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Abstract— The problem of compensating noise and/or
track some reference signal with n unknown frequencies
in general linear MIMO systems is treated in this work.
We derive a frequency estimator that ensures closed loop
robust regulation in some neighborhood of the nominal
values of the system as well.
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I. INTRODUCTION

In many industrial and defense applications, the
noise and vibrations compensation is important prob-
lem. Some common class of those are the periodic
and/or quasi-periodic noises which include engine noise
in turboprop aircraft [2] and automobiles [3], ventilation
noise in HVAC systems [14] and sea wave noise in land-
ing systems [21].

The rejecting unknown sinusoidal noise problem was
first addressed in [4], [6], [5] and recently in [7], [8] and
[9] using adaptive observers scheme developed in [11].
On the other hand, in [12] the output stabilization prob-
lem with disturbance rejection was considered for a class
of SISO minimum phase nonlinear systems which can
be transformed in output feedback form. A local so-
lution for stable SISO system with a single frequency
sinusoidal signal satisfying the matching condition, was
proposed in [4], while a global solution was given in [7].
This solution was extended in [8] for non-minimum phase
systems with single frequency signal, and in [9] for the
case of k frequencies that gives raise to a controller of
((n+1)(k+1)+2k(k+1))th order, where n is the order
of the system.

The singularity problem presented in [8] was then
fixed in [9] where a stable signal was included in the
transformation determinant to overcome the singular-
ity problem. Also, in [6] a supervisory control scheme
was proposed for the case of k frequencies and a SISO
linear system, considering that the number of frequen-
cies is known and all frequency values lie in a pre-defined
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set. Using a high gain feedback technique combined with
regulator theory, it was shown in [19] that the values of
the frequencies must belong to a some pre-specified com-
pact set and if the values of the frequencies leave this set,
the gains of the proposed regulator must be changed in
order to keep the stability property. Recently, in [13]
an universal adaptive controller was proposed for min-
imum phase systems using K-filters and backstepping
technique.

In the case of MIMO linear systems, a locally expo-
nentially stable adaptive control law was proposed in [5]
,using Youla parameterization.

Along the same lines, in this work we propose an adap-
tive control scheme for the case of MIMO linear system
for which the number of the frequencies is known but
not necessarily belonging to a pre-defined finite set of
frequencies, nor pre-specified compact set of frequencies,
relaxing as well the minimum phase and matching condi-
tions. Moreover, the proposed scheme is globally stable
and robust with respect to plant parameter variations
in some neighborhood of the nominal values. The order
of the proposed controller is (n + k 4+ m(2k + 1)) where
m is the number of inputs and k is the number of the
frequencies.

II. PROBLEM STATEMENT

Consider a linear system subject to perturbation de-
scribed in the form

i(t) = Ax(t)+ Bu(t) + Dd(t) (1)
e(t) = Cxz(t)+ Qd(t) (2)

where x € R" is the state, u € R™ is the input, d €
R*+1) s a disturbance and /or reference signal, e € R™
represents the tracking error between the plant output
Cz(t) and a reference signal —Qd(t) and A, B,C,D,Q
are matrices of appropriate dimensions, whose param-
eters may possibly vary in some neighborhood of the
nominal values Ay, Cy, By, Doy and @Qyp. We consider
that vector d(t) consists of a constant signal with un-
known magnitude dy and k sinusoidal signals with un-
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known magnitudes d, .., di, frequencies «; and phases

@, for i = 1.k, namely

d(t) = [ do di Sin(a1t + 4,01)
(3)
where o; # «j if i # j. Assuming that these signals
can be generated by an external dynamic generator or
exosystem [17], the system (1)-(3) can be rewritten as

(t) = Axz(t)+ Bu(t)+ Pw(t) (4)
w(t) = Sw(t) (5)
e(t) = Cua(t) + Qu(t) (6)

where w € R+ p g Rx@kHD g ¢
RmX(2k+1) and the matrix S € REFHD*(2k+1) g g —

00 0 0
08 0 0

,withSi:[ 0 1]
0 0 —ao; 0
0 0 0 &

The problem we face here is that of finding a dynamic
error feedback control

with & € RP such that the equilibrium point (x,&) =
(0,0) of the system

B(t) = A(t) + Bh(E()
) = x(EW),Ca(t)

is asymptotically stable in the first approximation, and
for any initial conditions (z(0), w(0), £(0)) the solution
of the closed loop system

#(t) = Ax(t)+ Bh(&(t)) + Pw(t)
Sw(t)

) = x(E@®), Ca(t) + Qu(t))

satisfies that tli>Holc e(t) = 0.

This problem is named the regulator problem. If in addi-
tion, the previous conditions are required to be satisfied
in a certain neighborhood of the nominal values of the
parameters of the system, then we refer to the struc-
turally stable regulator problem. If all the frequencies
of the sinusoidal signals, or equivalently, all the parame-
ters of the exosystem are known, both problems can be
solved either for linear and nonlinear systems, by directly
applying the regulation theory presented for example in
[15], [17] for the non robust case, or [18], [16], for the
structurally stable formulation.

However, in practice, not all the frequencies are
perfectly known, so the regulator theory needs to be
adapted or modified in order to handle with this situ-
ation. This problem, which can be defined as the requla-
tor problem with uncertain exosystem, has been recently

d. sin(agt + ¢y,) ]T

studied in some works either for the case of linear sys-
tems [8], [9] or a particular class of nonlinear systems in
normal form [12], [13], [19].

In this work we present an algorithm for solving the
regulator problem with uncertain exosystem for a MIMO
linear system. We show that this problem can be solved
by means of an adaptation of the unknown values of
the parameters of the exosystem. By using an adaptive
scheme to estimate the unknown frequencies of a signal
consisting of a combination of k sinusoidal signals [20],
we obtain a minimal order control scheme which guar-
antee global robust regulation.

III. REGULATION THEORY PREVIEW

From the Robust Regulation Theory [15], [16],
[17], [18], it is known that if the following assumption
hold:
A.l. For every P and @ there exists a solution Il €
Rx@Ck+1) and T = [ F”{ FZ@ ]T c §Rm><(2lc+1)7
I'7 € R+ § = 1..m, to the Francis equations

IS = AN+ Br'+P (7)
0 = CI+Q; (8)
then, taking the change of coordinates Z(t) = z(t) —
Hw(t) and defining z; ;(t) = ;97 w(t) € Ry i =
Looym;j=1,.,2k+1, 2= (2" ... 20T 2 =
( zia Zi2k+1 )T, we have that
Z,4(t) zigr(t) =TS w(t), j=1,..,2k+1;
2i,2k+1(t) = — (Hlea?) Zivg(t> — e
— (B10?) zignra (1),
Ujss = (1 0 O)zi::ﬁzi

and the interconnected system (4)-(5) can be rewritten
as

i(t) = A &(t)+ Bu(t) — BHz(t) (9a)
i) = ®(0)z(t) (9b)
e(t) = C&(t), (9¢)

where ® € RMEk+Lxmk+1) anq g ¢ RmEk+L)

are defined as ®@) = diag (® -+ &) €
= 0 1
m(2k+1)xXm(2k+1) 2kx1 2k _
R , ® ( 0 v >, v(0)
(-6 0 —6, —0, 0),
H = diag( H H ) € prmxm@k+1) | The parame-

ters 0 = (04, ..., Hk)T are calculated from the character-
istic polynomial of the matrix S, namely

s (s 4 (BF,02) s 2+ 4+ (IIF10?)) = 0, from
which we obtain 6; = IT¥_,a2, ..., 0, = ¢ |«

If in addition, the following assumption hold:

A.2. The pair (A, B) is controllable,
then the controller u(t) = KZ(t) + Hz(t)where K cal-
culated such that the matrix (Ag + BoK) is Hurwitz,
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stabilizes the system and guarantees also the perturba-
tion rejection.

In the case when only the output tracking error e(t)
is measurable, assuming that

A.3. The pair (C, A) is observable,
the control action can be provided by a dynamic system
&(t) = FE(t) + Ge(t), u(t) = HE(t), where the matrix F

and vectors. G and H are chosen such that the matrix
A BH

GC F
If the frequencies are all known then a robust con-
troller can be constructed as an observer for the system

(9a)-(9b), namely

o] -

is Hurwitz.

[ Ag + BoK — G1Cy 0

—G2Cy ®(0) £(t)
+ [ g; } e(t) (10)
) = (5 1| 2| = e

where 7 and Go are chosen such that the matrix
AO — G100 —B()H
—G2C D(0)
robust with respect to plant parameter variations in
a suitable neighborhood of the nominal values ([16]).
Again, in the case when the frequencies are unknown
then the parameters 01, ...,0; of matrix ®(#) are also
unknown and the controller (10) does not further guar-
antees the regulation properties. To solve this problem,
we propose the use of an adaptive scheme, by first change
the form of the observer to get a desired structure.

} is Hurwitz. This controller is

IV. THE GLOBAL FREQUENCY ESTIMATOR

In this section we remember briefly the result given in
[20], whose with a little changes will be useful for our
goal.

The estimator proposed in [20] take the form:

ii = /\z Ti+1 1 =1... (2]6 — 1)
Aok Togt1 + (T — §)s Dok

k
0§ T2k+1+4i _ ~
= _<ZH2’°—+)\+ 2i> + Gy —9)

(11)

Top =

i=1 J=2i
Toptiti = —Cipor2i(¥—9y) i=1.k
% g
y = (Z HTZ)\j> T + Fokt1T2k41,
=1 =i
gt) = [1 1 1 ]d(t)
k
= do + Z di Sin(ozit —+ (pi)

i=1

where §(t) are the estimated signal and the constants

satisfies ¢, = k:\;itl’ Ciao > 0,00 > 0,7 = L.k,

and A\; >0 j = 1..2k, with the polynomial P({) =

Z2k kit1 ¢
1=0 kogq1>?

that im; (g — 9) = 0, 1 — w1, z; —

chosen stable. This estimator guarantees

Wy >
e =
2.2k +1, and xok414i — % 1 = 1...k, globally when

t — 00, where

’d)i = Wi41 1=1 ..2](), (12)
Wogr1 = —Orwe —Oawy — ... — Opwoy,
2k+1
i=1
k
H * . a?
0 = (Hlea?) ’ 01 = Z _; . y ey
Jj=1 J
k—1 k k
s zﬁﬁ,%:@yﬁ
i=1 \j=i+1 i=1

In [20] is showed how the error system between (11) and
(12) take the form

e = Ae;
T _ _T—
= —pié1— Bareakt1+ T €3

es = —Az (k{er+ korsieans1)

(13)

where e; = w; — zq,
2.2k + 1, €2k+1+i —

_ 0 1

kg1

€ = W; —
O0iT2k414i — 0;

] € R2EX2k — Huyrwitz Matriz, a =

:|aélz

[ el eok ]T S
=[ Gk (61 +Coka) (O + Cokar) | €
<2k2k+1 S éR

T = [ )\11’2 (H:;) 1)\ )1’4

Wi Nz, 0 =
i = 1l...k,and

_ _kop
kg1

_ T
(H?ill)\j) Taf ] €
T e RE,

s o016y , c
A=diog (AT WEAGEERY )i
1.k, k= [ ki1 ko ko }T € %2k Then for per-

sistency of excitation lemma [10] the error system (13)
is globally exponentially stable.

sk €3kt1 |
[ex? <11+2

k
R, &3 = [ €2k+2  €2k+3
1€

V. THE ADAPTIVE INTERNAL MODEL REGULATOR.

To obtain the internal model regulator we first observe
that if the assumption A.1 is satisfied then, for given
matrices (©,¥), there exist a solution M () and II(6) to
the equations

o)) =
0 =

AoTI(0) + BoM(9) + ©
Co T1() + .

We note also that there exist an initial condition of the
system ¢(t) = ®(0) ¢(¢), such that Hz(t) = M(0) <(t).
Taking the transformation 7(t) = Z(t) + II(6)s(t) we
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arrive to the system

n(t) = Aon(t) + Bou(t) + Os(t) (16)
<) = ®(0)s(t)
e(t) = Con(t)+ Ts(t).

Note that this system has the same structure that system
(4)-(5)-(6), but with © and ¥ to be found.

The main result of the paper is given by the following
theorem:

Theorem 1: Consider assumptions A.1, A.2 and A.3

hold. Choose the matrices ©,¥ as © = G17,
U = diag(Vy,..,¥,) € §Rmx(m(2n+1)) v, =
[ V) Yeg Y ((2k+1),5) ] Jj=1.m, wzth G1

chosen such that (A9 — G1Cy) is Hurwitz. Choose also
2k DGt g) i) g

the polynomials Pj(§) = > "y Pieris

to be stable.
Then the adaptive requlator

7 =1.m,

Ci(t) = Ao(y () + ¢, (1) + Boult) + Gale(t) — &(t))
Co(t) = ®(B)Co(t) + Gale(t) — é(1)) (17)
(1) = —AQ)(e(t) —é(t)

é(t) = CO<1( )+ ‘I’Cz( )

u(t) = K¢(t)+ ( )C2(t)

p(6) = (M(9)— KTI(6))

with A = diag(Aqy,...,Ar) > 0, A; € R
i = 1.k (1) = [ZIT 62 ]T e Rm2k+1)
G = [Cap Ceg Conrrg) || € REHD,
Q) = [wl(t) wa(t) wm(t)] € Rhxm
wit) = [ Sy Cag Cong) | € R Gy =
diag(G2,1y, oy Gaym)) € REEFDMIXM Gy o0 =
[0 0 guy 9o | € RV g, =
T 99 > 0,with j = l..m, applied

to (9a —9c) is such that the signals e(t), Z(t) and
(é(t) — 9) tend to zero exponentially.

Proof: First, we can see that for & = 6 the system
(17) is an observer for the system (16).

Then consider the feedback system for the nominal val-
ues

i o= Ao+ Bo(KG+p(0)C) — BoM(0) s

¢ = @)«
él = (Ao *G100+B()K) Cl +Bo(p(é)c2+G1COSE
(y = (é(é) - ‘I’) (o + G2Cox — G2Co(,y

0 = —AQ(t)(Coi — CoCy — VC,)

e = C() T

and the errors e; = Z+I1(0)s—C,, e3 = c—Cy, €3 = 0—0,
and @(e3) = ¢(0)—p(0) where p(0) = 0. It is not difficult

to see that the error system take the form

i = (Ag+BoK)Z— ByKe,
—Bop(0)e2 + Bop(e3)Co

é1 = (Ap—G1Cp)e
b = (@(0) = GaW) ez + (@(0) — (D)) o — GaCiver
ég = A Q(t) (0061 + \1162)

T
considering ey = [ 6{271) 6{2)2) eg,m) ] €
T
ROEHD e g = [ e ejontn) | €
%2/{5-"‘1’ CO = [ C,{ Cg‘ e C% ]T c %mx"’ C;-T c §Rn7
and the special form of the matrices ®(0), G2 and ¥, we
have that the error e5 can be viewed like m subsystems
which take the forms €5 ; ;) = €(2,ji+1) @ = 1...(2k—1)
2k [ i.j
— 2 T 2i)
. 2k+1
€(2,5,2k+1) —9(2,5) 2uim1 V()€@ii) ~
- Zf:l 91‘6(2’]”21') + €§wj', defining €p =
T
b | € W

T - T
ek | EWF & =] ¢

and j = lm, é(2,j,2k) =
9(1,5)€i€1
9(2,5)¢5€1
€24 =
]T

[ Ce e

[ 6(2,’?1)
2
%n-i— ’rn7

=T
€2p
_ T
€2 = [ €(2,1,2k+1)  €(2,2,2k+1) }
R™ we have the system

€(2,m,2k+1)

Ae

—B181 — By + Q7 (t)es

-A Q(t) ((jlél + Wy éz)

(Ao — G1Ch) 0
7’0200 diag(égl,

RO (2, vy = diag(g .., Gim)
[0 0 gay ]” € R &y =

e =
€y =
é3 =

whereA = S

7(I)Zm)
c gce%mxm7

g; =

: : . : 2k X2k
c R
0 0 1 )
__%ay __%eg _ _Yekg)
Y(2k+1,5) Y(2k+1,5) Y(2k+1,9)

51 = diag(g(Q,l)v '“79(2,m)) [ C’0 ’0(0) ] € é}%mx(n—&-ka)’
3(0) = diag(v1(0), ..., v (0)), ,

v ()T = [ Yag e (g(z 5 + Y (2r,5)) } € R,
By = diag(g(2,1)¢(2k+171 a-~-a9(2,m)'¢(2k+1,m))a By €
pmxm 0, 1 = [ Co @1 ] c §Rm><(n+2km),

U, = diag(¢Yy, ..., ¥,,) € RM*2km

vi=[Yayn Y
U, = diag(1/’(2k+11 7¢(2k+1 m)) € R™X™ > 0, ob-
serve that the form (18) is similar to (13) and have the
same properties, for see that, from the equations (18)
we can see that exist some Lyapunov function such that
V(e:) = 2T Pe; > 0 and V(ey) = — &, because
(Ag — G1Cy) are Hurwitz matrix and P;(§) are sta-
bles polynomials. Choosing the Lyapunov function like

w(Zk,]) ] )
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V(él, €a, 63) = K%é{Pél+%ég\igég+ég§1é1+%egA_leg
with kK € R > 0, exist some constant k1, such that for
every constant £ > k1. the function is positive defi-
nite. The derivative of V(é1,&s,e3) is V (&1,82,e3) =
—i [|ex]|* + &3 Wy (=181 — Bofa + QT (t)es)

_ _ T_ _ _p_ o7 _
+ (=161 — Boea + QT (t)es)” qer +e3qu (A er)

_ - _ _ 2 _ _

e Q(t) (11 + s &) = —r|len|” — el Bl @
—e5 Wofyey + 5 (@11‘i —Uyf3, — 52T(?1) €1
< (*H +
then exist some constant ko, such that for every con-

stant k > ko, and given vy = H(jlfl — Uy, — ﬁgq_lH the

derivative is negative then we choose £ = max(k1x, K2+ )-

The invariant set is U = {(€1,é2,e3) | &1 = 0,83 =
0}, but in this set we have Q7 (t)e3 = 0, which im-
ply that w?eg =0, j = l.m, and FL(t)es =

(Z?;l wf(t)) e3=0,1<k <ky < mithen if FZ(t)
have linear independent components is a persistence ex-
citation signal and e3 must be zero, moreover, the con-
vergence is exponentially because the persistency exci-
tation lemma [10], and we have that £ — 0 because
(Ao + BpK) is Hurwitz and there for e(t) — 0. This
completes the proof. |

Remark 2: Observe that the condition of linear inde-
pendence of the f L (t) vector components always is pos-
sible because the polynomials P;(§) and the constant
k1, ko are freely chosen.

Remark 3: Let us note that the algebraic equations
(14)-(15) may be rewritten as a linear equations system
Ac(0)X = b, where X is a vector containing the un-
knowns terms I1(6) and M (6). Since the solution of this
system depends on the values of 6, if the system presents
transmission zeros, the determinant §(6) of A.(6) could
eventually pass by zero. In this situation, a slightly
change on the structure of the controller may be intro-

duce, by selecting the function ¢(6) as
, 5(0)(M,,(0) — KTL,(8
o) = () (M2 (6) - (9)
max(5(0)?,€)

6(64s)?

,e>0
e <

where @SS is the §teady state of & The number ¢ is es-
timated using 0(0ss) and considering that the eigenval-
ues of @(éss) are imaginary. Then we can apply the
Lagrange multiplier method to obtain the minimum of
0(0ss).

For one application of this algorithm to the case m =1
refer to [24]. With respect to the robustness we have the
next Theorem.

Theorem 4: The regulator (17) is robust for some
neighborhood of the nominal values (Ag, By, Cy).

Proof:  The proof of stability property is follows
from the exponential convergence and the converse Lya-
punov theorem (see [22]). The robustness of the error

_ i T, — 12 _ _
187a ) 161>~ Auin(@28) 2l +vo e | eall,

property (?7?) is follows because the signal T'w(t) is ob-
tained for every matrix I'. (see [17]). |

VI. SIMULATION RESULTS

Let us consider the system #; = (1 + py)ae +
15sin(t), 2 = @3 + x4 + ug, 3 = —(1 + po)zs +
uy + 13cos(\/§t+1), Ty = x1 — T2 + T3, Y1 = T1,

Yo = x4, which do not have transmission zeros be-
M—-A B .
cause C 0 = —1, then there exists no

vector § € R* such that §(¢) = 0. The frequen-
cies a; = 1, as = V3 are suppose unknown fre-
quencies.  Calculating the robust adaptive internal
model controller with ¢(A + BK) = {—1,-2,-3,—4};

o(A — GiC) = {-3,-4,-5,-6} and the matri-
wes & — | ~39161 —0.5010 —4.0578 —2.1685

T | -7.0110 59422 —0.7902 —0.3969 |’
o 9.6435 25.9098 15.1321 —0.6244 |7
LT | —04095 2.4989 13.6684 8.3565 |

e 0
G = (2’1) s G = G =
2 0 Gan) (2,1) (2,2)
T 2000 0

001 2], a = |2 5000],@1
(6 11 6 1], ¥, = [8 14 7 1], 6 =

Y 0 = 5 0 1
Gl\Ij = Gl |: 01 \IJQ :| ) @(9) = |: _él Vg :| , Vo =
[0 =6, 0], 20) = diag(®(6),2(0)), () =
fll f12 f13 f14 f15 f16 f17 f18
[ [N S S P S fQSJ’Where the

components for the matrix ¢(0) = (M(0) — KII(6))
are given by fi1 = —350.5169 + 18.5779 01, fi» =
—T718.0818 + 01, fi13 = —494.8738 + 18.5779 02, fi4a =
—144.8868 + 04, f15 = —391.0326 + 19.0048 01, fi5 =
—780.3454 + @1, fir = —518.2207 4 19.0048 @2, fis =
—146.9126 + 05, fo1 = —531.2519 + 21.3759 61, fao =
—1066.2173 —&—?1, fos = —706.3868 + 21.3759 ?2, foa =
—191.7973 + 02, f25 = 17.63849 — 0.6193 01, fas =
35.821761, for = 24.10388 — 0.6193 02, fog = 6.5399115,
the results are presented in the figures 1 and 2, where in
the figure 2 we are changed the parameters p; and ps.

Fig. 1. Output signals y1, yo.
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0 1 " 1

_0.5 S /,1/1 == /,1/2 S 0.5.

1 g

Fig. 2. Outputs signals for

In the figure 3 we impose the reference r1 = sin(t),
ro = 2sin(t), and in ¢t = 25 seg we change the reference
ro to T9 = cos(t).

Fig. 3. Outputs y1, yo and reference signals ry, rs.

VII. CONCLUSION.

In this paper, we present a new compensator
with adaptive internal model, for minimum and non-
minimum phase linear MIMO systems. It is shown that
the proposed controller ensures global convergence of the
estimator and preserves the output regulation properties
despite variations of the external signal generator pa-
rameters. The property of robustness of the closed-loop
system in presence of the plant parameters variations in
a neighborhood of nominal values, is also guaranteed.
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