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Abstract

In this work we present the explicit solution of an op-
timal investment problem in an incomplete financial
market, for HARA and logarithmic utility functions.
The market follows a generalization of the Black and
Scholes diffusion model, which consists of a bank
account, a risky asset, and an economic external
factor. The coefficients of the underlying diffusion
processes are random and depend on the economic
external factor. This market includes more realistic
financial scenarios where the martingale methodol-
ogy and stochastic control techniques, established in
Castaneda-Leyva and Herndndez-Herndndez [2], are
applied.

Keywords: Optimal investment and consumption,
incomplete markets, stochastic volatility, martingale
method, optimal control, Black-Scholes model.

1 Introduction

We consider the problem of maximizing the expected
utility of final wealth and consumption in a finite
horizon T" > 0, when the financial market is in-
complete. This problem is solved using the mar-
tingale method, consisting in translating the origi-
nal investor’s problem, called primal problem into a
convex optimization problem, and then solve the as-
sociated dual problem; see Karatzas and Shreve [9].
In Section 2 the model is presented, whereas the mar-
tingale method is developed in Section 3. Finally, an
explicit solution is given for the particular examples

*TThe research of this author was supported by grants PROMEP-
UAAGS-EXB-69 and UAA-PIEST-04-01.

0-7803-9568-9/05/$20.00 ©2005 IEEE

Daniel Henéndez-Herndndez
Centro de Investigacion en Matemaéticas
Callejon de Jalisco S/N, Valenciana
Guanajuato, Gto. 36240 MEXICO
dher@cimat.mx

of the hyperbolic absolute risk aversion (HARA) and
the logarithmic utility functions.

2 The model

In this section we shall introduce a factor model for
the financial market based on the model presented
by Bielecki and Pliska [1]; we also state the problem
we want to solve.

The financial market is governed by a stan-
dard two-dimensional Brownian motion (BM)
{(Whe, War) , Fi o<yt » defined in a complete proba-
bility space (2, Fr, P), where {F;}q< < is the aug-

mentation of the filtration {]—' (Wl’Wz)} . This
0<t<T

t
market is composed by a bank account, a risky asset,
and a correlated external factor, such that:
1. The bank account process is given by

t
SY = exp </ T(Yu)du>; tel0,17,
0

where r (-) is the interest rate function.
2. The asset price process S satisfies the stochastic
differential equation

(1)

with Sp = 1. Here p (-) and o (-) are the rate return
and the volatility functions, respectively.

3. The dynamics of the external factor Y is give by
the stochastic differential equation

(2)

dSt = St [M (Y;) dt + o (Y;) dWlt] s

dy;
= g(Yp)dt +p(Yy) dWig + € (Vi) dWay,
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with Yy =y € R.

All the coefficients may be random and depend
on the external economic factor Y. In particular,
when p and e are constants with p? + €2 = 1,
then p is the correlation coefficient between the
underlying BM’s of the asset price and the external
factor. This is the case studied in Castaneda-Leyva
and Herndndez-Herndndez [2]. In particular, when
p = +1 the market is complete. Otherwise, it
becomes incomplete, since the external factor cannot
be traded.

ConpITION 2.1. 1. p(-),0(:), and r(-) belong to
CZ(R).

2.7(-) >0 and o (-) > 09, for some op > 0.

3.g() € CH(R) such that ¢’ () € Cp (R).

4. p(-),e(-) belong to C} (R) such that p(-) > py
and € () > eq, for some py,e0 > 0. Without loss of
generality assume that o9 < p?(-) +e%(-) < 1.

An important example is when the external fac-
tor Y is modeled as an Ornstein-Uhlenbeck process,
where in this case, g (y) = = (y — y) and p () and
e (+) are constant functions with p?+¢? = 1; for some
fixed parameters G,y > 0.

Now, consider a single investor with initial cap-
ital x, who generates a wealth process

XPC= XU e 0,11,

following the integral equation
t
X[+ / cudu
0
t
= oo [ () XE+ [0 (V) — (V)] ) du
0
t
+/ w0 (Ya) dWiy,.
0

Here {7¢, Ft }o< i< and {ct, Ft }o< <7 are the trading
portfolio process and consumption process respec-
tively, such that are progressively measurable with

T T
/ widu, / cdt < 00,
0 0

and ¢ > 0 as. The trading strategy (m,c) is
admissible if X™°¢ > 0 a.s. and the set of such
trading strategies is denoted as A(x,y). Finally,
assume that z,7 € Ry = (0,00), and y € R.

Given Uy, Uz : Ry — R utility functions, the
tnvestor’s problem consists in to

T
(3) maximize F {Ul (X7°) +/ Us (¢t) dt} ,
0

over (mc) € A(z,y), as well as to provide
an optimal trading strategy (7,¢). Here U (1) =
Ui (+),Ux(+) is strictly increasing, strictly con-
cave, and differentiable, such that U’(co) =
limptoo U’ (b) = 0 and U’ (0+) = limyo U’ (b) = oo.
To obtain the solution of this optimization prob-
lem, we will use the martingale approach and sto-
chastic control techniques; see Castaneda-Leyva and
Hernandez-Hernandez [2] and Harrison and Pliska
[7].

Define the equivalent local martingale measures
family as

P = {Q|P<Q=<P, 5/8% is a Q-local
martingale, for all y € R},

and M as the set of all progressively measurable
processes {Vt’]:t}te[O,T] , with EfOT v2du < oo, such
that the local martingale

2@/2:e—jSW(KJdWﬁu+VudW@u}—%jg@20@)+uﬂdu

is a martingale, for all y € R. Here
o () —r(
9y 2 =0
o ()

Note that 6 (-) € CZ (R), since o (-) > o9 > 0.
The process v in M plays the role of control
process in the associate dual problem. Moreover, for

each v € M, a probability measure P¥ € P can be
defined in (Q, Fr) as

P (4) = /A Zvdp; Ac Fr.

In this sense, M is a subset of P. Under the measure
P (Wi, W3,), Fiocier is a BM, where

t
(4) wy, = Wlt—i-/ 0 (Y,) du,
0

t
Wy, = Wzt—i-/ vydu.
0

In addition, S/SY is a continuous P”-martingale and
X7/SY + [ (et/SP) dt is a nonnegative continuous
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P¥-local martingale and a PY-supermartingale; see
Karatzas and Shreve [8].

Finally, note that our market is incomplete and is
free of arbitrage opportunities, since P is non empty
and non trivial; see Delbaen and Schachermayer [4].

3 Martingale method

In this section the investor’s problem is formulated
as a convex optimization problem and, using the
martingale method, the associated dual problem
is obtained. Furthermore, a relevant relationship
between the optimal solutions of both problems is
presented.

The following lemma allows us to obtain a useful
characterization of the set of admissible trading
strategies A (z,y). It is analogous to Theorem 1
in Cuoco [3] and Theorem 5.6.2 in Karatzas and
Shreve [9]; see also Lemma 2.2 in Castaneda-Leyva
and Herndndez-Hernandez [2].

LEMMA 3.1. Let B > 0 be a Fr-measurable random
variable and ¢ a consumption process such that

B T Ct
sup EY {— +/ —dt}
veM S% 0 S?
Then, there exists a trading portfolio ™ such that
(m,¢) € A(z,y) and X7 > B a.s. Conversely, if
(m,c) € A(z,y), then B = X7° satisfies the budget
constraint (5).

()

Therefore, the investor’s problem (3) can be
written as

T
(6) maximize E {Ul (B) + / Us (¢t) dt} ,
0
over (B,c) € B(x,y), where

B(z,y) = {(B,c)|B>0andc>0

such that satisfy (5)}.

Here the argument ”B > 0 and ¢ > 0” means that
B is a nonnegative Fr measurable random variable
and c is a consumption process. This problem will
be referred to as the primal problem; see Section 8.6
in Luenberger [10].

For a utility function U (), define the conjugate
function

(7) U (z) = sup{U (b) — zb}; z> 0.

b>0

From elementary calculus, it follows that
(8) U(z) =U(I(2)) =21 (2); z >0,

where I (-) is the inverse function of U’ (-).
The associated dual functional to the primal
problem (6) is defined as
sup

L(v,\)
ey {E [Ul (B) + /0 " () dt]

B T Ct
—A\E" | = —Ldt| v
S AUl

for v € M and A > 0. The dual problem is to
(9)

Note that the dual functional L (v, A) is given by
E U (A
" 05)
T
~ ZtV
+/0 Us <)\S_?> dt] + Az;
for v € M, XA > 0. It is easy to see that
sup

T
(11) E{Ul (B)+/ UQ(ct)dt}
(B,c)eB(y) 0

< inf L(v,\).
veM,A>0

= A+

minimize L (v, \), over v € M, A > 0.

(10) L(v,\) =

When the equality holds in (11), we say that there
is no duality gap. This is true for logarithmic and
HARA utility functions.

The next proposition shows the relationship be-
tween the optimal solutions of the problems (6) and
(9); compare with Proposition 6.3.8 in Karatzas and
Shreve [9].

PrOPOSITION 3.1. Assume that for some <f/, 5\> €

M x Ry the pair <B, é> , defined as

. < ZF <
BéII(A—g’>, étéh(
ST

belongs to B (x,y) and satisfies

(12)
B T ¢

— —Lat| = .
A ] !

Then, (B,é) 18 the optimal solution to the primal

(13) E?

problem (6), whereas <ﬁ, 5\> 1s the optimal solution

to the dual problem (9). In particular, there is no
duality gap.
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4 HARA and logarithmic utility functions

In this section the solution to the consumption-
investment problem shall be given when the utility
function is HARA and logarithmic. The martingale
method allows us to obtain an explicit form for the
optimal process ¥ and the optimal trading strategy
(7, ¢) .

Here we assume that U (-) = Uy () =
where

Uz ()7

with 0 # v < 1. From (9) and (10), we wish to

(14) minimize J (T,y,v), over v € M,

where

3 Z;—w o T Zéj «
vran=el(g) ) ()
and @« = —v/(1—7~). Note that 0 # a < 1. We
present only the solution to the case when v > 0,
since the solution for v < 0 is similar. An advantage
of the martingale method applied in this case is the
reduction to just one control variable (v € M). On

the other hand, observe that, for ¢ € [0, T

9

()" = Z8vepoli-0) {10207 12l
where

t
Ztavy é exp <—a/ [9 (Yu) dW]_u + VudW2’LL]
0

—O‘; /Ot 0% (Yu) + 2] du) :

Analogous to the measure PY and the BM on
(4), using the process Z*”, define the measure
P> in Fr and the BM (W, W3""); see Fleming
and Hernandez-Herndndez [5]. Under P*", the
dynamics of the process Y satisfies

dYy = [g(Yy) —ap(Yy) 0 (Ys) — ac (Yy) ve] dt
(15) 0 (V) W + & () dWg.
Therefore
J(T,y,v)
T T t
= FE®Y |:6f0 q(Ye,ve)dt _|_/ efo q(YSvVS)det:| ,
0

for v € M, where

o

q(y,v) = —a |7 (y) + = (1= ) (0* (y) + %) | ;

1
2
for y,v € R. Note that ¢ (y,v) is bounded, provided
the control space is compact.

Define the value function of (14) as

(16) W (T,y) £ inf J(T,y,v).
veM

Now, temporarily, consider [— M, M] as the bounded
control space, that is v € MM; for M > 0 given.
The verification theorem below states that

w(T,y) = WY (T,y);

where w (T,y) is the unique smooth function in
c1? (RJr X R) NGy (R+ X R) satisfying the asso-
ciated Hamilton Jacobi Bellman equation

1
wr = 1+ 3 (p? + &%) wyy + (9 — pf) wy
1
(17) —a[r+§(1—a)02]w+ax
1 2
sup —cwyv — = (1 — a)wv® 3,
ve[— M, M] 2

with w (0,y) = 1; see Theorem IV.4.3 and Remark
IV.4.1 in Fleming and Soner [6]. The Markov policy
induced by the previous equation is

I/* (t, y) — € (y) wy (tv y)

(18) 1-—aw(ty)’
if
e () wy (ty)| < M (1 —a)w(t,y), w(ty) #0,
and
v (t,y) = —Msgn (€ (y) wy (t,y)),
otherwise. We will prove below that W™ (T, %) does
not depend on M.

THEOREM 4.1. (VERIFICATION) For M > 0, let
w (T, y) be the unique solution to (17). Then

J(T7y7y)7
WM(T,y) = J(T,y,7),

w(T,y) <
w (T7 y) =

for v e MM where
=" (T —t,Y;) e MM

and v* (t,y) is the Markov policy defined in (18).
That is, v is the optimal control process for the
constrained auziliary problem relative to (16).
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THEOREM 4.2. Let W (T,y) be the unconstrained with
value function (16). There exists a constant K > 0

such that for M > K/ (1 — «), implies that ™ (t, z,y)

w(T,y) =W (T,y) = ) (1—=a)0(y)+p(y) y((fj’fj))
and, the optimal control process is give by and
(19) b= v (T —,Y)): ¢ (ta,y) = m
Furthermore, W € C? (R4 x R) N C',? (R, x R) Logarithmic example. In (3), suppose that

and solves the differential equation
1
Wr = 1+ §Wyy + (g - Oépl9) Wy

2
(20) —a [r+ (1—01)92]W VSQV‘;

with W (0,y) = 1.

Now we give the explicit optimal trading strategy

for the investor’s problem.
According to (12), we consider

B . )\_ _i S_% 1—«

B S%) Ay \Z% ’

~ o AZt €z Sto e

“« =10 T \z)
t v t

where
AI? = J(Tayaﬁ) = W(Tay)a
l—a
. x
V= (n)
and ¥ is given by (19). Now, define

X ;
2t o g
S

We get

% _ (2w
s s W)

and, by Ito’s formula,

X ¢
dSO Sod SadWI,

where
7Art = 7T* (T_taXhY%) )

ét = C* (T_taXh}/t) )

B T
— T].
0 —i—/t Sodu\ft ; t€[0,T]

Uy (b) = Us (b) = logh; b > 0.

Then, from (9) and (10), the dual problem is to

T T gt
minimize F {/ vidt +/ / ngsdt} ,
0 o Jo

over v € M.
The optimal values are given by

0 and \= 1+T.

v
T

Finally, similarly to the HARA case, the optimal
trading strategy (7, ¢) is given by the feedback form

7ATt = 7" (taXtﬁ’é;YVt> 5

6 = o (t,Xf’é, Yt> :

where
. o Y-
7 (t,x,y) = (1)
)]
o (y)
and .
Cbry) =

for (t,z,y) € [0,T] x Ry x R.
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