
Abstract—The problem of asymptotic robust output 
command tracking is studied for the case of linear systems with 
nonlinear uncertain structure. The problem is solved using a 
compensator with static state feedback, unity output feedback 
and integral action. The controller is restricted to be 
independent from the uncertainties. The output of the closed 
loop system tracks polynomial type reference signals. Sufficient 
conditions for the problem to have a solution are established. 
The result of asymptotic robust output command tracking is 
applied to control the short period longitudinal motion of an 
aircraft. In the mathematical description of the aircraft an 
uncertain stability derivative is included. The steps to 
determine the controller are analytically presented. The 
effectiveness of the controller over a wide range of the system 
uncertainty, wind disturbances and actuator failure is 
illustrated through simulation to the nonlinear model.

I. INTRODUCTION

HE problem of output tracking has attracted consider 
attention during the last decades (see [1]-[6] and the 

reference therein). It is a common practice to translate both 
the non uncertain and the robust tracking problem to a 
stabilizability problem (see [1]-[3]). Particularly for the case 
of robust tracking a variety of approaches, particularly 
optimal and adaptive, has been proposed (e.g. [4]-[6]).  

The problem of tracking appears to be of exceptional 
interest to flight control systems and industrial applications 
[2]. In the present paper we focus on the general system 
category of linear systems with nonlinear uncertain 
structure. Furthermore, the derived results are successfully 
applied to control short period longitudinal motion of an 
aircraft. The contribution of the present paper consists in 
establishing sufficient condition for the aforementioned 
system category.  

The material of the paper is organized in to two parts. In 
Part A the problem of robust output command tracking for 
polynomial reference inputs is solved for linear SISO 
systems with nonlinear uncertain structure. The problem is 
solved using a compensator with static state feedback, unity 
output feedback and integral action. The original uncertain 
system is augmented with error dynamics and the overall 
system is robustly stabilized using the approach in [7] and 
[8]. This way, sufficient conditions for the problem to have a 
solution are established. In Part B the results of asymptotic 
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output robust tracking are applied to control the short period 
longitudinal motion of an aircraft having uncertain stability 
derivative. An analytic algorithm for the derivation of the 
controller is presented. Simulation results executed for the 
nonlinear aircraft mathematical description, illustrate the 
effectiveness of the controller over a wide range of the 
system uncertainty, wind disturbances and actuator failure.    

PART A: CONTROL DESIGN PROCEDURE

II. PROBLEM FORMULATION

Consider the linear time-invariant SISO system with non 
linear uncertain structure described by  

( ) ( ) ( ) ( ) ( ) , ( ) ( ) ( )x t A q x t b q u t y t c q x t         (1)

where ( ) nx t  is the state vector, ( )u t  is the input 
and ( )y t  is the output of the system. The matrices 

( ) ( ) n nA q q , 1( ) ( ) nb q q  and 1( ) ( ) nc q q  are 
function matrices depending upon the uncertainty vector 

1 lq q q  (  denotes the uncertain domain). 

The set ( )q  is the set of nonlinear functions of q . The 
uncertainties 1, , lq q  do not depend upon the time. With 
regard to the nonlinear structure of the system matrices 

( ),A q ( )b q  and ( )c q  no limitation or specification is 
assumed (i.e. boundness, continuity etc.).  

2.1 Polynomial Reference Signals 

Consider the case where the reference output ( )ry t  is the 
output of a reference model described by  

,0( ) ( ), ( ) ( ), 0r r r r r r r rx t A x t y t c x t x x       (2) 

where ( )ry t , 1( ) r
rx t  and ,0rx  is an arbitrary 

vector of initial conditions and where
0 1 0 0
0 0 1 0

0 0 0 1
0 0 0 0 0

rA  , 1 0 0rc

Clearly, it holds that ( ) ( ) 0r
ry t . Define the tracking error

re t y t y t                            (3) 

Differentiating the error r-times, we get  
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( ) ( ) ( )r r re t y t c q x t                    (4) 

Define the variables 
( ) ( ),r rz t x t u t u t                  (5) 

According to (4) and (5), the system (1) can be 
augmented with the tracking error dynamics as follows:   

d
x t A q x b q u t

dt
                   (6) 

where (1) ( 1) Trx t e t e t e t z t  and 

( 1) 1 1

1 ( 1)

( 1)

0 0

0 0 ( )

0 0 ( )

r r

r

n r

I

A q c q

A q

 , 10rb q
b q

.

 To the augmented system (6) apply the static state 
feedback control law

1 2u t f x t f e t f z t                  (7) 

where (1) ( 1) Tre t e t e t e t , 1
1

rf ,

and 1
2

nf . The robust output command tracking is 
formulated in the following Lemma: 

Lemma 1 : The roblem of robust output command 
tracking is solvable, i.e. the output of the uncertain system 
(1) follows the output of the reference system (2) while the 
tracking error (3) decreases asymptotically to zero, if there 
exists a static state feedback control law of the form 
u t f x t  such that the characteristic polynomial  

, , detcl r np s q f sI A q b q f          (8) 

is robustly stable.
Proof: If there exists a control law u t f x t  making 

the augmented system robustly stable then the tracking error 
e t  is decreasing asymptotically to zero as t , for 

arbitrary initial conditions, i.e lim ( ) ( ) 0r
t

y t y t .

The control law u t f x t  can be expressed in terms 
of the original systems as follows  

1,1
0 0

( ) ( )

r

t t

u t f e d

1

1,2 1, 2
0 0 0

( ) ( ) ( )

r

t t t

rf e d f e d f x t  (9) 

where 1, ( 1,..., )if i r  are the elements of 1f .

I. SOLVABILITY CONDITIONS

The characteristic polynomial (8) can be rewritten as follows

, , det adjcl n r n rp s q f sI A q f sI A q b q  (10) 

Define:

0 1 11 0n ra q a q a q           (11) 

where ( )ia q  ( 0,..., 1i n ) are the coefficients of the 
characteristic polynomial of the open loop system (1). Also 
define the polynomial matrix  

0, [ ] adjq T
n rP s q q s s sI A q b q    (12) 

where ( )q n r  is the maximum degree of the 

polynomial matrix adj n rsI A q b q  and where

0 ( ) ,1 ,;
T

q i i i n rq q q q q q  (13) 

Since
0det det [ ]r n r T

n r nsI A q s sI A q a q s s

and according to definitions (11), (12) and (13) the 
augmented closed loop characteristic polynomial can 
equivalently be expressed as follows: 

0, , [ ]n r T
clp s q f a q f q s s       (14) 

where 0 n r n r qq q , or equivalently as

0, , [ ]
T Tn r T

clp s q f s s q f a q   (15)

Define
1

1 ( ) 1**

2 1

1 2

1 0

ˆ ( ) 0
( )

ˆˆ ( ) ( )
ˆ0 ( )

n r

n r q n r

r

a q
A q

a q q

q

                 (16) 

where
0

1

( ) 2

ˆ ( )

n r q

a q

a q

a q

,
( ) 1

2

1

ˆ ( )
n r q

n

a q

a q

a q

,

0,1 0,

1

( ) ,1 ( ) ,

ˆ ( )
n r

q r q r n r

q q

q

q q

( ) 1,1 ( ) 1,

2

( ),1 ( ),

ˆ ( )
q r q r n r

q q n r

q q

q
q q
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Based on the above definitions and the results in [7] and 
[8] the following theorem is presented.  
Theorem 1. The problem of robust output command tracking 
for the uncertain system (1) via the controller (9) is solvable, 
if the following conditions are satisfied 
(i) The elements of **A q are continuous functions of q

for every q

(ii) There exists 1n r row submatrix of **A q , let 
*A q  which is positive antisymetric.  

Proof: According to Lemma 1 the problem of robust output 
command tracking for the uncertain system (1) via the 
controller (9) is solvable if the closed loop polynomial of the 
extended case is robustly stable. According to the results in 
[7] and [8] the uncertain polynomial is Hurwitz invariant if 
conditions (i) and (ii) of Theorem 1 are satisfied.                 
Remark 1. The class of the systems that satisfy condition (ii) 
of Theorem 1, can be widen, if, instead of **A q  the 

matrix **A q T  is considered where T is an appropriate 
invertible and independent from q   matrix. 

For the definition of positive antisymetric matrices see [7-
8]. An analytic algorithm for the computation of the vector 
f  that preserve Hurwitz invariability can be found in [7-9].

The results of the present section can further be extended 
if one considers that the dimension of the system depends 
upon the uncertainties ( )n n q  using the results in [8] for 
uncertainty dependent system order.   
Remark 2. For the case of a constant reference output ( )ry t

the augmented system with the tracking error dynamics is 
reduced to the following simple state space equations:   
d

x t A q x b q u t
dt

; u t u t
e t

x t
z t

,

z t x t ,
0
0

c q
A q

A q
,

0
b q

b q
.

The control law can also be rewritten as follows 

1 2
0

( ) ( ) ( )
t

u t f e d f x t  where 1f , 1
2

nf  and 

the resulting closed loop structure is shown in Figure 1. 

Fig. 1.  Closed loop structure 

PART B: AIRCRAFT APPLICATION

II. AIRCRAFT MODEL

The longitudinal dynamics of an aircraft are characterized 

by the phugoid (long period) and short period modes. 
Assuming that the aircraft horizontal velocity component U
remains constant and dropping the pitch angle  from the 
states the following non-linear short period dynamics of an 
AFTI/F-16 (see Fig. 2) are presented [10], [11]: 

2 2cos sin
cos cos

, 20 20

a

a e e e
yy

L a D a
a a q a

mU
M

q u
I

    (17) 

where a , is the angle of attack, aq  is the pitch rate and e  is 
the elevator deflection angle and eu  is the elevator 
command. The aerodynamic forces D , L  and the moment 
M  are defined as follows:

, ,

2

Lq
da d e e La a L e e

t

mq
ma a m e e

t

C c
D qS C a C L qS C a q C

V

C c
M qSc C a q C

V

(18)

The parameters of the aircraft appearing in equations (17) 
and (18) are defined in Table I.

TABLE I
VARIABLE DEFINITION

Symbol Definition Values 

tV aircraft velocity 2 2 ( / sec)tV W U m
p density of air 30.65381 /kg m

3 31.26848 10 /slug ft

q dynamic pressure 2 20.5 ( / )tq pV Nt m

S surface 2 227.87899 (300 )m ft
c mean a/d chord 3.450336 (11.32 )m ft
m mass 9530.302 (652.7329 )kg slug
g gravity acceleration 2 29.8 / sec (32.2 / sec )m ft

U horizontal velocity 284.4 / sec(933 / sec)m ft

yyI moment of inertia 2 273046.53 (53876 )kg m slug ft

LqC a/da force due to q 3.162( )unitless

L eC a/da force due to e 0.55( )unitless

maC a/da moment due to a 0.1146( )unitless

mqC a/da moment due to q 2.382( )unitless

m eC a/da moment due to e 0.6933( )unitless

daC a/da force due to a 0.151261( )unitless

d eC  a/da force due to e 0.009912( )unitless

a a/d stands for “aerodynamic”. 

The parameter LaC  is an uncertain parameter q , valued in 

the domain 
min max

,La La Laq C C C . The elevator 

deflection is constrained according to the inequalities 
25dege  and 60 deg/ sece . The linearized 

equations of the AFTI F-16 can be written in the state space 
form as follows: 

Uncertain
System 

2f

1f
( )u s( )ry s ( )y s

( )x s

1
s

( )e s
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( ) ( ) ( ) ( )Lax t A C x t bu t , ( ) ( )y t cx t , 0(0 )x x  (19) 

where

a

e

a t

x t q t
t

, ( )y t a t , ( ) eu t u t ,
0
0
20

b ,

1 0 0c and

2 2 2

0.5 0.5 0.5
1

0.5 0.25 0.5( )

0 0 20

La Lq L e

ma mq m e
La

yy yyyy

C pSU cC pS C pSU
m mm

cC pSU c C pSU cC pSU
A C

I II

bx

bz

tV

U

W

a

Fig. 2.  Aircraft Schematic 

III. ROBUST TRACKING CONTROLLER

In this section a robust tracking controller for asymptotic 
step tracking of the angle of attack, will be designed. 
According to (6) for 1r , the following augmented state 
space description of the aircraft model is derived:  

Lax A C x bu                            (20) 

where

e
x

z
, z x and

0
0La

La

c
A C

A C
,

0
b

b
  (21)

To system (20) apply the following static state feedback law  

1 2 3 4f f f f f   ;  if    (22) 

The augmented system closed loop characteristic uncertain 
polynomial is derived to be 

4 3
0

2
1 2 3

, , ,

, , ,
cl La La

La La La

p s C f s C f s

C f s C f s C f
 (23) 

where
2

4
0

20 20 0.5 0.25
, yy yy La yy mq

La
yy

I m f I m C I pSU c C mpSU
C f

mI

1 11 12, , ,La La La
yy

pSU
C f C f C f

mI

2
11 2 4, 10 10 1 0.125La L e yy La yy mqC f C f I C f I c C pSU

12 3

4

, [5 0.1 2

5 1 0.25 ]

La ma m e

mq Lq ma

C f c C C f mU

c C f m C C pSU

2 21 22 23, , , ,La La La La
yy

pSU
C f C f cU C f C f

mI

21 1 2 3, 10 2.5 5La L e yy mq maC f C f I cpSU cC f C f U

22 4

4 4

, 2.5 1

10 1 5 1

La La mq

ma Lq

C f cC C f pS

C f m cC f pS

23 2 2 3, 5 2La m e Lq LaC f C f m cC f pS C f pSU

2
1

3
5 2 0.5

,
m e Lq m e L e mq

La
yy

cf pS C m cC C pS cC C pS U
C f

mI

 According to definitions (11) and (12) the following 
matrices are defined: 

0 1 21 0La La La Laa C a C a C a C   (24) 

1,2 1,3 1,4

2,1 2,2 2,3 2,4

3,1

0 0 0 0
0 0 0 20
0

0 0 0

T
LaLa

La La

CC
C C

(25)

where
2

0
0.25 0.5

20 mq La
La

yy

c C C
a C pSU

I m
,

1

2

[ 5 0.5 0.25

10 0.125 ]

La mq ma Lq ma
yy

La yy mq

pSU
a C c cC m C mU cC C pSU

mI

C I c C pSU

,

2
2 10 5 2.5La ma Lq ma La mq

yy

cpS
a C C m cC C pS cC C pS U

mI
,

1,2
10 L eC pSU

m
,

2
1,3

10 m e

yy

cC pSU
I

, 2,1
10 L eC pSU

m
,

2

1,4
5 2mq La yy

La
yy

c C m C I pSU
C

mI
,

2

2,2
10 5 2.5m e Lq m e L e mq

yy

cpS C m cC C pS cC C pS U

mI
,

2 2 3

2,3
5 L e ma La m e

La
yy

c C C C C p S U
C

mI
,

210 5 2.5
2,4

ma Lq ma La mq
La

yy

cpS C m cC C pS cC C pS U
C

mI
,

2

3,1
10 5 2.5m e Lq m e L e mq

yy

cpS C m cC C pS cC C pS U

mI
.

Theorem 2: The problem of robust output step command 
tracking for the short period model of the aircraft is always 
solvable.  

Proof: According to definitions (24) and (25) the matrix 
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**
LaA C  is constructed. The elements of **

LaA C  are 

continuous functions of LaC  for every 

min max
,La La LaC C C . Choose the following 5 4  row 

submatrix of **
LaA C T  (where T

1 0 0 0 0
0 1 1 1 1
0 0 1 0 0
0 0 0 0 1
0 1 0 0 0

)

1
*

2 3 4

5 6 7 8

9 10 11

/( ) 0 0 0

20 /( ) 0 0

0

0

yy

La yy

La La La
yy

La La

mI pSU

C mI pSU
pSU

A C C C
mI

C C

  (26) 

where 2
1

20
0.25 2yy

La yy La mq
mI

C I C mc C
pSU

,

2

2

5 0.5 0.25

10 0.125

La mq ma Lq ma

La yy mq

C c cC m C mU cC C pSU

C I c C pSU
,

2
3 5 2La yy La mqC I C mc C , 4 10 L e yyC I , 8 10 L e yyC I ,

5 2.5 4 2La ma Lq ma La mqC c C m cC C cC C pS U ,

10 2.5 4 26 C C I c mC cC C cC C pS ULa L e yy ma Lq ma La mq ,

7 5 2 2 0.5L e yy m e Lq m e L e mqC I c mC cC C cC C pS U ,

9 2.5 4 2m e Lq m e L e mqc mC cC C cC C pS U ,

10 2.5 4 2m e Lq m e L e mqc mC cC C cC C pS U ,

11 2.5 4 2m e Lq m e L e mqc mC cC C cC C pS U . The matrix 

LaA C  is positive antisymetric, since it can be constructed 

using the three positive up augmentations: 1 LaC

*
2 3La La LaC C A C , where 1 LaC 8

11yy

pSU
mI

,

4

2 7 8

10 11

0

La
yy

pSU
C

mI
, 3 3 4

6 7 8

9 10 11

20
0 0

0

yy

La La
yy

La

mI

pSU
pSU

C C
mI

C

.

The vector 1La Lac C C  is a Hurwitz invariant core 

since the associate polynomial of Lac C

( 1
T T

Lac C s ) is positive Hurwitz invariant. Hence, 

condition (ii) of Theorem 1 is also satisfied.                        

IV. COMPUTATION OF THE CONTROLLER PARAMETERS

The controller 1 2 3 4f f f f f  will be computed 
using the following algorithm [7]-[9]: 

Step 1 (Construction of the augmentation matrices): The 
core of LaA C  is 1La Lac C C . From 1 LaC

using an up positive augmentation the matrix 2 LaC is
constructed. Using another up positive augmentation the 
matrix 3 LaC  is constructed. Using another up 

augmentation the matrix 4 La LaC A C  is 
constructed. Let 1 1 .

Step 2 (Determination of the region of 1 0  for which

2 1 1 T
LaC is positive Hurwitz invariant): According 

to the form of the associated polynomial it is observed that 
robust stability is guaranteed 1 0 . Hence, the region of 

1  is 0, . Let 2 1 1  and choose 1 0.9 .
Step 3 (Determination of the region of 2 0  such that

3 2 2
T

LaC is positive Hurwitz invariant): The 
respective associated polynomial is robustly stable 

2 0,0.124639 1.15601,1.9 . Let 3 2 1 1
and choose 2 0.12 .

Step 4 (Determination of the region of 3 0  such that

4 3 2
T

LaC is positive Hurwitz invariant): The 
respective associate polynomial is robustly stable  

3 0,0.000446414 . Choose 3 0.0004 .

Step 5 (Derivation of the gain vector): The gain vector f
that robustly stabilizes the associated polynomial of 

** T
LaA C Tf  is 3 2 1 1 0f  and consequently 

the gain vector that robustly stabilizes the associate 
polynomial of **

LaA C  is 

1 2 1 2

3 3 3 3 3

11 1 0T e e e e
f Tf

e e e e e
.

According to (9) the control signal is defined as 

1 2 1 2

3 3 3 3 30

1( ) ( ) 0 ( )
t

e e e e
u t e d x t

e e e e e
 (27)  

V. SIMULATION RESULTS

The parameters’ values, for an aircraft flying at 20.000 ft
and at 0.9 M, are defined in Table I. Let the desired 
manoeuvre be a loop with a steady angle of attack of 0.05 
radians. Suppose that the aircraft is flying through a windy 
and gusty environment as shown in Fig. 3(b) [12], [13]. 
Additionally, for a time period 2,3 secet  the elevator 
actuator presents up to 80% reduced efficiency as shown in 
Fig. 3(a).  Applying the control law (27) to the non linear 
aircraft model, the state responses are quite satisfactory as 
illustrated in Fig. 4(a) – Fig. 4(c), for the minimum, 
maximum and nominal values of the uncertain 
parameter LaC . The angular velocity of the actuator is shown 
in Fig. 4(d), while the tracking error is shown in Fig. 4(e).
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1 2 3 4 5
t sec

0.2

0.4

0.6

0.8

Efficiency 100%

(a)

5 10 15 20
t sec

-1.5

-1

-0.5

0.5

1

1.5
D t deg sec

(b) 
Fig. 3. (a) Elevator efficiency, (b) Rotary gusts disturbance 

20 40 60 80 t sec

0.5

1

1.5

2

2.5

deg

(a)

2 4 6 8 10 t sec

-2

2

4

6

q deg sec

(b) 

2 4 6 8 10 t sec

-2
-1

1
2
3

e deg

(c)

2 4 6 8 10 t sec

-40

-20

20

40

Va deg sec

(d) 

20 40 60 80 t sec
0.5

1
1.5

2
2.5

SSerror deg

(e)
Fig. 4. Approximate command following for the angle of attack (a), 
responses of pitch rate (b), elevator deflection (c), elevator angular velocity 
(d), tracking error (e). (Dotted line, Plain line, Dashed line is for the 
minimum, the nominal, and the maximum value of LaC , respectively) 

VI. CONCLUSION

In this paper the problem of robust output command 
tracking for polynomials reference signals has been solved 
for the first time for the case of linear systems with 
nonlinear uncertain structure. The problem has been solved 
using am independent of the uncertainties controller that 
includes a static state feedback, a unity output feedback and 
integral action. Sufficient conditions for the problem to have 
a solution are established. The above results have been 
applied to control the short period longitudinal motion of an 
aircraft Simulation results to the nonlinear aircraft model, 
have illustrated the effectiveness of the controller over a 
wide range of system uncertainty, wind disturbances and 
actuator failure.

Before closing it is important to mention that based on the 
results of the present paper further results regarding more 
general reference signals are currently under investigation. 
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