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Abstract— This paper considers the problem of assigning
structural properties of a linear system through sensor selection.
The problem is, for a given matrix pair (A, B), to find an
output matrix pair (C, D) such that the resulting linear system
(A, B, C, D) has the pre-specified structural properties, such as
the finite and infinite zero structures and the invertibility prop-
erties. Both the assignability of certain structural properties
is established and an algorithm for explicitly constructing the
matrices (C, D) that result in these properties is developed. In
particular, by introducing the notion of infinite zero assignable
sets for the pair (A, B), we establish necessary conditions under
which a given set of structural properties can be assigned.
Motivated by these necessary conditions, we establish a set
of necessary and sufficient conditions for the assignability of
a set of structural properties which includes left invertibility
property. These necessary and sufficient conditions indicate
the conservativeness of the existing conditions. In establishing
these conditions, we develop a numerical algorithm for the
construction of the required output matrix pair (C, D).

Keywords: Linear systems, structural properties, invariant
zeros, infinite zeros, structural assignment.

I. INTRODUCTION

Structural properties of linear systems, such as the finite
and infinite zero structures and the invertibility properties,
have played a very important role in many linear systems
and control areas, including, robust and H, control (see,
e.g., [2], [9]), Ho optimal control [15], and control with
saturation [9]. One of the major obstacles to successful
applications of multivariable control synthesis techniques,
such as Hy and H, control techniques, to practical con-
trol problems is the lack of adequate understanding of
the linkage between achievable control performances and
hardware implementation such as the selection and locations
of sensors and actuators. Indeed, this linkage provides a
foundation upon which trade-offs can be incorporated in the
preliminary design stage. Thus, one can introduce careful
control design considerations into the overall engineering
design process in an early stage. For example, it is well
understood in the literature that nonminimum-phase zeros are
always troublesome to deal with. However, simple examples
show that such troublesome nonminimum-phase zeros can be
removed by properly adding, removing or relocating sensors
and actuators. This is exactly what motivated our interest in
the problem of structural assignment. This problem is, for a
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linear system characterized by a matrix pair (A4, B),

2 =Ax+ Bu, zeR", wueR™, @)

to find a matrix pair (C, D) that define a system output
y = Cx + Du, 2)

such that the resulting linear system characterized by the ma-
trix quadruple (A, B, C, D) has the pre-specified structural
properties, such as the finite and infinite zero structures and
the invertibility properties.

It is appropriate to trace a short history in the study of the
problem of structural assignment for linear systems. Most
results in the literature pertain to the assignment of finite zero
(invariant zero or transmission zero) structures (see, i.e., [6],
[71, [8], [13], [14], [20], [18], [19]). In 1995, [4] proposed
a technique which is capable of simultaneously assigning
finite and infinite zero structures. Recently, we successfully
attempted to deal with the assignment of complete system
structures, including finite and infinite zero structures and
invertibility structures [11]. In particular, in [11], we identi-
fied a set of sufficient conditions, and under these conditions,
an algorithm that leads to the assignment of a set of complete
structural properties is developed. In 2004, by using the
similar technique of [14], the authors of [1] presented the
necessary and sufficient conditions under which an infinite
zero structure can be assigned. Other structural properties,
such as finite zero structure and invertibility properties were
not considered. Moreover, the tool they used to established
these necessary and sufficient conditions is rational function
matrix, which, though mathematically elegant, does not lead
to computational algorithms to construct the required output
matrix pair (C, D).

In this paper, we present some further results on the
problem of structural assignment. We will first introduce
the notion of infinite zero assignable sets. With this notion,
we establish necessary conditions under which a given
set of structural properties can be assigned. Motivated by
these necessary condition, we establish a set of necessary
and sufficient conditions for the assignability of a set of
structural properties which includes left invertibility prop-
erty. These necessary and sufficient conditions indicate the
conservativeness of the existing conditions. In establishing
these conditions, we develop a numerical algorithm for the
construction of the required output matrix pair (C, D).

The remainder of the paper is organized as follows. Sec-
tion II includes some background materials that are needed
in our work. Section III presents our preliminary results
which will lead to our main results in Section IV. Section V
concludes the paper.
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II. BACKGROUND MATERIALS

We recall in this section the special coordinate basis de-
composition of linear systems, which was introduced in [17],
[16]. A toolkit [10] in the MATLAB environment containing
such a structural decomposition is currently available online
at the website http://linearsystemskit.net. The
special coordinate basis, implemented in the toolkit [10], is
based on a numerically stable algorithm recently reported in
[5], together with an enhanced procedure reported in [3].

Let us consider a linear system 3,

&= Az + Bu, y=Cz+ Du, 3)

where x € R", u € R™ and y € RP are the state, the input
and the output, respectively. Without loss of generality, we
assume that both [ B D"] and [C D | are of full rank.

Theorem 2.1 (SCB): Given the system X of (3), there exist
nonsingular state, output and input transformations " s, I, and
I';, such that

A = T7'AT, = A, + ByCy
Aaa Labe 0 LadCd
_ 0 Abb 0 Lded
Eca chCb Acc Lcdcd
ByFE4. BaEaw, BaFsc Aaa
BOa
B
+ BOb [Coa Cob Coc Coal, 4)
Oc
Bog
Bo. O 0 7
~ _ B 0 0
_ 1. _ 0b
B - Fs BPI*[BO BS]* BOC 0 Bc 9 (5)
Bog Bg 0
_ C [Coa Cob Coc Coa |
C = rglcrsz[co]z 0 0 0 Cql, (6
s | 0 Gy, O 0 ]
R _ImU 0 0
D =T,'DIy=D,=| 0 0 0], 7
L 0 00
where

Ada = Ajq + BaFaa + LaaCa

for some constant matrices Lqq and Eq4q of appropriate di-
mensions, and

A:ld:blkdiag{Aql,AQQ,... A }

? M dmy

’ Bde }a
’ Cde }7

By = blkdiag{Bql By, ...

Cy = blkdiag{qu Car -
with (A, By, Cy, ) being defined as

Ag= 8 I‘ho Y|, By= (1) , Cq=[1,0, ..., 0]

Remark 2.1: The structural decomposition shows explic-
itly the finite zero and infinite zero structure, as well as left
and right invertibility structures of the system 3.

o The finite zero sturcture of X is characterized by the
eigenstructure of A,,;

o Left invertibility structure S*(X) is the observability
indices of (App, C},), and right invertibility structure of
SZ(X) is the controllability indices of (Agc, Bc);

e ¥ has my = rank(D) infinite zeros of order 0. The
infinite zero structure (of order greater than 0) of X is
given by SZ (X) = {q1,¢2, -, ¢my }- That is, each ¢;
corresponds to an infinite zero of ¥ of order ¢;.

« The finite zero structure corresponds to Morse invariant
index list Z;[12]. Furthermore, S}. S and S are cor-
responding to lists Zo, Z3 and Z4 of Morse, respectively.
Also, ¥ is left invertible if S} is empty, right invertible
if S’ is empty, invertible if both S} and S} are empty,
and degenerate if both S and S are present.

ITII. PRELIMINARY RESULTS

Definition 3.1: Consider a matrix pair (A, B) with A €
R™ ™ and B € R" ™. Then, a set {n1,m2,...,Mw} Is
called a restricted infinite zero assignable set of (A, B), if
1,72, - .., N are positive integers, w < m, and there exist a
nonsingular matrix T, € R™*™, such that

P= [ by Ab; . Am_lb1| by Abs . An2_162|

] be Abg ... Ay ]

is of full column rank, where by, is the kth column of BT,.

Definition 3.2: A positive integers set {T1,T2, ..., Tw} IS
called an infinite zero assignable set of (A, B), if there exist
a feedback gain K € R™*", such that {Ty,T2,...,Tw} is a
restricted infinite zero assignable set of (A — BK, B).

We next establish the following lemmas, which are crucial
to the establishment of the main results in Section I'V.

Lemma 3.1: Consider (A, B) with AeR"™*", BER™*™.
Let the set of integers {11, 72, . .., Nw } be a restricted infinite
zero assignable set of (A, B). Then, there exist nonsingular
T, € R"*™ and T, € R"™*™ such that

Ay * 0 e % 0
* ok Iy * 0
* 0 Sk 0
T, AT, = : : . : ,
* ok 0 * I
* x 0 * 0
0 0 By
0 0 =
) 1 - 0 %
s BLi=|. . . .|,
0 -+ 0 %
0O --- 1 «x
where Ag € R"™*™ and By € R™*"™"%) with n, =
n— X7 Nk.
Proof. By Definition 3.1, there exists a nonsingular 7', €
RT”Xm

k)

BT, =[b1 b bm ],
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such that
T = [ Am=lp Am=2p . by |A by A2 2,
bo|...|A"="1b, A"="2b, ... by } 8)
is of full column rank. Let Ty be a constant matrix such that
Ts:=[To T1]
is nonsingular. From (8), we have
BT, = [Tsey, Tseg, ... Tsen | by bom ]

= Tileg €gs - €n | T boyr - T8 tom],  (9)
AT, = [ ATy| Amby Tieg 41 Tseg,| -
| ATbg Tseg. 11 Teen—1 |

= T, [TsVATo| TP AMby egiqr ... egy
| T ATy ey en—1 ], (10)

where g = n, + Ef;llm, k=1,...,w.
Left multiplying both sides of (9) and (10) by T ', we
obtain the results of the lemma. |
Lemma 3.2: Consider a linear system characterized by a
matrix triple (A, B,C) with A € R™*", B € R™™™ and
C c Rmxn,

AO (&3] 0 s Oy 0
* % I - % 0
* ok 0 cee ok 0
A= : : : ’
* K 0 * I
* ok 0 * 0
0 0
0 0
1 0 0 1 0 0 0
B= : ik C= : ’
0 0 0 0 O 1 0
0 1

where Ag € R™ ™ and a, ..., 0 € R™*!, with n, =
n — XL Tr. Then, there exists a state transformation T,
such that

AO (&3] 0 e Oy 0

0 x I,y -+ % 0

* % 0 S % 0
Ay =T, AT = S (11)

0 ~ 0 * I

*  x 0 R 0
B:=T,'B =B, (12)
C1=CTsy =C, (13)

i.e., the triple (A, B, C) is invertible, with its invariant zeros
given by the eigenvalues of A and its infinite zeros being

{11, 72, ..., Tm }
Proof. Let
x1 u
(=0 €2 . u2
X ) Tq = ’ u = . )
Td :
Tm Um

T4.1

Li,2

= |, i=12..m

T,
Then the system (A4, B, C') can be written as
&0 = Aoxo + XL 001,

. _ m
Tij = AijTo + Tij1 + Bply @i ki,

i=1,2,...,m, j=12..7,
. m .
Tir, = Ay, To + X100k Ti1 w1 =1,2,...,m.
Define
1 .
T; o= —Ai1%0 + T2,
we have
. 1 m
Ti1 = Ty + Npl10i1,kT01,
and
.1 . .
Tiog = —Ai1do + T2 = (Ai2 — Ai1Ao)To

m
+a;3 + 200 (@i 0k — Aij1ar)Tin
. 1 m 1
= Aj oo+ i3+ Xl 1 Ti 1,

Similarly, defining

1 g1
Tig = —AjT0 + T3,
we have
. 1 m
Tig = T3+ Xpl a2, k%01,
.1 1 . .
Tiz = —Ajgfo+dis

R 1 m 1
= A 3% + Tia + X0, 5 5T

Proceeding recursively, we finally obtain

)

. 1 m
Ti,l = Ty 2 + Ekzlai,l,kxi,la

11 m 1 )
Ti =Ty T Vpo105k i1,

i=1,2,...,m, j=2,3,...,7i,

; _ 7l m 1 .
Tig = Aj ;w0 T X510, 5, T Hui,  1=1,2,0.,m.

Thus, the desired matrix 7 can be defined as follows,

I, 0 0 ... 0 0
0 1 0 ... 0 0
® 0 Ipq ... 0
s = : : : L : (14
0 0 | 0
P, 0 0 ... 0 L—m—l
with some appropriate matrices 5 € R(Te=Dxno - —

1,2,...,m. |
Lemma 3.3: Consider a linear system characterized by a
matrix triple (A1, By, C:l), where A, and B; are in the form
of (11) and (12), and C1 is given by
/1 0 e 0 0
=]
Bm O o --- 1 0
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. 1 o
Wlth ﬁ15@27" 'aﬁm € R xn > o = N — E’]:;n:rrk’- Then,
(A1, By, C4) is invertible, with its invariant zeros given by
the eigenvalues of Ag—X7" ; By and its infinite zeros being

{11, 72, ..., Tm}
Proof. Let
L, 0 0 0 0
-0 1 0 0 0
0 0 I, ... O 0
Ts = . . . . . . )
—0Bm 0 0 o1 0
0 0 0 0 I, -1
where n, = n — X7 7. We have
Ag= Ty AT,
Ag = X0 Brar, o 0 S Qo 0
* * I * 0
* * 0 e % 0
* * 0 * I
* * 0 * 0
By =T, 'B; = By,
0 1 0 - 0 0
Co=C1Ty = : : : P :
0 0 o - 1 0

Then, the result of the lemma follows from Lemma 3.2. N

IV. MAIN RESULTS

Our first main result gives a necessary conditions for the
assignability of a set of structural properties.

Theorem 4.1: Consider a linear system (A, B) with A €
R™ ™ and B € R™*™. Let n, be a non-negative integer, and

AQ = {81762; e '7€mc}7
A4 = {q15q27" '

Az = {/‘l’lﬂ/‘l’Qﬂ"'?/‘LPb}7

7qmd}

be three sets of positive integers. Then, there exist C' €
R™HPe=me) X ang D e RUMFPo=me)Xm quch that the
resulting system characterized by the matrix quadruple
(A, B,C, D) has n, invariant zeros, m — mgq infinite zeros
of order 0, and the Morse invariant index lists Zo = Ao,
Ig = A3 and Z4 = A4, only if
1) {51752, vl @1, g2,
assignable set of (A, B);

2) ng 4+ X + 300 + B0 g = n.

Proof: There exist Ty € R™ ™ and T, € R™*™ such
that Ts_lATS and Ts_lBTl are in the form of (4) and
(5), respectively. Moreover, (Aqc, Bc) is in the form of
observability canonical form, i.e.,

Acc - A:C + BcEccv

,dmy} 18 an infinite zero

for constant matrices E.. of appropriate dimensions, and

Az = bikdiag{ A, Agyy . Av,,,

B. = blkdiag{ Bs,, Bes, .-, Bu,,. |

with

[0 I To
Aéi*_o 0 :|’B‘€i|:1:|'

Define a state feedback gain matrix K as

[Coa Con Coc Coa
K=T1{ 0 0 FEge Eaa|T7!
0 0 FEe. 0

Then, we have

A: = A-BK
Aaa Labe 0 LadCd
_ 0 Apb 0 LyaCq -1,
BcEca chCb Azc Lchd
BaF4. BaFEab 0 A?id + L4aCaq

Let by, be the (m, + k)th column of BT;. It can be verified
that

P = [by Aby ... A%y | ...| by, Abp,
Abme by | b1 Abmeyr oo ATy 4]
o] bty Abmeimg o AT b oy ]
0 0
= Ts| 0 A,
Ay 0
where
AC = blkdiag{égl, ceey (sng },
Aq = blkdiag{dg, ..., dq,, },

and where J; is the k x k& matrix with the elements
in the inverse diagonal being 1s, and all the other el-
ements being 0s. Clearly, P is of full column rank.
Thus, {¢1,%2,...,lm.,q1,92, "+, qm,} 1S an infinite zero
assignable set of (A, B).

Condition 2 is needed only for the compatibility of dimen-
sions. |

In what follows, we present the necessary and sufficiency
conditions for the assignabilility of a set of structural prop-
erties which includes the left invertibility property.

Theorem 4.2: Consider a linear system (A, B) with A €
R™™ ™ and B € R™*™. Assume that its uncontrollable modes
are distinct. Let n, be a non-negative integer, and

7/”'[)1,}) A4 = {q15q27"'7qmd}7

are two sets of positive integers. Then, there exist C' €
RP>+MX1 and D e RP»H™M>X™ guch that the resulting
system characterized by the matrix quadruple (A, B, C, D)
is left invertible, has n, invariant zeros, m—mg infinite zeros
of order 0, and the Morse invariant index lists Z3 = A3z and
T4 = Ay, if and only if

1) {qla qz2, -

(A, B);

2) na+ 3 i+ B ¢ = n.

Proof. Necessity: It is the special case of Theorem 4.1
with Ao being an empty set.

Sufficiency: We will give a constructive proof that would
yield the desired matrices C' and D.

Az = {pa, po, .

*,¢my} 1s an infinite zero assignable set of
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Since {¢1, 42, - - ., Gm, } i an infinite zero assignable set of
(A, B), by Lemma 3.1, there exist nonsingular 77 € R™*",
T, € R™*™ K; € R™*"™, such that

Ay = T7Y(A-BK)T
Ay o 0 Co Qg 0
I S P - 0
* ok 0 R 0
*x % 0 * Gmg—1
* ok 0 * 0
[0 -+ 0| B ]
0 -+ 0| =
1 . 1 --- 0 *
Bi=T{'BL=[B|B.]=|. . .| . |
0 -+ 0| =
10 - 1| % |

where Ag € R™*™ By € R"™*™° m, = m — mq and
No :n_zzn:d1Qk' R

By Lemma 3.2, for (Ay, By), there exists a state transfor-
mation 75, such that

Ay o 0 Qg 0
0 x Iy—1 -+ % 0
_ * 0 e *
Ao =Ty A1 To= . . , (15)
0~ 0 * g, -1
* ok 0 * 0
0 0
0 0
. 1A 0
By=Ty"Bi=1|. . .
0 --- 0
0 --- 1
Thus, there exists a state feedback gain K, such that
AO (&3] 0 Qg 0
0 % Iy - % 0
. * 0 See K 0
As — BoK, = . . . . .
0 = 0 SR S A
0 0 * 0
Let
Lo=[on ao Qmy | -

By the structure of (A; — BQK*, 32), it is clear that
all uncontrollable modes of (A, B) are the uncontrollable
modes of (Ao, L), and the remaining modes of A, are
all controllable. The controllable modes of (Ag, L,) can be
freely relocated by state feedback with gain

Kg=[8 By .- B,

where 51, 52,...,0m, € R'*™ That is, the eigenvalues of
Ay, =Ao—LoKpg = Ag— X}, Bray include uncontrollable
modes of (A, B) and any other desired modes.

Let us define
61 1 0 - 0 0

Co=1| : : R o
Bma O 0o - 1 0
which is in conformity with the structures of Ao and Bs in
(15). We further define the state transformation 1’3

I, 0 0 .. 0 0
-3 1 0 ... 0 0
0 0 I,1 ... 0 0
T3 = . . . . )
Bmy, 0 0 ... 1 0
0 0 0 0 I,
d

I%y Lemmas 3.3 and 3.2, we can find a state transformation
T3, which is in the form of (14), such that

Az = (TxT3) ' Ax(T5T3)
A,y aq 0 ot Omg 0
0 * Iy—1 - % 0
* * 0 * 0
0 * 0 * Gmg—1
* * 0 * 0
By = (T3T3)"'By = By,
and
0 1 0 -0 0
Cs = Co(T3T3) = : : : R :
0 0 o --- 1 0

It is straightforward to see that the triple (As, Bg, 6'3) is in
the form of the special coordinate basis, and by the properties
of the special coordinate basis, its invariant zeros are the
eigenvalues of A., its infinite zero structure is given by
{¢1,492,--.,qm,}, and it is invertible.

The uncontrollable modes of (A.,Kg) are distinct, and
the remaining modes of A, could be relocated freely by
selecting K g. For such A, we can select C}, € RP**", such
that (A, Cy) has n, unobservable modes, and observability
indices {p1, pio, - - -, fp, }- To do this, we find a transforma-
tion T, such that

Ta?)lAVTab = |:A8a AT)b:| ’

where A,, € R™*™ contains the desired finite zeros, and
App € R™*™ is a diagonal matrix. We thus select
0 & -+ 0

—1
Tab ’

Co=1: © "
0 0 - &,
where &, 1 = 1,2,...,pp, is a 1 x p; vector with all its
entries being nonzero.

Let
0 1 0 0 0
Cy = :
0 0 0 1 0
Chy 0 0 0 0
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It can be easily verified that (As, Bs, C’g) is left invertible,
has n, invariant zeros, Zs = Az and 7, = A4.
From the above process, we have

(ToT3T3) "t A1 (ToTsT3) = As,
(ToTsTs) ' B; = Bs.

Thus, (A4, Bl, C’g (T2T3T3)_1) has the same Morse invariant
index lists as (43, Bs, C’g).
Letting
Ty = Ti Ty T3 T3,

we have

A3 =T, (A - BK))Ty,

0 0 B
0 0 x
1 1 0
Bs =1, "BT, = .
0 0 x
0 1 x

Let

_ Cs — O(Pb+md)><md 0

“= [0<mmd>xn] = [ 0 Do |’
where D, is an arbitrary (m — mgq) X (m —mq) nonsingular
matrix.

We can find a state transformation such that (A,, Cy) is
transformed into its observability canonical form. Thus, it
is easy to see that (A3, B3, Cs, D3) has n, finite zeros and
m — myq infinite zeros of order 0, its infinite zeros of order
greater than 0 are {q1,q2,...,qm,} (ie, Zy = Ay) and left
invertibility structure is {1, pio, . - ., fip, } (ie., Zg = A3).

Applying a state feedback with the gain 7,7 KT
to the system (As,Bs,Cs,Ds3) results in the system
(T, 'AT,, Ty 'BT, C3+ D3T, 'K)Ti, Dj3). Thus,
we obtain the desired C' and D as

C = (C3+ DsT 'K T)T = C3Ty ! + DK,
D = DsT '

Note that state feedback does not change structural indices of
a linear system. Thus, structural indices of (A3, Bs, C3, D3)
and (A, B,C, D) are the same.

Noting the special form of T and Ts, we have

0 0 D,
We finally obtain a set of the desired (C, D) as

C = [03] (TyT3)"' + DK,, D= {0 0 ]T;l.

Q={(I',C, T'yD)| T, eRPeHm)*Potm) jq nonsingular} :

This completes the proof of Theorem 4.2. |

Remark 4.1: If the uncontrollable modes of (A, B) are
not distinct, then the assignment of 735 will be slightly more
complicated. It will be subject to more constraint imposed
by the Jordan canonical form of uncontrollable modes of the
given (A, B).

Remark 4.2: In our earlier algorithm[11], in order to be
assignable, the desired orders of infinite zeros must be equal
to or less than the elements in controllability indices of
(A, B). In the current algorithm, no such a constraint is
imposed.

V. CONCLUSIONS

In this paper, we have revisited the the problem of
structural assignment for linear systems. We first established
necessary conditions under which a given set of structural
properties can be assigned. Motivated by these necessary
conditions, we established a set of necessary and sufficient
conditions for the assignability of a set of structural prop-
erties which includes the left invertibility property. These
results significantly improve the existing results on the topic.
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