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On the Driven Inverted Pendulum

John Hauser, Alessandro Saccon, and Ruggero Frezza

Abstract— We explore the solutions of the driven inverted
pendulum system [¢$ = gsingp — a;(t) cose where a;(-) is
a bounded lateral acceleration. We show that, for lateral
accelerations that are constant before some initial time, an
inverted trajectory always exists and remains within a diamond
shaped region in the state space.

Functional analytic techniques are also developed to provide
further insight into the nature of the inverted pendulum
trajectories. Associated to the driven inverted pendulum is a
time varying linear system. We show that this system always
possesses an exponential dichotomy, allowing for the devel-
opment of a successive approximation algorithm for finding
the desired inverted pendulum trajectory. We show that the
curve obtained from one iteration of this algorithm is a very
good estimate of the required inverted trajectory. As that curve
is obtained by filtering the quasi-static angle trajectory by a
noncausal time varying low pass filter with weighting function
with a shape similar to h(t) = exp —ao|t|, we find that the
current pendulum angle is influenced by the values of the lateral
acceleration within only a few seconds of the current time.

These results are important as the driven inverted pendulum
is a common susbsystem in systems ranging from motorcycles
and bicycles to rockets and aircaft.

I. INTRODUCTION

The inverted pendulum is the classic nonlinear control
experiment. In addition to being the simplest unstable non-
linear system imaginable, it also provides a simple model
for rocket control. Surprisingly, this dynamics continues to
appear in numerous other systems of interest. The inverted
pendulum driven by a lateral acceleration is clearly present
in the dynamic balance of a skier racing down the slope. In
much the same way, simple models for exploring bicycle
and motorcycle dynamics include the inverted pendulum
as a key subsystem, imposing strong constraints on the
system performance—see, e.g., [1], [2], [3], and [4]. These
dynamics also show up as internal dynamics in aircraft flight
dynamics [5].

In this paper, we are interested in the following question.
Given an arbitrary bounded lateral acceleration trajectory,
does there exist a pendulum that remains upright (or inverted)
for all time, forward and reverse. It turns out that, for lateral
accelerations that are constant before a given initial time,
such an upright trajectory always exists. We explore numer-
ous aspects of such upright pendulum trajecotries using both
state space and functional analysis techniques.
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One important result is that the current pendulum angle de-
pends only on the lateral accelerations within a few seconds
of the current time. This has important implications in, for
example, the planning of aggressive motorcycle trajectories.

II. PROBLEM STATEMENT

a)(t) —

In this paper, we are interested in the trajectories of an
inverted pendulum

lp=gsingp — a;(t) cose (1)

driven by a lateral acceleration a;(-). In particular, given an
arbitrary bounded lateral acceleration a;(-) (with |a;(¢)] <
ar, t € R), does there exist a pendulum trajectory that is
upright on the infinite interval, i.e., a trajectory ¢(-) of (1)
with |p(t)] < ¢/2, t € R? Is there at most one upright
pendulum trajectory (of infinite extent) consistent with a
given lateral acceleration trajectory?

III. GEOMETRIC CONSIDERATIONS

It is useful to consider the behavior of the driven inverted
pendulum in the phase plane. We begin with a necessary con-
dition concerning the region in which an upright pendulum
trajectory must lie.

For constant maximum lateral acceleration a;(t) = ar,
the driven inverted pendulum dynamics becomes that of a
simple inverted pendulum with conserved (scaled) energy

V(p, ) = gcos ptar sin p+1¢? /2 = acos(p—pr )+1p? /2

where @ = /a3 + g2 and tany = ar/g. The unstable
equilibrium occurs at the static pendulum angle y with

energy V(er,0) = a. Moreover, the stable and unstable
manifolds to that equilibrium are given by the level set
V(p,9) =V (¢r,0). The picture is symmetric (with appro-
priate changes) at constant minimum acceleration q;(t) =
—ay,. These features combine to determine the diamond
depicted in figure 1.

Proposition 1: Suppose that (+) is an upright pendulum
trajectory (J¢(t)| < 7/2, t € R) satisfying (1) with |a;(t)] <
ar, t € R. Then the phase trajectory (¢(-), ¢(+)) is contained
in the diamond D given by

D ={(¢,9) : ol < or,¢* < 2a(1 - cos(|ol - ¢1))/1} .
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Fig. 1. The diamond D

Proof: The key is to show that even the maximum
lateral acceleration (of appropriate sign) is not able to keep
the pendulum from falling over (in forward or reverse time)
when starting (at some t() outside the diamond. Referring to
figure 1, we consider the upper right region of initial condi-
tions that must fall over to the right (+¢) in forward time
(+1). The other three cases, (—p, +t), (+¢, —1), (—¢, —1),
are similar.

Suppose that, at time o, (¢ (o), ©(to)) with |p(to)] < 7/2
and H(tg) > 0 is such that p(tg) > ¢ or $3(tg) >
2a(1 — cos(p(to) — wr))/l (this is the upper right region).
If a;(t) = ay, for t > to, the energy V is conserved so that
the pendulum falls right following the contour V(p, ) =
V(e(to), ¢(tg)), first reaching o(t) = /2 at a specific
time ¢ = ty. For a;(t) < ap, t > to, the energy V is
nondecreasing since V (£, ¢, ¢) = (ar, —a;(t))¢ cosp > 0 in
the upper right region so that the pendulum motion follows
a curve on or above the contour V' (¢, ¢) = V (¢(to), ¢(to)).
It follows that the pendulum falls right to ¢(t) = 7/2 for
the first time at some ¢t = t; < tp since the velocity ¢ is
always at or above that of the pendulum under maximum
acceleration. |

In the case that the lateral acceleration is constant up
to some time ty, we can conclude that there is an upright
pendulum trajectory.

Theorem 2: Suppose that |a;(t)| < ap, t € R, and that
there is a to € R such that a;(t) = a;o for t < ty. Then there
is a pendulum trajectory ¢(-) of (1) such that |p(t)| < 7/2
for all t € R.

Proof: The set of initial conditions (¢(to), ¢(to)) that
remain upright in reverse time belong to the upright com-
ponent of the unstable manifold to the constant acceleration
equilibrium (¢y0,0) = (tan™" ayo/g, 0). Explicitly, W2 is
given by

Waio = {(p: @) ol <7/2,¢ = way ()}

where

() = sin(p—0)y 2y, + 9201 — coslip ~ /1.

As demonstrated in Proposition 1, W;‘lo contains initial
conditions Wx that fall right (e.g., in the upper right region)
and initial conditions W, that fall left. As the connected
set W' cannot be the union of the two disjoint nonempty
open sets Wr and Wy, the set of initial conditions leading
to upright trajectories

Wy =W2

aio

\ (WrUWL)

must be nonempty.

For the sake of completeness, we demonstrate that Wg
(and hence W) is open. Let (¢(t), o(t)) = ¢(t; to, o, Yo)
denote the time varying flow of the driven inverted pendulum
starting from an initial condition of (g, o) at time to.
Suppose that (¢g, o) € Wg and let ¢; be the first time that
the pendulum reaches 7/2 at (¢1,%1) = ¢(t1;t0, Yo, Po)s
noting that ¢; > 0. By continuity of the map (v, ¢) —
B(t1;to, @, ), initial conditions near (o, $o) on Wy = will
be carried to a neighborhood of (¢1,¢1) at time t;. Thus,
there is an € > 0 such that for all | —@o| < €, ¢ = wq,, (¢),
the state ¢(t1;t0,p, ) at time t; is either in the upper
right region (and soon to fall through 7/2) or such that

¢1(tsto, o, ) > /2. ]

IV. FUNCTIONAL ANALYTIC CONSIDERATIONS

Having concluded that, under rather mild conditions, there
the driven inverted pendulum (1) possesses an upright tra-
jectory, we now seek to understand the characteristics of
such a trajectory. The following results do not necessarily
require that the lateral acceleration be constant before a given
time. We remark that such a restriction is very minor from
a practical point of view.

At this point it is convenient to write the driven inverted
pendulum dynamics (1)

lp =gsinp — a(t)cosp
in the form
¢ = a(t)/l sin(p — @gs(t)) )

where a(t) is the total acceleration a(t) = /g% + a}(t) and
the quasi-static pendulum angle @, (t) satisfies

tan g (t) = ai(t)/g .

The dynamics (2) may be viewed as that of an inverted
pendulum for which the acceleration analogous to gravity
varies in strength and direction.

Defining the variable natural frequency «(-) by o?(t) =
a(t)/l, we can write the dynamics as

p= o’ (t) sin(p — @gs(t))

Motivated by the work of Devasia and Paden [6] on nonlinear
system inversion, we rewrite the dynamics as

¢ =a’(t)p — a(t)(¢ — sin(p — @gs(t)))

and consider this from a functional analytic point of view.
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A. Dichotomy

In this section, we study the unstable linear system
§=a?(t) y = a®(t) p(t) 3)

where the variable natural frequency «(-) is bounded above
and below with oy < a(t) < aq, t € R, for some constants
a1 > ap > 0. We will show that, despite its unstable and
time varying nature, the system (3) defines a unique linear
operator .4 mapping bounded p(-) into bounded +(-) (on the
infinite interval (—oo, 00)). Surprisingly, this turns out to be
the case regardless of how rapidly «(-) varies—indeed, a(-)
need only be measurable.
Consider first the undriven system

§=a’(t)y 4)

For constant «, this system can be decoupled into exponen-
tially stable and unstable subsystems corresponding to the
eigenvalues +«. The time varying linear system has much
the same structure.

Choosing as state (z1,z2) = (7,7), the dynamics (4) are
represented by

[2}[&0@) H H:]A(t)x- 5)

Suppose, for the moment, that ¢(-) and d(-) are positive
bounded C' curves, bounded away from zero, and consider
the time varying coordinate transformation

{ 2 ] - { —cl(t) d(lt) } { 2 ] =5(t)z.

In z coordinates, we have
5= S(t)THA®)S(t) — S(t)]z = A(t)=
where the transformed system matrix is given by
) = 1 [ —(cd+o?+¢) d+d?—a?
c4d ¢—ct+a? cd+a?—d
Choosing ¢(+) and d(-) to satisfy the Riccati equations
é—c 4+ a?(t) 0 (6)
d+d*>—a%t) = 0 (7)

we see that the transformed system matrix reduces to
~ov | —e(t) 0
a0=[ 70" |
Lemma 3: The Riccati equations (6) and (7) each possess
a positive bounded solution satisfying
ag < c(t),d(t) < a;

for all t € R.
Proof: Note that c(t) is the value of the scalar optimal
control problem

and that this value is bounded above and below by the
values of the stationary optimal control problems obtained
by replacing «(-) in the incremental cost by «; and ay,
respectively. The positive values of the stationary optimal
control problems are easily seen to be precisely a; and ayg.
The result for d(-) follows easily by reversing time. |
The required Riccati equation solution, ¢(-) for example, is
the limit, as 7" goes to oo, of trajectories obtained by solving
(6) backwards from ¢(T") = 0, see [7, chapter 3] for more
details.

Note that the absolutely continuous ¢(-) and d(-) are
nonlinearly filtered versions of «/(-)—one that anticipates and
one that lags. We see that

Proposition 4: The linear system (5) with «(-) as above
is reducible to the decoupled linear system

[2}:{%@ d?t)HZ] : (8)

Moreover, the z; and z5 subsystems are exponentially stable
and unstable, respectively, satisfying

lza(t)] <
l22(t)] <

|21 (to)[e 0 (t=t0),
|22 (tg)[e o t=to),

t >t
t <to

so that (5) admits an exponential dichotomy.

Proof: To conclude reducibility [8], we need to show
that S(-) defined above is bounded with bounded inverse.
Reducibility is clear as the elements of S(-) are bounded by
«y while the elements of S~1(-) are bounded by «a; /20y.

The state transition function for the z; subsystem satisfies

t
@11 (£, 7)] = |eXP{—/ c(s)ds}| < em (=7

since ¢(t) > ay for all t. The z5 property is similarly derived.
|

A sufficient condition [8], [9] for the existence of an
exponential dichotomy is that the eigenvalues of the frozen
systems A(t) are uniformly bounded away from the jw axis
and that A(t) be sufficiently slowly varying. The above result
is somewhat surprising (and much stronger) in that there is
no requirement that «(t) be slowly varying.

Applying the dichotomy transformation to the driven sys-
tem (3), we see that the relationship between p(-) and ()
can be expressed as

] p(t)

9

Working in a noncausal fashion over the infinite interval, we

a®(t)
c(t)+d(t)

—a?(t)
c(®)+d(t)
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find that

0= [ ; exo{- [ t c(s)ds | (mu(r)df

=: /OO h(t, ) pw(r)dr
- (10)

is a bounded solution of (3) for each bounded y(+). Denoting
the map p(-) — () in (10) by A, we see that
Theorem 5: A is a bounded linear operator with

lAl=1.

For each bounded input (), the output v(-) = A[u(-)] is
the unique bounded solution of (3).

Proof: Uniqueness follows from the fact that (9) has
no bounded nontrivial homogeneous solution [9]. Now, by
(3), we see that v(t) = 1 is the bounded response to the
bounded input u(t) = 1 . Since the time-varying impulse
response h(t,7) is positive for all ¢, 7, the norm of A is

given by ||A|| = sup, A[1](¢) = 1. [
Note that when « is constant, A is the linear time-invariant
system with impulse response h(t) = «/2 et and

frequency response h(w) = a?/(a? + w?): it is a noncausal
low pass filter with no phase shift. It is interesting that the
time varying system shares the property that the maximum
amplification (of 1!) is achieved at DC. Furthermore, as we
shall see, A for time varying «(-) also low pass filters its
input in a manner that we can use to our advantage.

B. Contraction and Approximation

We are interested in showing that, given a smooth bounded
lateral acceleration trajectory a;(-) as described above, there
is a bounded pendulum trajectory ¢(-) satisfying (1). Equiv-
alently, we seek a bounded differential pendulum trajectory
0(-) satisfying

0=a(t)/h sinf — @gq(t) . (11)
To this end, we consider the use of a contraction as in
the work of Devasia and Paden [6] on nonlinear system
inversion.

To this end, choosing a?(t) =
pendulum dynamics (11) is equal to

f = a2(t)sinh — Bg.(t)
= a®(t)0 — a®(t) {0 —sinb + G4s(t)/2(t)} .

Defining the nonlinear operator N

0(-) = A[O() = sin0(-) + @gs(-)/0*(-)] =

we see that
Proposition 6: A bounded curve 6(-) is a solution of (11)
if and only if it is a fixed point of NV, i.e.,

() =NO()] -

a(t)/h, the differential

NIOC)T

Thus, we seek a fixed point of the nonlinear operator N.
The key is to find an invariant neighborhood of the form
Bs = {6(-) : ||0(-)|| < &} on which N is a contraction. The
following identity is interesting and useful.

Lemma 7: A[3(-)/a?(+)] = Alp(-)]—(-) for all bounded
o(-).

Proof: Let 7o(+) = Alp(")] and 12(-) = A[(-)/a?(-)]
and note that

Fa(t) = Fo(t) = (1) (72(t) = v0(8)) — (¢) + a*()(t) -
Rearranging, we have
Fa(t) = Fo(t) + ¢(t) = a* () (12(t) — 70(t) + (1))

which, by uniqueness, implies that 5 (¢)
Define the curve

n(-) == Alpgs ()] —

with size 7 = ||n(-)]|.
Theorem 8: If

7= [ Alggs()/* (Il <1

then there is a § < 7/2 such that A is a contraction on the
invariant set Bs. The unique fixed point 6(-) of A" in Bs is
a bounded trajectory of (11) so that p(-) = @gs(-) + 6(-) is
a bounded trajectory of (1). Furthermore, if

=0(t) —¢(t). =

Pqs (1) = AlBgs () /a® ()]

12)

sin ™' — 7 < /2 — || Alpgs ()] (13)

then the trajectory is upright, ||¢(-)|| < 7/2. In particular, if
[2as()l < 1 (o [Alpgs ()] < 1) with 7 < 1, the trajectory
©(+) is upright.

Proof: Recall that f(6) := 6 — sind and f'(-) are
monotonically increasing on [0, 7] so that f(-) is Lipschitz
continuous on [0, dp] C [0,7] with Lipschitz constant 1 —
cos 0o, i.e., |f(01) — f(d2)] < (1 — cosdy)|d1 — Ja| for all
01,00 € [0,(50] - [0771'].

The set B; is invariant under A if

VOO < AN 16() = sin ()] +7 <0

for all §(-) € Bs. Using || A = 1 and the monotonicity of
f(-), we see that By, ¢ € [0, 7], is invariant under A if

<sind<1. (14)
Choosing § < 7/2 with 77 < sind, we see that
[NV [0:()] = N [02()] [ < pll01(-) — O2()]]

with p := 1 — cosd < 1 so that N is a contraction on the
invariant set Bs. In particular, the minimal set is obtained

using § = sin~ ' so that p=1— /1 — 72 < 1.
Now, the fixed point trajectory 6(-) satisfies

0(-) AJO(-) = sin0(-) + Bgs(-) /0 ()]
= A[B() —sin ()] + Alpgs ()] — @qs()

so that the corresponding pendulum trajectory (-) satisfies

() = Alpgs (Il = [IA[O() = sin6()]|| < 6 —sind (15)
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and
()l <6 —sind + || Alpgs ()] -

The result follows with § = sin~! 7. |

The fixed point differential pendulum trajectory may be
computed by the successive approximation method given by

Oo(-) = 0
Or+1() = NI[Ok()]
= Alfk(-) —sinbi()] + Alpgs ()] — @gs ()

This algorithm generates a sequence of approximate pendu-
lum trajectories {gy(-)} starting with ¢o(-) = @4s(-) and
P1() = Alpgs ()]

Theorem 8 tells us that if 7 = ||¢1(-) — ¢o(-)|| < 1 and
[l (-)]] < 1 (or the less conservative condition (13)), then
the above algorithm will produce, in the limit, an upright
pendulum trajectory.

However the conditions of Theorem 8 are still somewhat
conservative. There are many lateral acceleration profiles
that violate these conditions and yet the above algorithm
seems to converge to a pendulum trajectory solution. Much
conservatism arises from neglecting the use of the operator
A, which acts largely as a noncausal low pass filter.

Condition (15) and experience suggest that the solution
trajectory ¢(-) will be close to A[pys ()] rather than close to
©qs(-) as was used in the above Theorem. Working around
Alipgs()). write

C() = @) = Alpgs ()]
so that the nonlinear operator N becomes
AL
= AL Alpas()]+ ¢0) = 2 ()
— sin(Alpgs ()] + ¢(-) = ¢qs(+)) ]
= Aln() +¢() =sin(n(-) +¢())]

Aln(-) — sinn(-)]
+ A[¢(-) — {sin(n(-) + () —sinn()}]

where, as above, 1(-) = Alpgs(-)] — @gs (). Defining
e = [Aln(-) = sinn()]|

we see that

INTCON < e+116() —{sin(n() +¢(-)) —sinn () }] . (16)
Theorem 9: If 7 < w/2 and
€+sinn <1 (17)

then there is a 6 > 0 such that N is a contraction on the
invariant neighborhood Bj so that the pendulum trajectory
©(+) corresponding to the unique fixed point ((-) satisfies

le(-) = Alpgs (]Il < 0.

Proof: The last expression in (16) satisfies
1€(-) = cosn(-) sin¢(-) + sinn(-)(1 — cos ¢(-))]|

1€(-) = cosn(-) sin C(-)|| + [[ sinn(-)(1 = cos ()
0 — cos7sind + sin7j(1 — cos §)

INIA

for ((+) € Bs, § € (0,7/2). Thus, By is invariant under N/
if
€+ 0 —cosfjsind + sinfj(1 — cosd) < 6

or, equivalently,

€ —cosfsind + sin(l —cosd) < 0. (18)
Minimizing over ¢, we see that
—1+sinf < —cosfjsind + sinj(1 — cosd)
with the minimum occuring at §* = tan~!(1/tan7) =

7/2 — 7. When (17) is satisfied, each neighborhood Bs,
6 € [0,0%], where the minimal invariant neighborhood is
given by the positive § < ¢* making (18) an equality, namely,

§=sin"t(sinf +e€) — 7~ €/ cos .
Now

NGO = NGO
< IG() = G() —cosn(-){sinGi () — sin G () }]
+ [Isinn(-){cos C1(-) — cos ()}
< (L=cos(+ )G () = GO

for ¢1(-),¢a(-) € Bs. Thus, AV is contractive on the minimal
neighborhood Bj if

72 >0 +0=17+sin"!(sing+¢€) — 7
or, since sin(-) is monotone on [0, 7/2],

sing+e<1.

V. CONCLUSION

In this paper, we have shown that the driven inverted
pendulum system always possesses an upright pendulum
trajectory. Various aspect of the upright trajectory have been
explored. An algorithm for calculating the desired trajectory
have been presented.
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