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Saturation Prevention for MIMO LPV Controllers:
An Error Governer Approach

Oguzhan Cifdaloz, Armando A. Rodriguez, Yu-Lung Yi, and Richard Steenis

Abstract— In many applications, it is essential to limit control
signals. This paper presents methods that process accessible
system signals (e.g., plant and compensator states, reference
commands) to limit control signals. In contrast to ‘“classical
techniques” which limit variables by unnecessarily reducing
control system bandwidth, the proposed methods limit variables
in a nonconservative manner, reducing bandwidth only when
necessary. A fundamental contribution of this work is that the
methods presented are applicable to linear parameter varying
(LPV) and quasi-LPV plants and controllers. The methods
presented rely on appropriately ‘“scaling back” key signals. The
methods are conservative in that they are applicable to “slowly
varying” LPV systems. Although the methods require access to
all internal closed loop system state variables, one could use an
appropriately designed LPV state estimator, if necessary. The
Error Governer (EG) methods are applied to an LPV missile
autopilot example.

I. INTRODUCTION

Motivation: Status-of-Field. During the last decade, the re-
search community has embraced the linear parameter varying
(LPV) framework as one way to model and design gain
scheduled control systems [1], [2], [3]. Gain scheduling
refers to the “gluing” of LTI controllers that have been
designed on the basis of LTI plant models at specific
operating points for a nonlinear plant. While traditional
methods lack guarantees and are not systematic (e.g., LTI
controller “gluing” process), the LPV framework offers some
nominal guarantees and a natural method for scheduling the
LTT controllers. Recently, polytopic system representations
and linear matrix inequalities (LMIs) have been used to
design LPV controllers which exhibit induced £2-norm ~-
performance [4], [5], [6], [7]. In this paper, we present new
saturation prevention methods for “slowly” varying LPV
systems.

Typically, initial control system designs are based on linear
models and neglect nonlinearities such as saturating actuators
and desired variable limits. Traditionally, such nonlinearities
and requirements have been addressed in a conservative
manner; sacrificing performance to satisfy some ‘“‘small-
gain” design criterion [8]. For single-input single-output
(SISO) systems, methods have been developed to improve
performance [9]. These methods, however, do not readily
extend to multivariable applications [10], [11].
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Our Approach: Saturation Prevention for LPV Systems.
In an effort to overcome the above deficiencies, we show
how an initial multiple-input multiple-output (MIMO) LPV
control system design may be systematically modified
to accommodate control variable limits and parameter
variations without unnecessarily sacrificing performance.
The idea is to introduce nonlinear gain operators that use
available signals (e.g., plant and controller state variables,
error signals, reference commands) and a “look-ahead”
function to “scale-back” relevant signals (e.g., error signals).
The methods presented assume that a nominal stabilizing
LPV controller has been designed for an LPV plant. It is
assumed that the nominal controller performs well without
saturation nonlinearities. When saturation nonlinearities
are inserted into the feedback loop, the nominal controller
performs well for external signals that do not result in
saturation (or control wind up). For sufficiently “large”
external signals (e.g., reference commands, disturbances,
and sensor noise), saturation and control wind-up results
[12], [13], [14], [15], [16]. As expected, this degrades
closed loop performance. The methods presented correct
this performance degradation by appropriately “scaling-
back” error signals entering the nominal controller. The
“scaling-back” is achieved via an error governor (EG)
system.

o« EG System. An error governor (EG) system is used
to appropriately scale-back error signals entering the
nominal controller. Scale-back is based on the error
signals entering the controller, the controller state, and
information provided by a look-ahead function based on
the controller’s natural (unforced) response. By scaling
back error signals, the EG addresses the impact of ex-
ogenous reference commands, disturbances, and sensor
noises.

The governor methods presented prevent saturation, prevent
control wind up, maintain nominal closed loop stability, and
maintain, to the extent possible, the multivariable direction-
ality properties of the original MIMO LPV control system
[11], [171, [18], [19], [20], [21].

Literature Survey. The following literature survey is in-
tended to establish a technical foundation and perspective
for evaluating the contributions of this paper.

e LPV Systems. Relevant results on LPV system analysis
and design may be found within [22], [1], [23], [5], [4],
[24], [7].

o Saturation Prevention. The methods presented are based
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on the novel saturation prevention ideas in [17], the
more recent work of [18], [20], [19]. Other references
addressing saturation prevention, anti-windup strategies,
and variable limiting strategies include [12], [13], [15].

Outline of Paper. The remainder of this paper is organized
as follows. Section II discusses the notation, problem
definition, and the fundamental assumption. Section III
addresses the EG. Sections [Villustrate how the EG may be
applied to a quasi-LPV missile.

II. NOTATION AND PROBLEM DEFINITION

Two closed loop feedback systems will be considered. The
first, referred to as the nominal closed loop system possesses
“good” closed loop properties when saturating actuators are
neglected. The second feedback system includes saturating
actuators and exhibits “poor” behavior when exogenous
signals are large. With this motivation, the key issues to be
addressed in this paper are discussed.

Nominal System. Consider the feedback system shown in
Figure 1 where P represents a MIMO LPV plant (e.g. mis-
sile) and K represents a nominal MIMO LPV compensator.
The outputs are y, the control signals generated by K are w,
the actual inputs to P are u, , and the error signals are e.
The input reference commands are 7, the disturbances to be
rejected are &, and the sensor noise signals to be attenuated

are 7). 13
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n

Fig. 1. Nominal Closed Loop System: “Good” Properties
f
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P
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Fig. 2. Unsupervised System with Saturating Actuators: “Bad” Properties

It will be assumed that K is a finite-dimensional LPV
controller which has been designed so that the closed loop
system in Figure 1 has “desirable” properties (e.g. closed
loop stability, induced-£? performance).
Comment 2.1: (Design of Nominal Compensator K') Here,
“desirable” properties can mean that K satisfies some a
priori specified multivariable robustness and performance
specifications.

The compensator K may be designed using any linear
design methodology (e.g. H*>, H?, L', LQG/LTR, pu-
synthesis, etc.) or LPV method [6], [4], [24], [3], [7]. [ ]

Saturated System. To motivate the importance of signal lim-
iting in feedback systems, we consider saturating actuators
as shown within Figure 2. This system will be referred to
as the Unsupervised System. In this figure, the plant input

Up = [Up, ... Up, ]" is related to the control signal u =
T . . .
[©1...u, ] via multiple saturating actuators as follows:

up = Sat(u) wf [ sat(u1)...sat(um)]" (1)

where m is a positive integer denoting the number of control
channels and

1 uy < 1;
up; = sat(u;) ot { uj [ui] < 1 (@)
—1 uy o< -1

The unity slopes and saturation levels are without loss of
generality since saturations with different slopes and levels
can be accommodated within this framework by scaling the
controls u; and plant inputs u,,, appropriately. It is assumed
that the feedback loop in Figure 1 possesses “nice” mul-
tivariable feedback properties, it will also be assumed that
the system in Figure 2 does not possess “nice” properties.
These assumptions establish the philosophical foundation
upon which the proposed approach is based. The assumptions
are summarized as follows.

Assumption 2.1: (Fundamental Assumption)

It is assumed that the compensator K is a finite-dimensional
LPV system that has been designed so that the closed
loop system in Figure 1 is £ finite-gain stable [25] and
has “good” multivariable feedback properties. It is also
assumed that the feedback system in Figure 2 does not
exhibit “nice” properties for sufficiently large exogenous
signals. This is because for large signals, the saturating
actuators may (1) alter the directionality properties of the
original multivariable feedback design, (2) cause wind-up
phenomena, (3) induce instability. |

III. ERROR GOVERNOR DESIGN METHODOLOGY
This section examines a method for preventing actuator
saturation, control wind-up, and general “signal saturation.”
The method involves the design of a saturation detection
and prevention system, called an Error Governor (EG) [17],
[11] which maintains, to the extent possible, the multivariable
properties of a nominal MIMO control system design K.
EG Structure. We begin by first addressing performance
enhancement in the presence of saturating actuators. More
specifically, this means eliminating wind-up phenomena,
ensuring closed loop stability, and maintaining to the extent
possible, maintaining the directionality properties of the
original control system design and the performance of the
original design K (Figure 1). Toward this end, the structure
in Figure 3 is proposed [17], [11].

In this figure, K has a state
(Ag, Bk, Ck, Di) (dependence on p
input A.e and output wu:

space description
suppressed) with

T = Arxr + Briee u = Cixy + Dye. 3)
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Fig. 3. Visualization of Error Governor (EG)

Given this, it follows that u,(t) = Sat(u(t)) where A¢(t) &

Ae(zk(t),e(t)) is a nonlinear scalar gain which depends on
the compensator state x4 (t) and the error signal e(t) Lef
r(t) — ys(t). Since A, directly multiplies the error signal, it
(or the structure in Figure 3) is called an Error Governor
(EG). Figure 3 is a nonlinear system. This is in contrast to
Figure 1, where u,(¢t) = u(t) and nominal performance is
assured.

In this section, we shall assume that the plant P is stable.
(Unstable plants are briefly addressed at the end of the
section.) More precisely, we make the following assumption.
Assumption 3.1: (Stable Plant)

It will be assumed that the plant P is £°° finite-gain stable
[25]; i.e. there exists a constant ¢ € [0, 00) such that

< ¢ ||upll oo for all w, € L. |

[ Pup| oo

This assumption implies that the plant is bounded-input
bounded-output (BIBO) stable. A necessary and sufficient
condition on P for this to hold, when P is finite-dimensional,
is that all of its poles lie in the open left half plane.
Selecting Nonlinear EG Gain ). In [17], [11], a proce-
dure for computing A. is developed. The idea behind the
procedure is based on the following intuitive guidelines:

e When the system is operating ‘“nominally” (or linearly
if P is linear) as intended (i.e. controls not saturation),
the gain ). is maintained at unity.

o When the system is on the “verge of saturation,” the
gain A, should be “appropriately” reduced toward zero.

Since A, is a scalar, such gain reduction preserves the
relative coordination of the controls. Consequently, such
gain reduction preserves the directionality properties of the
original multivariable design K.

Assumption 3.2: (Nominal Compensator K (p))

Suppose that the compensator has a state space representation
K = [Ak(p)7Bk(p)7Ck(p)vDk(p)]a p € P where P is a
compact set. It will be assumed that K(p) is LPV stable;
i.e. there exists finite M > 0 s.t. |2k poe < M ||2p(25)

oo
for any ¢, > 0. [ ]

To present the procedure for computing ., the following
definition is necessary.

Definition 3.1: (EG Saturation Detection Function) De-
fine the function g, : R™ — R, as follows:

ge(z) & sup |Cr(p)e™ x| ... “4)
pEP
and the set S, as follows:
S, iz eR : g(x)<1} o)

Comment 3.1: (Saturation ‘“Detection” Via Look-Ahead
Function)

Homogeneous Response of Compensator: Quantifying
Tendency to Saturate. Notice that the function g. depends
entirely on the homogeneous (unforced) response of the
compensator, K. Because the L£> norm, in principle,
requires access to the entire homogeneous response, it is
natural to refer to g. as a look-ahead function. One might
characterize g.(xy) as quantifying the natural tendency that
K has to saturate when permitted to evolve from an initial
condition x; with no forcing term (i.e. e = 0). The function
ge will be used to look-ahead, detect (or anticipate) control
saturation, and prevent control saturation.

Algorithm 3.1: (Construction of )\.)
1) If =z lies within S, (e ge(zr) < 1),
choose the maximum A, € [0,1] such that
sup,, [|Cr(p)zr + Ae Dr(p)ell o < 1, where
vl =maxi—12, . [vil and v =[v; ... v, ]T.
2) If xy lies on the boundary of S, (i.e. g.(zx) = 1),
maximize A, € [0,1] such that
lim sup e + 0[Ar(p)zr + Br(p)Ace]) — ge(w)

e—=0T 0<d<e 1

<0 (0

3) If xy lies outside S, (i.e. go(xx) > 1), choose A, €
[0, 1] such that the expression in

ge(zk + 0[Ar(p)zk + Br(p)Ace]) — ge(zk)

lim sup @)
e—0t 0<s<e 0
is minimized.

Implementation of the algorithm requires online calculation
of g. to determine where the compensator state xj lies
with respect to the boundary of S.. Algorithm 3.1 provides
the following closed loop performance guarantees for stable
plants.
Theorem 3.1: (Closed Loop Properties)
Suppose that \. in Figure 3 is constructed in accordance
with Algorithm 3.1 and that P is £ finite-gain stable. Let
xo = x(0) denote the state of the compensator at ¢ = 0.
Given this, each of the following holds.

1) If g lies within S, then ||u|| ;o <1 for all e.

2) If xq does not lie within S, then ||u[ ;e < ge(o) for

all e.
3) The closed loop system in Figure 3 will be £ finite-

gain stable. More specifically, there exists constants
kry, kry > 0 such that

[Yllcoe < Fry lIrlloe and lull poo < Eru 7]l (8)
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for all r € L.

Proof: A proof of this can be found in [26].

On-Line Computation. The following is a discretized ver-
sion of Algorithm 3.1.

Algorithm 3.2: (EG - Discrete-Time Algorithm)

Suppose [A1(p), Bu(p), Ci(p), Di(p)], p € P denotes a
discrete-time approximation for K. Let x,, denote the state
of the compensator at discrete-time n7 where T > 0
is the sampling time. Let e, denote the error signal at
time nT. Also, suppose that g. is an approximation to
ge. The following discrete-time algorithm is proposed for
constructing A,, at each n.

1) If ge(x,) < 1, then choose the maximum A, € [0,1]
such that sup,, |Cr(p)xn + AnDi(p)enl| o, < 1, where

vl = maxi—12 ., |v;l and v =T[v1 ... v, ]7.
2) If ge(xp) = 1, then choose the maximum A, € [0,1]
such that
§(Ar(p)zn + Br(p)Antn) = Je(an) < 0 ©)
3) If g(z,) > 1, choose A, € [0, 1] such that
Ge(Ar(p)zn + Br(p)Antun) — ge(an) (10)
is minimized. [ |

EG for Unstable Plants. The EG algorithm can be adapted
for unstable plants. Toward this goal, it is important to note
that if A\ is chosen in accordance with Algorithm 3.1, then
Ae may be reduced to zero and may even remain zero over
some time interval. This can be done without compromising
closed loop stability only when the plant P is stable (and
K is at least stable). When the plant P is unstable, the EG
gain ). in the feedback loop in Figure 3 cannot be reduced
arbitrarily to zero - it must remain greater than some A
in order to ensure stability. To find A
the Multi-Loop Circle Criterion [8].

€min

> (0, one can use

€min

IV. APPLICATION OF EG TO MISSILE AUTOPILOT
In this section, we show how our error governor (EG) ideas
may be applied to nonlinear systems. We specifically show
how the EG may be applied to a quasi-LPV (nonlinear)
autopilot example.

Example 4.1: (Application of EG to Missile Autopilot)
In this example, we consider the following quasi-LPV (non-
linear) missile model [7], [24]:

ip = Alp)xp + B(p)up  yp = C(p)z + D(p)uy  (11)
where =, = [a ¢]", yp =[n ¢]",
Alp) = Kapalanpi +bn |pr| + en(2 = B)]cos(p1) 1
Kqpzlampt + bm |p1] + cm (=7 + 52)] 0
B(p) Hapu oot ) (12)

Unstable Autopilot Missile Area

Mach Number, M
[

-5 ) 5
Angle-of-Attack, o (seg)

Fig. 4. Quasi-LPV Missile - Frozen Parameter (o, M) Instability

K. p¢la,p? + b, +en(2-2] 0
Cy = [ Kerblanst +a ol +enz= ) 0]

K.p3d,
D(p) = o

(13)
and « denotes Angle of attack (deg), ¢ pitch angle (deg/s), M
mach number, u = §, commanded tail deflection angle (deg),
u, = 6 actual tail deflection angle (deg), » = 1. commanded

normal acceleration (g), and 7 actual normal acceleration (g).
Parameter Set for Quasi-LPV Missile Model. Two
scheduling variables are used within the model:

pL=« p2 =M. (14)
Since p; = « is an internal state variable, the model is
nonlinear - hence the missile is a quasi-LPV system. (It
should be noted that the model treats Mach number M as an
external variable.) It is assumed that these parameters belong

to the following two-dimensional compact set

P L1 p1, p2) = [~20.0,20.0] x [2.0,4.0] }

(15)
Missile Frozen Parameter Instability. Relevant data
for our quasi-LPV (nonlinear) missile model is given in
[71, [24], [26]. The missile’s frozen parameter poles were
computed throughout the parameter space. Figure 4 shows
that the missile is frozen parameter unstable over the dark
triangular (o, M) region in the figure.

Nominal Closed Loop Design Specifications. Nominal
closed loop design specifications are as follows:

e Stability Robustness. Maintain robust stability for
—20°<pr=a<20° and 2<p, =M <4. (16)

o Step Reference Acceleration Command Following. Track
step reference acceleration commands in r = 7, with
time constant 7 < 0.35sec, maximum overshoot < 10%),
and steady state error < 0.01

o Tail Deflection Rate. Maximum tail deflection rate for
1g step reference acceleration command in r = 7,
should not exceed 25 deg/sec.

Design Process: Gridding of Parameter Space. Because
the model exhibits p; = a symmetry, the parameter space
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was gridded as follows for design purposes (p1 = «, p2 =

M) [7], [24]:

75 déf {(pla PQ) 1p1 € {Oa 47 87 127 147 20}7
p2 € {2.0,2.4,2.8,3.2,3.6,4.0} } 17)
A solution pair (X,Y") can be found to the control and filter
LMIs associated with the above points [24]. The associated
minimum induced-£2 norm performance was found to be
v = 3.13. The computed (X,Y") pair was shown to work
for a 40 x 40 grid of P.
Mach Number. For simulation purposes, we considered the
following variation for the external mach number signal:
M(t) = 2.4+ 0.6~ 0%, (18)
Nominal System Response. An LPV controller was
designed using appropriately selected frequency dependent
weighting functions and linear matrix inequality (LMI)
methods [5], [6], [24] at the above grid points. Nominal
closed loop time responses are provided in Figures 5. The
figures suggest that the nominal LPV control system design
has desirable closed loop properties.

Saturated (Unregulated) Response. When saturations are
inserted within the feedback loop (satlevel = 12°), one
obtains the saturated or unregulated responses shown in
Figures 6. As expected, the controls saturate and wind-up
for sufficiently large reference commands r > 11.14.

Regulated Response with EG. The EG was applied to
the above quasi-LPV closed loop missile-autopilot system
for the purpose of control limiting. Nominal closed loop
time responses with the EG are provided in Figures 7.
The figures suggest that the nominal LPV control system
design has desirable closed loop properties. In fact, the
saturation prevention has worked up to a reference command
r < 11.19.

V. SUMMARY AND FUTURE DIRECTIONS

In this paper, methods were presented for limiting control
or any other signals within a MIMO feedback control
system. The methods are based on so-called error governor
(EG) method for both linear time-variant (LTI) and linear
parameter varying (LPV) systems. Look-ahead functions
and on-line optimization are used to appropriately “scale
back” signals of interest within the feedback loop. The
methods presented satisfy nominal closed loop performance
properties. Each method was applied to a quasi-LPV
missile model and autopilot. A reference governor (RG)
system has also been developed to scale-back the rate of
reference commands entering the feedback loop. Future
work will address computational issues, accommodating
other exogenous signals, issues associated with time
variations in p.

Command Following for Nominal Pitch—axis Mlssile Autopilots
T T T T T T T

Actual Normal Acceleration, 1 (g)

r=11.5

r=11.14,11.19
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I I I I I I I I I
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