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Generation of autonomous oscillations via output feedback

F. Gomez-Estern, J. Aracil, F. Gordillo and A. Barreiro

Abstract—1In this paper, a newly developed method for
generating oscillations in arbitrary order nonlinear systems,
is redefined as an output feedback controller. In a recent
publication, the state feedback orbitally stabilizing controller
has been enhanced to provide strict Lyapunov functions for the
oscillating behavior. This property is exploited here in order
to prove global asymptotic stability of the output feedback
controller in systems up to degree four, and global asymptotic
stability with limited initial estimation error in higher-order
systems. The output feedback controller is then applied to a
fourth-order cascade LC network, while the result may be
extrapolated to similar circuits with arbitrary number of LC
blocks, which may be regarded as discrete approximations of
transmission lines.

I. INTRODUCTION

The stabilization of oscillations is a classical control
problem widely considered in the literature [6], [11], [10].
More recent works [5], [12], [4] address the problem using
different methodologies. This work stems from a control
design presented in [1], [9], [7], [2], for stabilizing, via
state feedback, a class of cascaded nonlinear systems of
arbitrary order. In a subsequent work, [3], the domains of
attraction (DOA) for this scheme with saturated control
were studied. A recent result [8] addresses the robustness
problem by providing strict Lyapunov functions for these
orbital stabilizing control laws, based on a partition of the
state space and solving the Lyapunov equation on each part.

In this work we further benefit from the new strict
Lyapunov functions and prove global asymptotic stability
(GAS) of the output feedback controller computed with a
Luenberger—based estimate of the state. This is a nontrivial
result because the original state feedback is highly nonlinear.
The GAS result in output feedback extends up to fourth
degree systems, while for higher—order we must assume
limited initial estimation errors. The closed—loop system
obtained is again robustly stable at a desired limit cycle, with
strict Lyapunov function. The result is applied to a class of
LC cascaded networks, and checked by simulation.

II. TARGET DYNAMICS

In this section we define a simple two-dimensional system
i = f(z), © = [v1,72)", that presents an attractive limit
cycle. This system will be used as the target dynamics in
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a subspace of dimension 2 of the controlled system in sub-
sequent sections. Given a pair of positive design parameters
we € R and p € R, we will define the target set as the
ellipse where the function

A
F(.’El,ZCQ) =

wfm% + :r% -

is equal to zero. Now consider the Lyapunov function candi-
date' Vp,, = $T"%. Obviously, the minima of Vj,, are reached
for I' = 0, as depicted in Fig. 1 One way to get a dynamical

Fig. 1. Minimal set of Vpy,: the closed curve I'(z1,22) = 0.

system with Vj,, as a Lyapunov function (for which the limit
sets are expected to be limit cycles) is to define the system

1 = X2, iy = —wizy — kosign(T)z, (D

with kg a tuning parameter. Along its trajectories, we have

Von = —ko|T|z2 < 0.

Remark 1: For p > 0, the change of variables z, 2

A . .
wery /I and zy = x2/\/1u and the time scaling T = w.t,
transforms (1) into the canonical form

2 = 29 2 = —21 —kol'zy )

where ]~€() = kop/we, I = z% + z% — 1 and the (’) derivatives
are expressed with respect to 1. This corresponds to an
oscillation of unitary period and amplitude that will be used
for simplicity in subsequent sections.

IIT. STRICT LYAPUNOV FUNCTIONS FOR ROBUST
STABILIZATION OF OSCILLATIONS

In the previous system, the time derivative of Vj,, is only
negative semi—definite. Hence many of the tools related to
strict Lyapunov functions in closed—loop analysis are not
available in our framework.

I'The subscript ‘n’ stands for ‘nominal’.
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A. A strict Lyapunov for second—order systems

In [8], instead of Vj,, a strict Lyapunov function suitable
robustness analysis is searched for. Via a partition of the state
space into two regions determined the sign of the function
I'(z1,22), solving the Lyapunov equation on each part
and merging the results, the following alternative Lyapunov
function is proposed?

TRt z—A 2.
(@ RBT2—Amaz)” if T Rty > Amaz

A — 4
Vor = (z"R m4—)\7—n,7ﬂn)2 ifz TRz < Aomin 3)
0 otherwise
1 4 ke _1
R‘z[ kO_—ZQ f}>0, (@)
2 ko
1 4 ko 1
R+:[’foi2 i}>0 Q)
2 ko

and A\jnin, Amaz are the minimum and maximum eigenvalues
of both (similar) matrices. Let us also define, for later use,

n= [xl,xg]T and
Lk s
R=1| darm) 1 > 0. ©)
2 ko

The Lyapunov Vj, function has, along the trajectories of
system (1), the time derivative Vo, = —v/Vp,||n||%, which
is strictly negative in the whole state space except the ring—
shaped region enclosing the target oscillation where V{,, = 0.
This set, denoted as S in the following, is illustrated in Fig.
2, as the flat area between the ellipses A and B. The ellipse
equations are

A 2Rtz = Mpa
B : 'R 2= Mnin (7)

Needless to say, the prescribed behavior can be generated
by state feedback in any second—order system of relative
degree two (for which the structure (1) is reachable, taking
21 as the output). Two more significant facts are: (¢) the
strict Lyapunov function V- permits to take into account
external disturbances, (see Section V); and (i), the proposed
second—order dynamics should be viewed as a subspace of
some desired arbitrary order oscillating system.

B. Higher—order systems

Indeed, consider a nonlinear n-th order cascaded system
of the form

Itl = I

= fi(wy,w2) + g1(w1, 22)hi(23)

T3 = fg(.’L’l .’173) +gg(l‘1...l’3)h2($€4) ()
Ty, = U

2The subscript ‘r” stands for ‘robust’.

with® A%(-),g:(-) #0, i =1...n — 2 on the whole domain
of interest. Then, defining the Lyapunov functions

A 1< 9 .
Vo =Von+Vor, Vi=VotgD 2, i=1..n=2 (9

j=1
where
A
z1 = hl(l‘g,) — hl(uo)
A
z9 = hg (334) — h2 (ul)
Zn—2 - hn72(xn) - hn72(un71)

and based on the iterative application of the backstepping
method [1], [2], there is a set of recursively defined control
laws of the form

2k,
—a1 — Zarctan(oT) 2,
m

ug =
w = hl (uz — firr(21. --$i+2)) (10)
97',—&-1(551 e ZEH_Q)
where c >0€ IR, i=1...n—2, k; > 0, and
1 Vi1
iy = o |Pi(ui1)tio1 — ——gi — kizi
i h(wit2) [ (i) Oz’ 4
. Ou; T . . T
Us; = _— r1...275 3
(8(131 .. .ZEH_Q)) [ ! +2]

such that the Lyapunov function

1
V:VOn+V0r+_ZTZ

2
with z = [21,29...2,_2]", along the trajectories of (8) in
closed loop with u = u,,_», has time derivative
V = —ko[T|z5 — /Vorlnll®> — k12t — -+ = kn_22} 5

that is, we obtain again a strict Lyapunov function in the
n-dimensional space .

Remark 2: In ug, we have replaced the sign(-) function
of (1) with arctan(oT"), with o > 0 for differentiability, not
affecting the nominal stability. The strict Lyapunov function
claim is, however, slightly modified, as in a neighborhood of
I' =0, we have

_ (]9 o
Vor = Vo ([ 1 _%arctan(ar)kO]R

K (oD | )12 ~VTolnl?

t+ R { 1 —%arctan

and the strictly negative term in the derivative becomes less
negative the closer we move to I' = 0; the closed—loop
dynamics being less ‘robust’ in some sense, in that region.
Conversely, far away from I" = 0 the arctan(-) is practically
equal to sign(-) and the last expression becomes an equality.
More detailed analysis of the issue analysis has been spared
for lack of space.

31/ () denotes the total derivative of the function with respect to its single
argument evaluated at the actual state.
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Fig. 2. Function Vp,-. The transition band S is limited by the ellipses A and B. C depicts the desired orbit I" = 0.

IV. GENERATION OF OSCILLATIONS VIA OUTPUT
FEEDBACK

The previous result is a full state feedback for generating
oscillations in arbitrary order nonlinear systems. In practical
applications of large dimension it is desirable if not abso-
lutely necessary to avoid direct measures of a large part of
the states and substitute them by an observer estimation. In
this section we will address the output feedback problem for
arbitrary order systems in Brunovski canonical form,

9'31 = i)
Ta = a3
T3 = @4
(11)
J.Cn = 0,

we will assume that this structure has been achieved via
partial linearization (as in our final example), but we will
not consider the effect of computing the partially linearizing
state feedback leading to (11) with an estimate of the state.

Considering the oscillating pair of variables 1 = [z, 2] "
as the output of the system, we propose a Luenberger state

observer of the form
&= Aé + Bu+ L(CZ —n) (12)

where A and B are the matrices of the Brunovski form (11),
ie.

0 1 0 0 0

0 0 1 0 0
A= | g B=| -

0 0 0 1 0

L0 0 0 0 1

(1.0 0 0
©=1lo1o 0

and L is designed such that (A + LC) is Hurwitz (obviously
the system is observable), possibly taking into account noise
considerations. The exponentially stable error dynamics (e =
% — x) is then given by

é=(A+ LC)e.

For later use we will choose a matrix () € IR* > 0 and define
P € IR* as the positive definite solution of the Lyapunov
equation

(A+LC)"P+ P(A+ LC) = —Q. (13)

Our aim is to analyze the stability of system (11) when the
orbitally stabilizing state feedback wu,,_o(z) is computed with
estimates of the state, w,,_o(&). This will be done in several
steps, one for each of the recursive control laws ug, w1, U2
in the backstepping procedure described in Section III-B.

First, note that ug = wg(x1,22) only depends on the
output and hence it is not affected by state estimation errors,
ie. ug(2) = up(x).

1) Output feedback in the third order subsystem: First
choose @ in (13) such that [Q]33) > ki/4 2 q. Now
observe that u;, computed for system (11), takes the form,

uy = 1.1,0———_ _kl(xB_UO)
T2 T2
= ’ll()—F.’I?Q — \/VOT[R.T]Q —kl(ﬂﬁg—UO).

Analyzing the functional dependencies, it is clear that u; is
Lipschitz on x3 uniformly on (z1,x2), i.e.

uy (21,2, T3) — ui (w1, v2, 23) < k1|&3 — w3/,
Hence, along the trajectories of the third order system
i‘l = X2
1"2 = I3
(14)

3 = wi(x1,x9,I3)

the Lyapunov function

I? 22
‘/le:Z""Vbr"'_?l_"peQ

with e = #3 — x3 and p = [P](3,3) has time derivative
—[Tlz3 — V/Vorllnl® — k127

- (@) - we) - o

Vle =

< —Plzf = VVorllnll® = k12t = z1ikre — ge?
e\ 2
< a3 = VVorlnll? — k(21 - 5) " <0
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Hence the system asymptotically converges to the largest
invariant set where Vi, = 0, i.e.

{Tza=0NVy,, =0N 21 = ea},

and as the error asymptotically uniformly converges to zero,
this set is such that z; = 0, and according to the proof
provided in [8], this set is such that I' = 0. The convergence
of the output feedback controller to the robust set where
Vor = 0 is obtained, again, with strict Lyapunov function.
2) Output feedback in the fourth—order system: When it
comes to apply the feedback wus(z) with estimated state to
the whole system (11) we encounter a major difficulty, the
control law is complex and no longer Lipschitz. The orbitally

stabilizing feedback in this case is
ka(rg — u1)

U2 = U] — T3 — Uy —

and the error in the controller becomes, after some straight-
forward calculations,

UQ(.i') — UQ(.’E) = ﬂl (.’f?) — 1l1 (l’) —e3 — k‘2€4 — k163

where e3 = 23 — x3 and e4 = T4 — x4. While the last three
terms of uy are obviously Lipschitz on (x3,x4) the first two
are slightly more complex

i (3) — i (z) = % Tas = /Yo, Rx]g} es
= (225 +T + [Rx]3 Vor[R
< aifnlles|

where we have defined the constant
ALK +4 Apas(R)
7T TR ko

With this upper bounds, we are able to analyze the trajecto-
ries of system (11) in closed—loop with us (). The Lyapunov
function

2 2

r
Voe = — + Vo + 2 +

.
P
1 22+e€

with e = [0 0 e3 e4] " has, along the trajectories the closed—
loop system, the time derivative

Vae = —|Ufa3 = V/Vorla|® — k12 — 21 (ua(2) — ua(x))
—e' Qe
—|Pfa3 — VVorllz)|? — ki2f — kaz)

—[z2|(1 4 k1 + o1 (1, 22)[1%)|es] + kales| — e Qe

=[Pl — v/ Vorll=]|*

— 2|1+ k1 + kolle] — e Qe.

k;lz% — kgzg — \22|01Hx||26

Defining the following sets in IR?*, the definition parame-
terized by the constant §; = o%eq/(ko) with eg > 0 some
constant of our choice,

I : {(z1, 22,21, 22) € R : Vg, (21, 20) > 61}
I, : R* —1I;

we have that, in II;

Vae < = [lel? I22! llel] D [Jlzll? [22] flell]
o [ oteolks el 0
DE| gl kM
0 ++k2 >\m17z(Q)

and with the appropriate choice of @) such that

(14 k1 + k2)?

)\min (Q) > 4]€2

The matrix D is positive definite for all |le(t)|| < eq, but,
as the error dynamics is exponentially stable, whatever the
choice of eg, this will hold from some time t* onwards. As
a consequence, Vae is negative in II; some finite time. On
the other hand, in IT, we will use the upper bound

. T
Vae < —[l22] lle[l] E[|22] [lel]
1+ki+ks | oullz)?
E= 1kkk2 |12 o 1
+ 5+ 2 4 ﬂ12' Amzn(Q)
but, in II5,
- \max R+
Wy <1 = a2 < S Ameel) 25,

ma:z: (R+)

Hence, again, ) can be chosen (sufficiently large) such that
E > 0 by setting

2
I4ki+ks | oall=]®
( 2 + 2
ko '

Actually the maximum of both upper bounds should of
Amin(@) should be used), and hence Vo, < 0 in IIo. It
is worth to note that

() no parameter tuning has been made in the previous
discussion and hence the output feedback controller
globally asymptotically stabilizes the system at I' = 0
for any three positive values of (k1, ks, k3),

the previous proof has makes use of the newly defined
strict Lyapunov function in order to prove the positivity
of matrix D.

(i)

3) Output feedback in higher—order systems: The output
feedback controller for generating oscillations in systems
with higher order than four is more involved. We will
consider an n-th order system in the form (11) and the
corresponding control law u = w,,—o(x) computed according
to Section ITI-B. Define also the output 7 = [z1,22] " and
the state observer (12).

Proposition 4.1: For every initial condition x(0) there is
a set of controller parameters (k;,4 = 0...n —2) and a
maximum initial estimate error e,,q, such that the system
in closed-loop with the observer-based controller wusy (%),
with initial estimation error ||e(0)|| < emq, asymptotically
converges to the periodic orbit described by {T' = 0, z = 0}
(except trajectories starting at the origin).

Proof: Definee =1[00e3,e4...¢e,]" withe; = &;—x;,
1 =3...n. Define also 2y = 412 —up_1, k=1...n—2,
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and z = [21 ... 2,_2| . Then, the Lyapunov function

F2 T
4 Vot == +e Pe

Vin—2)e =

( 2) 4 2

has, along the closed—loop trajectories, the time derivative
Viezje = —ITla3 = VVorlnl* = k123 - = kaazi s

—  Zp—2(Un—2(Z) — up—2(x)).

But, u,_2(x) has the form

. avnfli
Up—2 = Up—3 — - kn—Q(xn - un—3)7
OTp—1 N ——
— b
Uy o fn-2

where the decomposition is such that u{_, is independent
of k,_2. As u,_o has continuous partial derivatives, it is
Lipschitz on any bounded set. Hence, choosing some eg > 0
arbitrarily and defining the set

Q:{(x,e) € R 2, Vin—2)e(®,€) < Vi—2ye(2(0), €0)},

which is, obviously, bounded, there are positive constants (31
and (s, independent of the choice of k,_o such that

< fille]l Y(z,e) e N
< Ballel Viae) €.

Un—3(L) — un—3(z)

Up_o(2) — up_o(T)
Then, inside €2, the following holds

n-2(#) = tn2(2) < (B + (hua + 1)) el

and this implies

y T
Vin—2e < —llzn—2l llell] F'[[zn—2] [[e]]
Fé o 52+(kn52+1)51
- kn—o+1
Ba+( 22+ )B1 >\mi7z(Q)

This suggests two possibilities

e Jk,_o : ' > 0. Then, for that value of k,,_o, € is a
domain of attraction without any limitation on the initial
error (in Q).

o Fk,_o : F > 0. Then, there is some constant v >0
such that the substitution ) — @ in F makes this
matrix positive definite. However, in order to not to
affect the definition of  and the constants (31, (s
depending on it, the initial maximum allowable error
should be scaled by ./, with respect to the given
choice, i.e. €mar = €0//7-

Then, the initial condition 2(0),e(0) with |le(0)]] < emax
belongs to €2, and this set is a domain of attraction of I' = 0.
This completes the proof. |

V. OUTPUT FEEDBACK IN LC CASCADE CIRCUITS

In this section we will consider the ladder structure (LC
network) illustrated in Fig. 3. We will first derive the state
feedback that generates robust oscillations and then we will
solve the output feedback problem for the proposed example,
taking into account that the resulting controller can be
extrapolated to arbitrary order systems.

The state vector of this system is y = [y1,¥2,¥3,va] "
where (y1,ys3) represent, respectively, the voltage drops
across the capacitors Cq,Cs5, and (y2,4), are the electri-
cal currents through the inductors Lo and L,. With these
coordinates, the closed—loop dynamics are expressed as

y = Ay + BV, (15)

where B=1[0001]" and

1

CE
A:L_zOE?
0 -z 0 &
OO—L%—RE,

A. State feedback controller

In order to produce a robust oscillation at the output
Vout = y1 with state feedback via the method described in
III-B, the system is required to be in strict cascade form. This
is achieved by deriving the output four times with respect to
time: as the system has strictly relative degree four, it can
be transformed via a trivial pre—feedback into

y§4) = (16)

where v is the new input. Under these conditions, we define
the new coordinates (1,2, s, 24) = (y'l,y'l,y§3),y§4)).
From (16), the system has the canonical Brunovsky form
(11), thus allowing to easily compute the robust oscillating
control law. In the first step we define the control law for

the first second—order subsystem
Uug = —r1 — kosign(I‘)xQ

The Lyapunov function for the (z1,z2) subsystem when x5
equals ug exactly are both Vj,, (nominal) and Vj, (robust).
The sum Vj,, + Vi, will be used for backstepping. Defining
z1 as the deviation of x5 with respect to ug, i.e. 21 2 T3—1Ug,
and Vi = Vj,, + Vo, + 22 /2, the application of Eq. (10) yields
the pseudo—control law to—be—tracked by x3,

2001 X9
14 /e
( + 1+ 02F2> 2
200 92

+ (m + arctan (« F)) T3

— Tay — Vo, [0 1]R(z) [ 2 } — k2

Uy

where R(x) is defined as in (6). For the last step of

backstepping we define

2 2
A A 22z
29 = Ty — UL V2=V0n+V0r+—21 +—22 (17)
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Vin

+

Vout

Fig. 3.

RLC ladder circuit.

to obtain the actual control law to be applied in (16)

. oV 2009 8alx 22, T
U = i — = = — T
0z1 1+ a2l (1+ a2F2)2 2
. 8a3192T 1 200 T
— r3 | x
(1+a202)®  1+a202 )72 )72
8a319%T 14 2a 71 1
_ To —
(1+a202)® ' 1+a202 )7
n 2001 To 6 o 8a3 53T
— e
1+ a2l 1+ o2l (1+ a2F2)2 3 *2
2 2
+ (% + arctan (aF)) T4 — 21 — kozo  (18)

The Lyapunov function V5 is such that along the trajectories
of the closed—loop system

Vo ~ —|D|23 — /Vor Inl|? — k123 — ka3 <0

where 7 = [r1,72]7 and the ‘~’ sign recalls that the
equation is not exact (thought not affecting the sign) in an
arbitrarily small region in the boundary of S (see Remark
2). If we ignore this fact of little impact, the inequality is
strict for all z € IR* — {SN (z = 0)}.
Remark 3 (Extension to higher order LC networks):

The LC network treated could be extended to an arbitrary
number of LC blocks. This suggest a procedure for inducing
robust oscillations in transmission lines, for which the
circuit of Fig. 3 can be seen as a discrete approximation.

VI. SIMULATION RESULTS

Figure 4 shows the results of a simulation with w, = 1,
M:LO’:lO, k‘0:4, k1=5, kgleand

—1.3938 —0.7608
I - —0.7608 —2.2542
—0.5212 —2.3300
—0.1691 —0.9856

It can be seen that variables x; and x5 reach the desired os-
cillation (top), the estimation error tending to zero (bottom).

VII. CONCLUSIONS

In this work we extended a recent method for generation
of autonomous oscillations in arbitrary order systems, by
replacing the state feedback controller by an output feedback
computed with state estimates. For the new output feedback
orbitally stabilizing controller, global asymptotic stability
proofs have been provided for systems up to degree four,

.
0 5 10 15 20
Time

Fig. 4. Simulation results

while the extension to arbitrary order systems has only been
achieved for limited initial errors.
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