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Abstract—In this paper, we propose a robust nonlinear
force controller for a switched reluctance motor (SRM) elec-
tromechanical brake system which is a promising replacement
for hydraulic brakes in the automotive industry. A detailed
model of the motor including current dependent inductance
coefficients is used. The load exerted on the motor by the caliper
may be modeled as a spring; however, the actual load model is
taken to be an unknown nonlinear function of position to allow
for uncertainties in the model. Hence, the developed controller
works for a wide variety of loads including brake systems. The
controller is designed using backstepping and incorporates a
novel voltage commutation scheme. The controller does not
require knowledge of the mechanical parameters of the motor
and the functional forms of the relationships among the motor
position, the brake force, and the motor load torque. Moreover,
the controller provides significant robustness to uncertainty in
the inductances. Furthermore, practical current and voltage
constraints are addressed. The performance and robustness of
the controller are demonstrated through simulation studies.

I. INTRODUCTION

Considerations of safety, comfort, and fuel efficiency have
encouraged the development of “by-wire” mechanisms [1] in
the automotive industry over the recent years. The ultimate
goal [1] of by-wire mechanisms is to enable any driver to
be as “skillful” in maneuvering and stabilizing the car as a
professional driver. One such system is the electromechanical
brake system used to replace hydraulic brakes. This has
prompted efforts on modeling and control of electromechan-
ical brake systems [2—4]. Brake systems in an automobile are
shown in Figure 1. The driver’s foot pressure measured by
a sensor on the brake pedal is communicated to microcon-
trollers that relay the signal to the electromechanical brake
actuators situated at each wheel. The brake actuators then
apply the required pressure at the brake pads to smoothly
control the car’s speed. This is in contrast to a conventional
car in which a hydraulic system would directly respond to
pressure on the brake pedal to squeeze the brake pads. A
popular actuator used in brake systems and other electric
vehicle applications is the switched reluctance motor (SRM)
[5,6]. Considerable effort on design [7-9] and modeling [10-
15] of SRMs has been reported in the literature. Position and
speed control of SRMs has been considered in [16-21]. A
torque ripple controller using iterative learning was designed
in [22]. A force controller based on numerically inverting the
torque-current relation using a look-up table was proposed in
[23]. A cross-section of a brake system showing the motor
and the caliper is illustrated in Figure 2.
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In this paper, we develop a new robust nonlinear force
controller for an SRM based electromechanical brake sys-
tem. We utilize a detailed model of the motor including
current dependence of the inductance coefficients. The load
is taken to be an unknown nonlinear function of position. The
modeling and problem statement are contained in Section II.
The controller design is given in Section III. The controller
is based on robust backstepping [24] and does not require
knowledge of the motor mechanical parameters and the func-
tional forms of the relationships among the motor position,
the brake force, and the motor load torque. Moreover, the
controller provides significant robustness to uncertainty in
the inductances. Implementation issues including practical
current and voltage constraints are addressed in Section IV.
The performance and robustness of the controller are demon-
strated through simulation studies in Section V.

Fig. 1. Brake systems in an automobile [1].

stator

Fig. 2. Cross-section of a brake system [2].

II. MODELING AND PROBLEM STATEMENT

In this section, we develop the model of the SRM brake
system. The mechanical dynamics of the motor are given by

J§ = 7-Dw-—1g (1)
where J is the rotational inertia of the motor, D is the
viscous friction coefficient, 6 is the motor position, w is
the velocity, 7z, is the load torque, and 7 is the generated
electromechanical tor%ue. The total electromechanical torque

7 is given by 7= > ., 7;(0,i;) where N is the number of
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phases, 7; is the torque contribution of the j'" phase, and i;
is the current in the j** phase. The torque 7; is given by

_ YOL;(0,15) . .
7(0,i;) = /7JE()9 )i di, 2
0

where L; is the inductance associated with the j th phase. The
phase inductance L; is, in general, nonlinear but periodic
in 6. Hence, it can be represented as a Fourier series in
6 with the coefficients being functions of the current ;
Retamlng, for instance, the first three terms of the Founer
series expansion, we obtain

L;j(0,i5) = Lo,;(ij)+L1,;(i;) cos (NT(H (- 1)1\?;7 ))

+ L, (i) cos (QNT(H G- 1)1\?]7{] )) 3)

where N, is the number of rotor poles. Defining L, ;(i;) to
be the inductance at aligned position, L,, to be inductance at
the unaligned position!, and L,, ;(i;) to be the inductance
at the midway position (between aligned and unaligned),

Lai(i;) = Lo;(i;) + L1, (i) + L2,;(i5)
Ly = Lo,;(ij) — L1,;(i5) + L2,;(i5)
Lin,j(i;) = Loj(i5) — L2, (). )
Hence,
. 171 . .
Los(i) = 5[5@aslis) + L) + Lins(iy)]
. 1 .
Li;(i) = FlLay(is) = La]
, 171 . )
LoyGi)) = §bu@mn+Lu—mem] )

The inductance coefficients L, ;(i;) and L, J(z]) are mod-
eled as polynomial functions ot] the current i ;:
Lag(iy) = Y ani}

Z buil  (6)
n=0

with k being a nonnegative integer. The torque expression
(2) reduces to

(6.05) = -2 [(L::t;- (i)~ L) sin (N, (09— (=1) 52 )

k

m.j (i5)

+(La ](ij) + L, — 2L:7:J(ZJ))
X sin (2Nr(9 —G-1) ]\?]7:] ))] )

k k
L (ZJ) Zomanlj s Lmd(lj)—zo n+2bnlj. (8)
The electrical dynamics of the SRM are given by

d
+ %Aj(ev ij) ©)

where v; and A; are the voltage and flux, respectively,

associated with the j** phase and R is the phase resistance.
Using A;(0,4;) = L;(6,4,)i,;, we obtain

v; = Rij

di; OL; OL; di
S L.22 ( 7—J> 1
Vi Rig+Lig vl 59 T 5, ar ) 10

Hence,
di; 1 [ . OL,
== |y —Rij—i;—2w|. 1D
dt . L, J 7 56 }
(Lj + 1 Bz;)

From physical considerations, it is meaningful to assume

ISince the machine is unsaturated at the unaligned position, L, is a
constant (independent of ).

that the denominator in (11) is positive within the range of
operation of the motor, i.e.,

Lj+zjaai>e>o (12)
Using the inductance model (3),
dL; _ Ny . . ey 2w
S =5 [Ty —Luysin (N0~ G- 530
+(La,j + Ly — 2Lm,j)
. . 2w
X sin (2Nr(9 -(-1) NNT))} (13)
oL, 171, . .
L+ “aT'j =3 |:2(Lu,j + Lu) + Lm,j:|
1 . . s 2
5Ly = Luyeos (N,(0 = (= D5

1 1 * *
+= |:§(La¢j + Lu) - Lm,j:|

2
) (14)

X COs (2Nr(9 -G -1
k
L3 3(i5) =Y (n+1)anifs L (i)=Y _(n+1)baif. (15)
n=0 n=0
The load torque 77, seen by the motor is, in general, a
nonlinear function of the actuator force F' applied at the
brake. The dependence of the load torque on the actuator
force and the dependence of the actuator force on the
motor mechanical variables are governed by the mechanical
coupling between the motor and the load. In general,

F = ur), o = po(F) (16)
with pur and py being nonlinear functions. Physically, it is

meaningful to assume that ppr is monotonic and that the
slope of the function yp is positive and bounded, i.e.,?

o

0 _
n, < G < A (17)
with p and 7y being positive constants. Furthermore,
typlcally, Ty, is proportional to F' with the proportionality
constant being essentially the gear ratio of the coupling be-
tween the motor shaft and the load. For generality, however,
we only require that

ITel < mplFl+ i (18)

with 7y, and /iy, being nonnegative constants.

The control objective is to make the actuator force F' track
a given reference trajectory [.. ;. Practically, it is reasonable
to consider F}.. and its first derivative to be bounded almost
everywhere.

III. CONTROLLER DESIGN

In this section, the force controller for the switched
reluctance motor brake system is designed using robust
backstepping. The backstepping design proceeds by consid-
ering lower-dimensional subsystems and designing virtual
control inputs (or equivalently, state transformations). The
virtual control inputs in the first and second steps are w and
7' respectlvely In the third step, the actual control inputs

5] = , N, appear and can be designed based on the
dynam1cs of the torque which can be derived using (7) as

oTj . OL;
N 75 9o
. . . aTj 01 |: RZ] '3 59 w:|
T = E Ti sz—aew—i—
Jj=1

(Lj + 5 %)

2Without loss of generality, we have assumed that y1 is monotonically
increasing.

19)
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where
or; N7 » . 2
50 =" 10| (L J7Lu)COS(NT(07(]71)NNT)>

LT + Lu=2L3,) cos (2N (0— (G~ 1) o ))} 20)

aTj _ NT‘ . *k . . 27
=g [(Lw. La)sin (No(0 = (j — 1) ))

* 3k * kK . . 2
(LY + L, —2L5 ) sin (er(e—(g 1)N]7\r[ ))}

Ny o 8[’*2 . 2m
—sz |: i sin (N @-G- 1)NNT))

J
oLy 0Ly i\ . 27
+( a3, _ZT“) S (QNT(Q_( V)
Step I: For the first step, a Lyapunov function V; =
is used where

)} @1
(1/2)z7

F— Fref (22)

Z1 =

is the force tracking error. Differentiating V3, we obtain

) 9 )
Vi = —k gerﬂzle&—;—le,.ef (23)
where
2 = w—w', Ww=—-kin (24)

and k1 > 0 is a design freedom. Here, in the ﬁrst step of
backstepping, the one-dimensional system F = %2, js
considered and w is regarded as the virtual contro? input.
Choosing w = —k121 = —ki(F — Fycf) yields practical
tracking. However, since w is not the actual control input,
the error between w and the desired w is formulated as zs.
In the second step of backstepping, the torque 7 will be
regarded as the virtual control input and will be designed to
make zo small, i.e., w converges to the virtual control law w*
designed for w, and hence, I' converges to F)..r. However,
since 7 is also not the actual control input, the process is
repeated once more by introducing an error z3 which is the
difference between 7 and the desired 7. At the third step,
the control inputs v;, appear and the control law designed at
that step can be implemented. Using (17), (23) reduces to

Vi < —kippad +Rplallel + lallFer (25)
Step 2: A new Lyapunov function is defined as
Vo = Vi+ iz% (26)
where co > 0 is a design freedom. Drfferentratmg (26),
Voo < —kipzi + gz |z +|Zl|\Fref\

1 1 .
— —(r—D k w—k1Fre
+6222[J(7' w — 71) + k1 80 1hrey
< ki, Zf+ﬁp|21||zz\+|21|\Fref\
k
—Ji 2+*|22H23|+*\22\[|Z2\+’€1\21|]
- w F’re i
ol ]+ Fregl) + ]
k1 _ k .
+=Tip|z|(|22] + kil + |zl Fre] 27)
C2 C2
where
23 = T—71" (28)
5 = —kozo = —kolw + k1(F — Frey)] (29)

with k2 > 0 being a controller gain free to be picked by the
designer.

Step 3: For the third and final step of backstepping, we use
the Lyapunov function
Vi = Vet 22 (30)
2C3
where c3 > 0 is a design freedom. Differentiating (30) and
using (27), we have

Vs <

—kip, PA —|—uF\21||22| + |21]| Eres]|
ko
J J

+JT|22|[ﬁL(|Z1| + [ Fresl) + r]
2

D
25 + —|2l|zs] + C2|Z2\[|Z2|+/’€1\Zl\]

k1_ k1 .
+7MF|Z2|“Z2| + k1|z1]] + g|22||Fref|

+i23[T+k2(J(T7Dw7TL)

C3
0 .
LE - lemf)} 31)

where, for notational convenience, we have introduced T =
7. The control law will first be designed in terms of 7. The
control laws in terms of the input voltages v; will then be
obtained through a commutation scheme. Designing

= 71””‘3[7— + kaw +k2k1(F - Fref)]

+k1

= —kszz = (32

with k3 > 0 being a design freedom, (31) reduces to
ka o

Vs < =
3= Jes Cc3

_klﬁFZ% _

+‘Z1||Z2||:IU’F+ JCZ .]02 Co

[klng k‘g/LL k%kgﬁF}
+
JCg C3
k2 koD n klkzﬂF:|

1
+‘Z2||23||:7+I+ JCg C3

o ) A5
+Z2|:J02+ C2 e %3 J3

Harl Fresl + 2L |22l Frey]

+|21]23]

.
oL 2| Frey]

133 k1 :

- - F’r‘e
+J02|22|+ |22[Freg| +
kafir, k1 2
JC3 |23| +

From (33), it is seen that by prckrng k1, ko, k3, co, and c3
appropriately, V3 satisfies

Vs < —Va+ X[Frcf + F’ref + f17] (34)

+

|23l Fregl. 33)

where v = min(klMF, ko/J,ks) and x is a constant
independent of the controller gains ki, ko, and k3. The
proof of (34) follows by quadratic overbounding which is
standard in the backstepping literature [24] and is omitted
here for brevity. From (34), it follows that practical tracking
is achieved, i.e., the force tracking error z; = F' — Fj..; can
be regulated to an arbitrarily small compact set by picking
ki, ke, and k3 large enough.

To obtain control laws in terms of the input voltages

j,J =1,..., N, to achieve the designed form of 7 in (32),
the followmg commutation scheme is used:

OL; OL;
(L —&—zja )w—i—Rz;—!—zﬂ (%w

o7 | ~ N Ot
R LI v
5 = . (36)

N o1 2
Zj:l i

(35)

Vj =
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From (36),

N

It . 87']

2, = T Z

— ,
The commutatlon scheme (36) exhlblts a singularity when all
the currents are zero, i.e., when i, = =i = 0. Since the
torque vanishes when all the currents are zero, this singularity
is not encountered during normal operation of the motor.
However, the commutation scheme must be slightly altered
during the initial transient when the motor is powered on.
This 1s done by using the standard technique of incorporating
a small positive constant e, into the denominator to yield the

commutation law
c?ﬂ'j N N 67']
a7, [T* ZJ 190 ‘”}

N ot
Zj:l (az’; ) +er
An alternative would be to commutate the desired torque 7*
into the currents ¢; using (7). However, this would require the
solution of a nonlinear set of equations in ¢1,...,%y since
the inductance coefficients are modeled as general k** order
polynomials. In the special case in which

L;(0,i;) = Lo — Ly cos (NT(Q—( )T

(37

(3%

b =

2w
) RED)
with Ly and L; being constants, the torque reduces to

N
N LiN— o 2

T = 3 z;zj sin (NT(G (jfl)NN )) (40)

=

which allows a closed-form solution[21] for ¢; given a
desired torque. The approach in this paper has the advantage
of being applicable to the general inductance expression (3)
without requiring numerical solution of a nonlinear equation.

The overall controller is given by (22), (24), (28), (32),
(35), and (38). The controller design freedoms are k1, ks, k3,
ca, and cs. Noting the controller structure, the control law
can be slightly generalized to provide additional damping in
the electrical dynamics and to provide more design freedom
in shaping the force dynamics:

7 o= —Kp(F — Fyep) — Ka(F — Frey)

—K / tl ref(t1))dt1 —K‘,-T—Kuw

o1 | A N or
~ 81‘; {T_ZJ 1 697“’}
= N ot

Zj:l (Dz:) ter

OL; BL .

vj = (L + 1= 7, ) i+ 15 T — Kcurij (41)

with K,,, K4, K;, K, K,,, and K, being controller gains
free to be picked by the designer. Note that the controller
design does not require the knowledge of the mechanical
parameters D and J of the motor. Also, the functional form
of F = pp(f) and 7, = pp(F) are not required to be
known. Magnitude bounds on D, J, pur, and p, are sufficient
for picking the controller gains. While the controller utilizes
nominal knowledge of the electrical parameters of the motor,
the design does provide considerable robustness to uncer-
tainty in the electrical parameters also. This is demonstrated
through simulations in Section V.

IV. IMPLEMENTATION ISSUES

In the practical implementation of the controller, certain
voltage and current constraints must be addressed. Typical
voltage constraints include either a limited range or even

a finite number of achievable voltages. For instance, the
switching circuits typically used to drive switched reluctance
motors provide only Fv,,4, With v,,4, being a positive
voltage. To handle such a voltage constraint, the control law
(41) must be saturated and a Pulse Width Modulation (PWM)
scheme must be utilized. The choice of the PWM waveform
period must take into account the switching frequency of the
SRM driving circuit. This also entails a tradeoff among the
PWM waveform period, the closed loop bandwidth, and the
number of bits of resolution that the PWM scheme achieves.

Practically, the currents are also constrained to lie in a
limited range depending on the amplifiers used to drive the
motor. To handle this constraint, the voltages are redesigned
to include a current regulation regime. When any of the
currents ¢; exceeds a certain limit 4,4, the corresponding
voltage v; is switched from (41) to

v = —vmamsign(ij) if |Z]| > Ymaz- (42)
A similar scheme is used around i; = 0 if the current is
constrained to remain positive (as is usually the case due to

the use of unipolar amplifiers).

V. SIMULATION RESULTS

In this section, the performance of the controller is verified
through simulation studies with a switched reluctance motor
with the parameters

J =75%x10"° kgem® , D =0kg-m’/s

R =10015Q, L,=013mH , N,=6, N=4. (43)
The first five powers of the currents are included in the in-
ductance coefficients, i.e., kK = 5. The coefficients ag, . . ., as,

., bs are taken to be
ap = .959 x 107 H bo = 442 x 107 H
a1 = —437x 107° H/A b = —.137x 107° H/A
as = .647 x 107° H/A? by = .163 x 107° H/A? 44
az = —.273 x 1077 H/A® b3 = —.595 x 107% H/A? “4)
as = 365 x 107 H/A* by = .718 x 1071 H/A*
as = —.159 x 107" H/A® bs = —.290 x 1072 H/A5.

The parameters of the motor correspond to the experimental
setup (Figure 3) of the SRM at The Ohio State University.
This comprises the actuator component of the brake system.
Using the standstill test, flux as a function of current and
position (Figure 4) and the inductance as a function of
current and position (Figure 5) were obtained. The induc-
tance coefficients (44) were obtained using the standstill test
results and maximum likelihood estimation. The brake is
characterized as

F = 2.5[((1.19 x 10'°0—4.235 x 10"*)6+5.904 x 10'°)d

+1.43 x 10°)0 (45)

~ 0 £0.00125

b=~ 46
28( T ) (46)
F 1 /£0.00125

=555 (") @7

The relation (46) is obtained from the gear and rotary-to-
linear mechanism while (45) is the force characteristic of
the caliper. The gain of the force transducer is 2.5.

The force reference trajectory is specified to be 2000 N
till 0.1 s and 1700 N after that. The voltages are constrained
to take on one of two values =12 V. The currents are
constrained to be maintained in the range [0, 65] A. The value
imaz at which the control law switches to the current regu-
lation controller (42) is picked to be 60 A. The parameters
of the controller were chosen to be K, = 20, K; = 0.002,
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Fig. 3. Experimental setup at The Ohio State University.
flux linkage - current - theta
0.045
aligned
0.04 position
0.035
_ 003
z
s0.025
g
igt 0.02
ZBoo15
naligned
0.01 position
0.005
10 1 20 25
current (A)

Fig. 4. Flux profile obtained from standstill test results.

K; =2, K, = 3500, K, = 85, K., = 1. The simulation
results are shown in Figures 6-8. The force, force tracking
error, generated electromechanical torque, load torque, posi-
tion, and velocity are shown in Figure 6. The currents and
voltages are shown in Figure 7 and a time segment of the
steady state force tracking error is shown in Figure 8. It is
seen that the current and voltage constraints are maintained.
Both the transient and the steady-state performance are good
with the steady-state error being less than 5.5 N.

To demonstrate the robustness of the controller, we con-
sider the case in which only the constant term in the induc-
tance expresions is available for use in the controller. The
plant simulation model incorporates five powers of currents
as shown in (44). Retaining only the constant term in the
inductance expression corresponds to maximum (attained
when current = 65 A) errors of 66.3% and 25% in L, ;(i;)
and L,,_ ;(i;), respectively. Furthermore, the load is changed
to include a cascaded first-order linear block with gain 1.1
and time constant 2 ms. The simulation results are shown

inductance - current - theta

inductnace (H)

theta (deg)

Fig. 5. Inductance profile obtained from standstill test results.
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Fig. 6. Simulation results: F', F' — Fy.c¢, 7, 71, 0, w.
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Fig. 7. Simulation results: currents and voltages.
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Fig. 8. Simulation results: Steady-state force tracking error.

in Figures 9, 10, and 11. It is seen that the performance
is retained (with the steady-state error slightly increased
to 6.35 N) in spite of the mismatch of inductances and
unmodeled dynamic effects in the load.

VI. CONCLUSION

We proposed a robust nonlinear force controller for an
SRM based electromechanical brake system. A detailed
model of the motor including current dependence of the
inductance coefficients was used. The load was taken to be
an unknown nonlinear function of position. The controller
was designed via a backstepping procedure and utilized a
novel voltage commutation scheme. The controller provides
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four-quadrant operation (i.e., supports forward and backward

o

currents and voltages.

[7

[8

[t}

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

[18]

motoring and braking regimes of operation). The controller

does not require knowledge of the mechanical parameters

(19]

of the motor and the functional forms of the relationships

among the motor position, the brake force, and the motor

[20]

load torque. Moreover, the controller provides significant

robustness to uncertainty in the inductances. The proposed

[21]

controller design can also be extended to brake systems
using other types of motors. Implementation issues including

current and voltage constraints were also addressed. The per-

[22]

formance and robustness of the controller were demonstrated

through simulation studies. Experimental implementation of

[23]

the proposed controller on the testbed at The Ohio State

University forms the subject of future work (which would

require acquisition of an actual caliper).

[24]

2011
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