
Abstract—A direct-adaptive controller is proposed for 
multi-input plants with input magnitude saturation. It is proved 
that for a bounded region of initial states and parameter errors, 
bounded trajectories are ensured for an unstable plant. For 
open-loop stable plants, global stability is guaranteed regardless 
of initial conditions. The proposed controller is demonstrated in 
numerical simulation with an unstable second order, two input 
plant.

I. INTRODUCTION

ONTROL of systems with constrained inputs is a 
theoretically challenging problem and one of immense 

practical importance. Actuators subject to saturation and 
bandwidth constraints are ubiquitous in control applications. 
Actuator constraints can degrade system performance and 
potentially lead to instability if they are not accounted for in 
control system design. In particular, adaptive control 
techniques are especially susceptible to destabilization from 
saturating actuators since saturation errors can lead to 
parameter estimation errors, in turn leading to instability.  

In [1]-[6], adaptive control approaches for plants in the 
presence of saturation have been developed. In [1],  Karason 
and Annaswamy introduce a saturation compensation method 
for direct-adaptive control, and show that for a single input 
plant with output feedback, bounded trajectories can be 
guaranteed for a range of initial conditions regardless of the 
stability properties of the open-loop plant. Reference [2] 
presents a modification of [1] that allows for stable adaptation 
without hard actuator saturation. In [3], a viable control 
strategy is proposed without formal proof of stability or 
boundedness. In [4], the authors review the current state of 
the art of adaptive control with input constraints. They note 
that most current algorithms are applicable to 
indirect-adaptive control, and many rest on the assumption 
that the plant is open-loop stable. No multi-input saturation 
compensation strategies are mentioned. An indirect adaptive 
control strategy is developed in [5] for open-loop stable 
plants with possible zeros in the RHP. In [6], current 
saturation compensation methods are used for the problem of 
reconfigurable flight control. 

All of these papers have focused primarily on single input, 
single output (SISO) systems. To the authors’ knowledge, 
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there currently exist no formal attempts to demonstrate 
stability or boundedness for multi-input, multi-output 
(MIMO), direct-adaptive systems subject to saturation 
constraints. In fact, it can be argued that susceptibility to 
saturation errors is a major factor inhibiting the 
implementation of direct-adaptive control in a wide range of 
MIMO applications. 

In this paper, we develop an extension of the result in [1] to 
multivariable plants. The technique proposed in [1] consists 
of modifying the error signal used for training adaptive gains 
so as to remove the effects of saturation from the error, and is 
often given the name Training Signal Hedging (TSH) as in 
[2,10]. The proof methodology for the multi-input case is 
similar to the single input case, though there are features that 
require significant modification. As in [1], we provide a 
region of initial conditions for which bounded trajectories are 
guaranteed for a multi-input adaptive system with 
magnitude-constrained inputs. This region is shown to extend 
to the entire state space if the plant is open-loop stable.

This paper is organized as follows: In section II we pose 
the multi-input problem, state the stability result in a theorem, 
and provide a proof. Section III contains simulation results, 
and a summary is presented in section IV. 

II. FORMULATION FOR A MULTI-INPUT PLANT

Consider a plant model of the form
fBuEBxAx pspp )( ,    (1) 

where nx  is the fully measurable state vector, mu  is 
the input vector. Also, nn

pA  is unknown, mn
pB  is 

known, mm  is unknown and diagonal with positive 
entries, and mf is unknown. The requirement that Bp is 
known with  diagonal and unknown can be replaced by a 
completely unknown Bp, but the complication of the resulting 
adaptive controller obscures the main stability result. The 
function Es(.) is an elliptical multi-dimensional saturation 
function defined by  
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where g(u) is given by 
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u
u

ê  denotes the unit vector in the direction of u, umax i is 

the saturation limit of the ith actuator, and u  is given by 
)(ˆ ugeu .                          (3) 

The vector norm ||.|| is the Euclidean norm.  The actuators 
saturate symmetrically in this formulation, though 
asymmetric saturation limits can be treated straightforwardly 
with the same approach. Two aspects of this saturation 
function should be noted. First, the function g(u) returns the 
magnitude of the projection of u onto the boundary of the 
m-dimensional ellipsoid defined by )(ugu , and hence 
Es(.) is denoted as an elliptical saturation function. Second, 
from (3) it is clear that the output of Es(.) is direction 
preserving (see Figure 1).  

The elliptical saturation function was used in this formulation 
for analytical expediency. A more realistic rectangular 
saturation function will be discussed later.  

A reference model whose state represents the desired state 
of the plant is chosen as 

rBxAx mmmm ,      (4) 
where n

mx , and lr  is a bounded reference input 
vector so that 

maxrr . Note that r and u are not necessarily 
of the same dimension, therefore this architecture can be used 
for adaptive control allocation, as described in [9]. We also 
require that nn

mA  is Hurwitz, which is a standard 
requirement in adaptive control. The goal is to choose u so 
that e = x - xm is as small as possible, and all signals in the 
closed-loop system remain bounded. 

A standard feedback/feedforward control structure is 
chosen as 

frx krKxKu .       (5) 
We assume that there exist ideal gain matrices nm

xK *

and lm
rK * , and an ideal constant vector m

fk *  that 
result in perfect model following, so that 

mxpp AKBA * ,

mrp BKB * , and 0)( * fkB fp . Define the parameter 
errors to be 

*~
xxx KKK , *~

rrr KKK , and *~
fff kkk .  (6) 

Then subtracting (4) from (1) and substituting with (5) and 

(6), the closed-loop error dynamics can be written  

)~~~( ukrKxKBeAe frxpm ,   (7) 

where u = u – Es(u) represents the control deficiency signal, 
as in [1]. To eliminate the adverse effects of the disturbance 

u, we generate a signal e  as
udiagBeAe pm )ˆ( ,

where mˆ  is a vector, the terms of which are the 
estimates of the diagonal terms of the unknown matrix . The 
effects due to saturation can be removed from the error in (7) 
by defining the augmented error as eu = e – e , which can be 
written 

,~)()~~~( udiagBkrKxKBeAe pfrxpumu
  (8) 

where )ˆ()~( diagdiag , and exploiting the fact that 
~)()~( udiagudiag .

Since (8) is in a standard form relevant to several adaptive 
systems, we choose the adaptive laws for adjusting the 
parameters Kx , Kr , fk , and ˆ  as 

T
u

T
pxx xPeBK , T

u
T
prr rPeBK ,

u
T
pff PeBk , and 

u
T
p PeBudiag )(ˆ ,  (9) 

where QPAPA m
T
m

, and Q, x, r, f, and  are  
positive definite. Define a Lyapunov function candidate V as 
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kkKKTr
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Since all  and  are positive definite, V is positive definite in 
fKKe rxu

~,~,~,  and ~ . Taking the time derivative along the 
system trajectories leads to 0u

T
u QeeV , which implies 

that the signals 
frxu kKKe

~,~,~,  and ~  are bounded. Define 
Kmax so that 

frx kKKK
~sup,~sup,~supmaxmax .

For efficiency of notation we define the following: 
)(minmin Qeigq ,
)(minmin Peigp ,
)(maxmax Peigp ,

min

max

p
p ,

ii
uu maxmin min ,

ii
uu maxmax max ,

pB PBP ,

))(),(),(),(max(max eigeigeigeig frx ,

))(min(min eig ,
All vector norms are Euclidean norms and the matrix norm PB

is the induced matrix norm, which has the property 
xPxPB Bp . Also, define 

u

Es(u)

u2

u1umax 1

umax 2

u

Es(u)

u2

u1umax 1

umax 2

Fig. 1.  A schematic of the elliptical saturation function Es(.) for m = 2 is 
shown in this figure. Notice that it is direction preserving. 
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minmax

0
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maxmax
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2)1(33

223

xBB

xBfr

KPqr
a

P

KPqkurK
a

q
K

. (15) 

Assumption A1. minu is such that a0 > 0 . 

Assumption A1 implies that there is a constraint on the size of 
the unknown disturbance f  given by 

)(2 max
*

maxmin

KK

Ku
f

x

.

Theorem 1.  Under  assumption A1, for the system in (1) with 
the controller in (5) and the adaptive laws in (9), x(t) has 
bounded trajectories for all t  t0 if

i.
1)( max0 xtx , and 

ii.
max

min
max0 )( KtV .

Further,

max)( xtx 0tt ,

and the output error e is of the order 

)(sup uOe
t

.

Proof. We shall choose a positive definite function, W(x), as
PxxW T         (16) 

and define a level set, B, of W as 
2
maxmin)(|: xpxWxB ,    (17) 

where xmax is as defined in (14). Now define the annulus 
region A as 

maxmin|: xxxxA ,    (18) 
where xmin is defined in (13). The proof proceeds in 2 steps. In 
step 1 we show that condition (ii) from theorem 1 implies that 

AB . In step 2 we show that 0W Ax . Condition (i)
from theorem 1 implies that  

)())(( 0 BWtxW .
Therefore the results of step 1, and step 2, imply that  

))(())(( 0txWtxW 0tt .

Theorem 1 follows directly. 

Step 1:
In this step we show that AB . First, from condition (ii)
from theorem 1 it follows that maxmax KK . Substituting the 
expression for 

maxK , leads to 

*
min

0

maxmin

*
maxmax

*
maxmax

23

23)1(3

xBB

fr

KPq

a
KPq

kurKrK .

(19)
The inequality in (19) with the definitions of xmin and xmax

from (13) and (14) respectively, directly implies  

maxmin xx .      (20) 
From (16), W(x) can be bounded from below by 

xWxp
2

min , which implies from (17) that 

maxxx Bx .
Likewise, from (16), W(x) can be bounded from above by 

2
max xpxW , which implies from (20) and (17) that 

xxx maxmin
1

Bx .

From the definition of A in (18) we conclude therefore that 
AB .

Step 2:
We now show that 0W Ax .

Case A: 0u
From (1), (2), and (6), we get 

)~~( frxpm krKxKBxAx ,
which leads to 

.)~~(2

)~2(
* xkrKrKPB

xKPBQxW

frrp

xp
T

Bounding quantities on the right hand side using previous 
definitions gives 

.2

)1(2)2(

max
*

maxmax
2

minmax

xrKP

xrKPxqKPW

rB

BB

From condition (ii) of theorem 1 and from the definition of 
Kmax it follows that 

BP
q

KK
3

min
maxmax

.        (21) 

Therefore

0W  if 
maxmin

max
*

maxmax

2
2)1(2

KPq

rKPrKP
x

B

rBB
.

The choice of xmin in (13) implies that 

maxmin

max
*

maxmax
min 2

2)1(2
KPq

rKPrKP
x

B

rBB
.
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Hence,
0W     Ax  in case A.  (22) 

Case B: 0u
Equations (1), (2), (5), and (6) give 

fBuBxKBxAx ppxpm
* .   (23) 

Take the time derivative of (16) along the trajectories of (23) 
to get 

).(2

2 *

fuPBx

xKPBxQxxW

p
T

xp
TT

   (24) 

Sub-case (i): xuuPBx p
T

min2
Using (24) and the condition for sub-case (i), and previously 
defined upper bounds, we can bound W  by 

.2

2

min

min
*2

uxfPx

qKPxW

B

xB

This implies that if 

*
min

0

2 xB

B

KPq

aP
x  then 0W .    (25) 

From the definition of xmax in (14), we have therefore that 
0W Ax  in case B, sub-case (i).  (26) 

Sub-case (ii): xuuPBx p
T

min2
From (3), the condition for sub-case (ii) implies that  

02 minuxu
u
u

PBx p
T .

Substituting for u from (5), and for Kx from (6) gives  

.2
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xKPBx

u

u
uxkrKxKPBx

xp
T

frxp
T

Then adding terms to create W  on the right hand side gives 
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p
T

p
T

frxp
TT

Simplifying with (6), 

,2

~~2

min WuPBx
u

u
ux

krKxKPBxQxx

p
T

frxp
TT

and using (15) and previous definitions to bound unknown 
quantities

.2

2

max

maxmax
*

maxmaxmax
2

min

WuPxux

KrKrKxKPxxq

B

rB

  (27) 
We note from (5) that 

max
*

maxmax
*

max
* KkrKKxKKu xrx

,

(28)
and from (11) that 

BP0 .         (29) 
Using (28) and (29) in (27) gives 

.2

3)1(33
*

max

max
*

maxmaxminmax
2

WkPuPx

rKPrKPxqKPx

fBB

rBBB

(30)
Then, from (21) and (30) we know that 

maxmin

*
maxmax

*
maxmax

3

23)1(3

KPq

kPuPrKPrKP
x

B

fBBrBB

implies that 0W . From the definition of xmin in (13), we 
have that 

0W Ax  in case B, sub-case (ii).  (31) 
From (22), (26), and (31) it follows that  

0W    Ax .     

Remark 1.  In the case of magnitude saturation, global
stability is impossible for an unstable plant. Initial conditions 
can always be found to cause the plant state to become 
unbounded regardless of the controller. Thus any stability 
result for unstable plants must be local in nature, as the one 
presented in Theorem 1.

Remark 2.  In the case of an open loop stable plant, bounded 
trajectories are guaranteed for all initial conditions. If Ap is 
stable, (1) is BIBO stable, and (2) implies that Es(u) is 
bounded, therefore x is bounded.

Remark 3.  Determining u in (2) can be computationally 
burdensome, especially for m > 2. A simpler and more 
intuitively compelling saturation function is given by Rs(u),
where the elements of Rs are defined by the ordinary 
saturation function

iiii

iii
iis uuifuu

uuifu
usatR

maxmax

max

)sgn(
)( ,  (32) 

for mi ,...,1 .
This saturation function can be expressed as the sum of a 
direction preserving component and an error component, so 
that

)(~
)(

uhuifuu
uhuifu

R
d

s ,

where
)(ˆ uheud .

As before, ê is the unit vector in the direction of u, and h(u)
returns the magnitude of the projection of u onto the 
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hyper-rectangle defined by the saturation limits umax i, where i
= 1, …, m. In this formulation, ud is in the same direction as u
and u~  is an error vector. Figure 2 illustrates the nature of Rs(.)
for the case when m = 2. 

It can be shown that u~  is a bounded vector, whose bound 
depends upon the bound of the state xmax. This in turn causes 
the extension of the above proof to the case of rectangular 
saturation to become more complex, and is beyond the scope 
of this paper. However, this case is explored in the simulation 
results in the next section, which show that for a rectangular 
saturation function, bounded trajectories can be achieved for 
a larger set of initial conditions than for the elliptical 
saturation function. 

III. SIMULATIONS

Numerical simulations were carried out to demonstrate the 
usefulness of the proposed saturation compensation 
technique. An unstable, second order, two input plant in the 
form of (1) whose dynamics are given by 

10
11

pA ,
10
01

pB ,
10
01 , and 

0
0

f

 (33) 
was chosen for simulation. The reference model was selected 
in the form of (4) with dynamics given by 

20
11

mA ,
10
01

mB .

The input, u, to the plant in (33) was constrained according to 
the rectangular saturation function Rs(u) given in (32) where 

5.22max1max uu .
All initial conditions were set to zero except for the initial 
value for )(ˆ t , which was set to

T11)0(ˆ .
A constant input r was given to the reference model at t = 0 
where

Tr 11 .
As stated previously, the task is for all signals in the adaptive 
system to remain bounded while the error, e, remains as small 
as possible.

Simulation results are shown in Figs. 3-5. Figure 3 shows 
the L2 norm of the tracking error for the adaptive system with 
and without multi-input TSH. It can be clearly seen that with 
TSH the tracking error converges to zero asymptotically, 
whereas without TSH the tracking error becomes unbounded. 

The control input activity for the adaptive system with and 
without TSH is shown in Figs. 4 and 5. With TSH (Fig. 4), the 
controls saturate, but remain well behaved. After t = 10s the 
control signals remain within the saturation limits. Without 
TSH (Fig. 5), both input signals saturate and diverge. 

uu2

u1

du

u~

1maxu

2maxu

)(usR

uu2

u1

du

u~

1maxu

2maxu

)(usR

Fig. 2.  A schematic of the rectangular saturation function for m = 2 is 
shown above. Notice that it is not necessarily direction preserving, that is, 

0~u  in general. 

Fig. 5.  The control input activity is shown in this figure for the adaptive 
system without multi-input TSH. Both input signals saturate severely and  
become unbounded.  

Fig. 3.  The L2 norm of the tracking error is shown in this figure for the 
adaptive system with and without muli-input TSH. With TSH the error 
converges asymptotically to zero. Without TSH the error becomes 
unbounded. 

Fig. 4.  The control input activity is shown in this figure for the adaptive 
system with multi-input TSH. Saturation occurs initially for both inputs, 
however the control signals remain well behaved. After t = 10s the control 
signal remains within the saturation limits.  
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As discussed in Remark 3, it is interesting to see in 
simulation the difference between the more realistic 
rectangular saturation function, Rs(u), and the more 
analytically attractive elliptical saturation function, Es(u). The 
same simulation scenario described above was performed 
with the two saturation functions. Figure 6 shows that for the 
system with Rs the error converges to zero asymptotically, 
whereas with Es the error becomes unbounded, giving 
evidence that Es leads to a smaller region of initial conditions 
for which bounded trajectories are obtained. 

Figures 7 and 8 show phase trajectories of the input signals 
for Rs and Es, respectively. Partial outlines of the saturation 
boundaries can be seen in both cases. The input signal for the 
rectangular function saturates intermittently, but settles 
within the saturation limits. The input signal with the 
elliptical function saturates and becomes unbounded, again 
giving evidence that Es leads to a smaller region of initial 
conditions for which bounded trajectories are obtained. 

IV. SUMMARY

In this paper, we have developed an extension of the 
approach used in [1] to multivariable plants with 
magnitude-constrained inputs. It is shown that for initial 
conditions of the system state and the adaptive control 
parameters that lie inside a bounded region, bounded 
trajectories are guaranteed.  This region is shown to extend to 
the entire state space if the plant is open-loop stable. 
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