algorithms and analysing cluster characteristics
is essential to assess distinctions in control strategy be-
haviours.

In this work, multiple clustering algorithms: k-means (Na
et al., 2010), DBSCAN (Khan et al., 2014), and spectral
clustering (Jia et al., 2014), were employed and compared
to ensure consistency in the recommended number of
clusters.

2.4 Step 4: Nominal Control and Bound Estimation
Strategy

In Steps 2 and 3, we have approximations for a number of
distinct optimal spaces (clusters). We can now determine
the optimal control action for each cluster, as well as their
corresponding operational regions. Specifically, the opera-
tional region of an optimal control trajectory is defined by
upper and lower bounds for each control action, such that,
if we operate within, the process is feasible under consid-
ered uncertainties. The optimal set-points are established
using the dynamic optimisation formulation described in
(2), where the search space is now restricted to that of
the chosen optimal region to ensure that the solution does
indeed fall within the correct cluster, i.e., u;, and @y in (2)
are updated to reflect the cluster characteristics.

Once the nominal (optimal) set-points have been found,
we propose a two step algorithm to identify the upper and



lower bounds independently by maximising the distance
between the two whilst satisfying process constraints. Eqn.
(4) shows the optimisation strategy to find the lower
bound:

m N~_1 nominal _ _ 1b
max - minmin w; - (R =)
k=0,...,N—1
1
8.t wj,k unominal .
3k =5k (4)

Tl = f(Ata Ty, ulkbvovg)
zo =z(0)
9(@r) <0
u,, < uk < unomlnal

where, (4) aims to maximise the dlstance between the
control actions at the lower bound, u'P. , and the nominal

Js k’
control actions, un‘}cmmal across each control action, j, for

each time-step, k. w; ;. is used to normalise the magnitude
of the objective contribution for different control actions.
In order to ensure that the area of the bounds is spread
as evenly as possible across the entire control trajectory
for each variable, the objective function is designed such
that the minimum distance between u"°™® and u'® is
maximised. This way, it is more likely that the resultant
bounds will be useful in operation since there will be
no individual time-step for which set point control is
effectively required.

The upper bounds can be identified with similar strategies
as follows:

m N-L ub nominal
max minmin Wi g - \(U; . — Us
wib =1 k=0 J.k ( 3,k J.k )
k
E=0,...,N—1
¢ _ 1
s.t. Wip = ————
Js nominal
Uj ke — U (5)
zp1 = f(Atzg, ul®, 0,8)
zo = z(0)
Iz < 0
uzommal < ul];b < Up.

Using this two-step algorithm, one can obtain an upper
and lower bound that each accommodate uncertainties
whilst respecting process constraints which, provides an
optimal operational region in which control of the design
variables can be loosened, and still achieve good process
performance and reach desired product quality require-
ments.

Because the two-step algorithm addresses the upper and
lower bounds independently, each bound is guaranteed to
meet all constraints individually. However, this does not
ensure that any control trajectories sampled between these
bounds will also comply. Therefore, it is essential to vali-
date these bounds by randomly sampling control actions
within them and recording any instances that violate the
constraints. These recorded samples can then be returned
to the framework using a well designed penalty, which can
be added to the objective function in (4) and (5), to reduce
the bounds such that these violating control trajectories
cannot be sampled. Specifically, the penalty function, g, is
defined as follows:

N—1 c,

Z Z Jokszs (6)

j=1 k=0 2=1

where, ¢, is the total number of violating control trajec-
tories recorded in the validation step, and Q; . is the
penalisation parameter, which equals 0, if u;‘% < Ujkzs
and equals 1, otherwise, Vj, k, z. As noted in Fig. 2, we
terminate the process if the violation of the validation set
is less than or equal to 1%.

3. CASE STUDIES
3.1 Fed-batch Bioprocess Optimisation

The proposed method is first examined with a case study
of astaxanthin production in a fed-batch bioprocess under
parameter uncertainty (Vega-Ramon et al., 2021), i.e., the
source of uncertainty arises from the model parameters.

The kinetic model of the process is taken from Vega-
Ramon et al. (2021), which is converted to a fed-batch
model by including the feed flow rate Fi,(t) as the control
input:

v _

— = = Fu(t)

dt

AXE) _ oxin — woxin - XO g

5 = pm ()X () — paX(t) - 70 In(t)

dS(t) _ Fa(t), _ 501

& =V Sin — Ysptm ()X (¢) V(t)Fm(t)

L’;Et) — ()X (1) + BX(#) — kaX2(t) (WT f)O.OJ V(f) Fu(t),

where i, (t) = um% Here, X (t) is the biomass

concentration (g/L), S(t) is the substrate concentration
(g/L), Sin is the substrate concentration in the feed flow,
P(t) is the product concentration (mg/L), ¢ is the time (h),
and V(t) is the volume of the reactor. Model parameters
Ly K¢, ba, Ys, o, B, and kg are uncertain, whose nominal
values are shown in Table 1. The standard deviations of
the parameters are taken as 2% variations around their
nominal values.

The process begins with an initial volume, V(0), of 0.4
L, an initial biomass concentration, X(0), of 0.1 g/L,
an initial substrate concentration, S(0), of 6 g/L, and
an initial product concentration, P(0), of 0 mg/L. The
substrate concentration in the feed, Siy, is set to 12 g/L,
and the reactor’s volume is 2 L (Vieactor). The process
is run for 168 hours (T'), The feed flow rate, Fi,(t), is
adjusted every 12 hours, leading to 14 discretised time
segments, (N). The control goal in this case is to ensure
that the mass production of astaxanthin at the end of
the time horizon is higher than 58 mg, i.e., ysp = 58
in Eqn. (2). Several path constraints are involved: (%)
all the state variables are nonnegative, i.e., z(t) > 0,
for t € [0,T], where z(t) = [V (t), X(t),S(t), P(t)]"; (i1)
maximum working volume should not exceed 95% of the
reactor’s volume, i.e., V(t) < 0.95Vicactor; (#4i) no feed
in the first and last days (24 hours), i.e., ur = 0, for

ke {0,1,N —3,N — 2}; (iv) the substrate concentration
should not change dramatically, i.e., diit) < 3 g/L; and
(v) the mass of the product astaxanthin should increase

dP(t)
a2 0.

throughout the process, i.e.,



Table 1. Model parameters for astaxanthin
production (Vega-Ramon et al., 2021).

Parameter Nominal Value
tm (h=T) 0.43

K. 63.7

pa (h™1) 0.0021

Ys (g/e) 2.58

a (mg/g) 7.88

B (mg/g h™") 0.236

kg (mg L g=2 h~1) 0.0648

In this case, 1,000 samples are used to construct the
scenario tree. One cluster is identified, whose identified
operational region is shown in Fig. 3. The identified oper-
ational region is validated with 10,000 samples, where no
violation was observed. The proposed method effectively
identifies the operational space for the feed flow rate,
Fin(t), under parameter uncertainties, optimising both the
lower and upper control bounds. This approach ensures
that the process constraints are satisfied across all sampled
uncertainties while maximising the optimal and flexible
operational space.
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Fig. 3. Designed operational space (shaded) using the
proposed method.

8.2 Formulation Product Quality Control

In order to examine the applicability of the framework
to more complex, non-linear systems, we make use of a
model proposed in (Rogers et al., 2024) which describes
the material transformation between liquid products in a
batch dynamic mixing process. The formulated product
is constructed over time through a series of ingredient
additions made to the process. The product composition
is described through a series of 3 equations (material
transformations) as functions of 3 operating conditions
(control variables), and 11 inherent process states. A full
description of the model is found in (Rogers et al., 2024).

The main challenge in this case study was the difficul-
ties in reaching the desired end product quality subject
to a myriad of process uncertainties that one faces in
standard operation. The main sources of uncertainty were
characterised into three classes; the first being variation
in the input feed composition, which would be reflected
in the estimated parameters of the model proposed by
(Rogers et al., 2024). The second source of uncertainty

is identified as human error, this is introduced to the
systems primarily through difficulties in exactly following
the times at which ingredient additions should be made to
the process as indicated by the plant process flow diagram.
The final source of uncertainty is system control error, that
is deviations in the value of control variables from the set-
points at which they are required to reach. The uncertainty
levels assumed for these variables are 10%, 20% and 5%
per standard deviation respectively. It should be stated
that 100 uncertain scenarios were taken to assemble the
scenario tree.

Specifically, one has access to dynamic control over 3
control variables, each of which are allowed to change 5
times, in order to maintain consistent product qualities.

The methodology displayed in Section 2 was applied in full,
with 40 optimal set-points being established in step 2. In
step 3, it was found that 2 clusters, containing distinct
control pathways, were derived. The resulting control
variable 1’s nominal control actions and corresponding
bounds for each cluster are shown in Fig. 4, alongside their
reduced bounds (right) after refining them as described in
step 4. Similarly, Fig. 5 shows the results for the control
of control variable 2.

=i

Control variable 1

=l
I W7 =

Time (mins)

Control variable 1

I Tirne I(m.i.ns)

4. Control variable 1 nominal set-point and bounds
for cluster 1 (blue) and cluster 2 (red).

Fig.

g F—

Control variable 2 Control variable 2

Time (mins) 'I;imé (mlins)r

Fig. 5. Control variable 2 set-point and bounds for cluster
1 (blue) and cluster 2 (red).

The bounds (before refinement) were validated for both
clusters by randomly sampling 1000 control trajectories



from between the control variables’ bounds for 100 unseen
uncertain scenarios (i.e., 100,000 simulations). When these
sampled control trajectories were simulated through the
process model, it was found that cluster 1 had a product
quality violation rate of 22% whilst cluster 2 possessed
one of 9.5%. However, it should be noted that for each
the maximum and mean number of scenarios violating for
a given control action (only considering those that did
violate) was 3 and 1.1 (out of 100) respectively. This is
supportive that the initial bounds estimated are indeed
robust to uncertainties. Once the bounds were refined,
these violation rates dropped to 0% and 0.9% respectively.

An important note to make is that the first cluster, when
refined, loses much of its operability and reaches somewhat
of a set-point control status. In contrast, the second cluster
retains it’s operability in large, only reducing its control
area by 24% and 39% for control variables 1 and 2,
respectively, in comparison to the decrease in area of
51% and 79% for the first cluster. Therefore, there is an
argument to be made for allowing a small violation rate,
as is 0.9% for cluster 2, in order to improve the operability
of the process.

4. CONCLUSION

In conclusion, operational space design offers a unique so-
lution to accommodate uncertainties into the development
of robust controls when one wishes to reliably meet key
process constraints. The combination of flexibility and op-
timality into the development of operational spaces allows
for both reliable and high-performance control strategies.
The increase in operability was shown to be a key advan-
tage over classic set-point control, where one is restricted
to the operation of a process within tight guidelines. Fur-
thermore, the systematic approach of identifying different
operating regions within the entire optimal space provides
a distinct advantage over traditional set-point control, in
which one may overlook the existence of such regions.
This way, the methodology can be also used for knowledge
gain about how a process may be operated; which can
provide benefits for process operators to identify regions
in which the process may be more stable and easier to
control within.

The proposed framework’s effectiveness was demonstrated
using case studies on dynamic batch processes, including
a fed-batch fermentation process and the production of
a consumer goods formulation product. Results indicate
that our approach effectively manages uncertainties, of-
fering economically advantageous process designs and op-
erational strategies while upholding critical process con-
straints on top of improving process operability. Overall,
this work demonstrates the novel combination of optimal
and flexible design space identification and dynamic op-
timisation under uncertainty. Moreover, the potential of
the methodology for situations in which consistent vio-
lations of process constraints exist due to unmanageable
uncertainties, or in cases where it is difficult to achieve
consistent product quality has been demonstrated.
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