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Abstract—This paper investigates the theory of nonlinear H,,
analysis to flight vehicles with varying real parameters which
arise from the uncertain aerodynamic coefficients. It’s so called
nonlinear u flight control. The difficult task involved in applying
the nonlinear u light control is to solve the associated Hamilton-
Jacobi inequality for uncertain system. In this paper we derive
the suboptimal condition to meet the L,-gain of the nonlinear
uncertain system less than a constant y. The complete six
degree-of-freedom nonlinear equations of motion for F-16
aircraft are considered directly to design the nonlinear u flight
controller by treating the longitudinal and lateral motions as a
whole. The associated Hamilton-Jacobi partial differential
inequality is solved analytically, resulting in a nonlinear u
controller with simple proportional feedback structure. This
paper verify that the derived nonlinear u control law can ensure
global flight envelop and asymptotical stability of the closed
loop system with varying aerodynamic characteristics and have
strong robustness against wind gusts with varying statistical
characteristics.

I. INTRODUCTION

HIS problems of instability and flight performance

degradation caused by linearization process can be taken
into account by exploiting linear robust control theory, such
as H,, control [1]-[2], synthesis technique by Packard [3], and
quantitative feedback theory (QFT) by Reynolds et al [4], etc.
However, a linear single-point design with constant feedback
gains is probably inadequately to maintain good control
properties over the whole nonlinear flight region, especially
near the boundaries of the flight envelope. A popular control
design employed for such flight vehicles operating over a
large flight envelope is gain scheduling (Nichols, [5]) via
on-line updating of linear controllers obtained from
linearized models about a set of operating points within the
flight envelope.

Manuscript received March 6, 2005. This work was supported in part by
the National Science Council of the Republic of China under Grant NSC
91-2212-E-014-006.

C.C. Kung is with the Department of Aeronautical Engineering, National
Defense University, Chung Cheng Institute of Technology, Taoyuan 335,
Taiwan.  (phone:  886-3-3906751; fax:  886-3-390487;  e-mail:
cckung@ccit.edu.tw).

C. D. Yang, is now with the Institute of Aeronautics and Astronautics,
National Cheng Kung University, Tainan 701, Taiwan (e-mail:
cdyang@mail.ncku.edu.tw).

J.W. Hwang and C.C. Wu are graduate students of National Defense
University, Chung Cheng Institute of Technology

0-7803-9568-9/05/$20.00 ©2005 IEEE

An alternative approach to tackle nonlinear flight region is
the direct use of nonlinear control theory such as nonlinear
H,, control. The practical application of nonlinear H,, control
theory is still very limited due to the difficulties in solving the
associated Hamilton-Jacobi partial differential inequality
(HJPDI). Algebraic and geometric tools have been used to
find a particular solution of the HIPDI for satellite attitude
control problem [6]. The nonlinear H,, control to general six
degree-of-freedom motions with exact solutions of HIPDI is
demoed in [7].

In recent years, numerous papers have addressed nonlinear
robust stability problems with parameters uncertainty [8] or
unstructured uncertainty [9]-[10]. The paper here extended
the results in [7] to the complete six degree-of-freedom
nonlinear flight vehicle dynamics with varying aerodynamic
coefficients, which has not been considered in the literature
before. Under this approach, the nonlinear control system is
similar to the y—analysis technique in linear control system.
It’s called nonlinear x analysis in this paper. The control
surface inverse algorithm (CSIA) [11] is considered in this
paper to implement the control surface deflections. CSIA is
constructed based on minimizing the global errors between
the commands and actual control forces and moments. In our
study, control command prefilter is designed such that the
nonlinear x flight control commands can be followed as close
as possible by flight vehicles’ actuator systems.

II. INTRODUCED AERODYNAMIC COEFFICIENTS INTO
NONLINEAR 6-DOF EQUATIONS

In general, the changes of aerodynamic and propulsive
forces and moments are expressed by means of a Taylor
series about the equilibrium point. Only retaining the
first-order terms, we have

f(x)z f(xo )"’ f’(xo )(x — X ), f'(xo) fixed (1)
X, denotes the states at equilibrium point. On the other hand,
based on the theorem of mean value in Calculus, there exists
a&such that
f(x):f(xn)+f'(§)(x—x0), X, <E<x 2)

It’s noticed that the left term is equal to the right terms in (2)
and yet they are approximate each other in (1). The value of ¢
is just aware between x,and X , so the value of r7(¢) can only

be defined as
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a<f'(&)<h

where a, b are the derivatives about the points x, and x,
respectively. In applying the small-disturbance theory, we
assume that the 6-d.o.f. motions consist of small deviations
about a steady flight condition. Obviously, this theory in (1)
cannot be applied to problems in which large-amplitude
motions are to be expected. However, in (2), the mean-value
theory yields sufficient accuracy for large-amplitude motions,
even though the acrodynamic derivatives f(¢) is indefinite.

To simplify the notations of 6-Dof equations of motion, the
following definitions are used.

Z(I):[U 14 W]T:[U0 Vs WO]T+[u v W]T:ZO+O'(Z)
Q()=[P @ RI'=[R Q RJ +[p g rI = +w()
w(t)=lF F EY=[F, F, F I+, S L) =us, +u,(0)
ug(t)=[L M NY =[L, M, N, +[[ m n] =ug +u,(t)

d,=[d, d, d.1.d,=[d, d, 4]

The symbols with subscript zero denote the values at
equilibrium point (trim condition), and the lower-case
symbols denote the deviation from the equilibrium point.
However, it needs to be noted here that we do not make the
assumption of small deviation.

In this paper, we are interested in expressing the
aerodynamic forces and moments by (2). Note that the
aerodynamic derivative f'(£) is varying about certain range.
For example, the aerodynamic force along the x axis F* can
be described by

F(%+00Q +a=F/(5,0)+
with 0<o<0,0<w<o. Equation (3) can be simplified to be
Fi=F +[FC FCFEDFF Eluovow poq ] (4)

s, +8,90)(7 ﬁﬁ:‘(zo,f?o +3%(3)
oo ow

The partial derivatives, g« , g, ..., etc are varying about the

flight envelope range. The other forces and moments can be
also represented in the same method. Express all aerodynamic
forces and moments in the matrix form:

el [Fe) [Fe Fe E, ES, F, Fu
FJ‘,’ FV”O Ff” FJ,”V Fv”w Fy"p Fy"q Fjr v (5)
T DS N P N P P o
r L L L, L L‘I‘, L‘; L | p
M M, M M M Mf, M;’ M|l q
N Ny N} N; N; N,‘j N;’ Nf_ r

_[zg }rG{U}

Qf 0]

where G is a matrix, which belongs to a given compact set
Ge{[gy]\gl;ﬁg”ﬁg;, i,jzl,...6}:SG (6)

with g, =F .8, = F, 8¢ =N/, etc. g, and grare

the left and right point of the range which, is in. The

components of the force and moment acting on the flight
vehicle are composed of aerodynamic and control

contributions. Hence, the forces and moments are divided
into two parts:
FY[E [E] Te] ] [e
F|=|Fe|+|F | | M |=| M |+ D

F F’ F! N N® N*

z

N

where the symbols with superscript u denote the applied
forces created by control surfaces ( including gravity and
thrust) and

T
— [Fj\u Evu szu] , ug — |:Lu MLI Nu:| (8)
The moments of inertia matrix /;; and cross- product matrix
S(w) induced by w=[p g r]"are defined as
1 -1, -1 0 —-r ¢
S(w)=| r 0 -p )
-4 p 0
The trim force us, and moment ug, can be solved from
The nonlinear equations of motion with respect to the equilibrium

point are (see [7])

. r ., 1 , 1
c==S(w)o-85(Q)o-S5(w)Z, ety +m—sdg(11)

o=-1,S(0)l,,0-1,/S(®)1,Q,
=1, S(Q) o+ jul + 1 ul +1,d,
Most of the flight control techniques are based on the

assumption that the perturbed motion from the equilibrium
point is small. Under this assumption, such terms as S®° and

(12)

-1 C . .
I S@Iy® can be negligible in comparison with ® and , and

(11)~(12) is reduced to a linear form. According to the values
of 2, and Q,, different control modes can be defined from
(11) and (12). Considering 2# 0 and Q, # 0, the nonlinear
velocity and body-rate control mode can be expressed in
matrix form:

S(%,)

i{ﬂ :__S(o ! LIS(1,9) 1, ~11S(Q)1, MZ}
IGG o] MR f(i)) J)
g F e

Equation (1 3) can be recast into the standard state-space form:

)'c=f(x)+g] (x)d+g2(x)uC
G:Z:{}h (XC)}
pllu

The problem is to find the control u such that the L,-gain of
the closed-loop system (14) is less than y. The following
lemma characterizes the desired control u° (see [12] ).

(1) The closed-loop system (14) has L,-gain less than 7y, if
there exists a positive C' function E satisfying

(13)

(14)
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1(6eEN'(1 . 1 ,\GE\ (6EY 1,
i 50) (oo [ E (5] 1030 om0

(2) If such an E function exists, the desired feedback control
u can be constructed from E as

1 7, \0FE
o)=L gD () E (16
Pu ax
Comparing (13) with (14) > we have x” =[o” ®'] and
_s(O -1 5 -1
L I O S N 1L
M Y2 M ([MQO)IM_[MS(Q)IM"'IMGZZ

1

—I 0 > u;" da
a(¥)=g()=m " | :L} d{d } (18)
0 [ﬁ—/ll @ ®
To reflect these requirements, we choose the output signal z
in the form of (14) and
1

1 1
= [5 pamsojo- + EpwaIMa)jz

(19)

Substitute (17)~(19) into (15), the HIPDI can be expressed a
11 1 I(GEJT(EBEJ (aE]T ,2(6EJ
P i Rt il I Rl i el I 172 B
2y p, )\ m\oc) \6c) \ow ow

+(%j [—S(a))U—S(Qo)G+S(ZO)a)+niG“cr+n11Glzwj 0

s s

EY ; .
+(£J (IMS(I‘WQ)Q_IMS(Q))IMw_]MS(gzo)IMa)

1 1
+1,)G, o+ [;Gzza)) +mea)TIMa) + Zm\_paaTa <0

Motivated from the linear result, we search for a possible
quadratic solution in the form

£o)=1fo w]f{co’”sh ’ Mm @1

0 Coly | @
Cs, C,, are scalar constants to be determined. To guarantee
the positiveness of E(x), these scalar constants must be
positive. By substituting (21) into (20), the following
inequality can be derived

1 1 mp,
2[72 pf]cao]3+ 4 13
X|

CmS(%,)
(22)

1r 1), 1
0 E(? 7;3jq7137q§(§)0)1,11+:‘p(,;[,w

Jor oTa al)
0o crle 6

To guarantee the positiveness of (22), it can be rewritten as
T
M, M, C 0 |=
o 1T1 2|, ol G = <0 (23)
o|\|M, M, 0o CJl, 0]

G:{GH Glz}azG_'_Gr
G, Gy

where

M is defined as follows:

Mn M12 0
X MT M x<
12 22

11 1 mp, 1
anz[yz_zjcgzﬁ Lo g, MF2CmS(5,)

u

11 1 1 1
M, :7(77‘) ch}g —ECMIMST (Qo)fach(QO)]M +%1M

2

AV
It can be shown that Eq.(23) is satisfied, if
C.I 0
M+ 77 (G+G")<0, VGeS, (24)
0 CJlI,

where M is also a function matrix of C,and C,. To guarantee
the negativeness of (24), the maximal eigenvalue of (24) has
to be negative. Define the nonlinear 4 value :

2o GeSq

p Aminmax A | M + G L 0 (G+GT) (25)
r _ an s Tmax 0 CMIM

where An.x(.) stands for the maximal eigenvalue. Hence, we
have the following property.

Theorem 1. If 1,<0, then the nonlinear closed-loop flight
system is internally stable and has Ly-gain lower than y, i.e.,

Izrzdt <y’ jwrwdt forall G € S,
0 0

His condition 2 is important to guarantee that the nonlinear
flight control system in total varying aerodynamic range has
L, -gain lower than y . It’s so called performance robustness.

Furthermore, since the solution of HJPDI is a qualified
Lyapunov function, the close loop system (with disturbance
d=0) is stable in the sense of Lyapunov.

III. THE CALCULATION OF M Y

The performance robustness of the closed-loop flight
system can be always kept if the value of 4, is negativeness.
However, the performance can be refined by considering
lower quantity of y. The minimal y can be obtained by

Vi =min{y : g1, <0}
It is clear that g, is affected by S¢. It implies that we can

relate u, to be 1,(Sg). Sg stands for the range of the uncertainty
and ) denotes the ability of disturbance rejection (i.e.,

(26)

performance.) Therefore, 1,(S;) increasing follows S; and
decreasing follows y. Obviously, the calculation of 1,(S¢) is
difficult. It is necessary for the largest maximal eigenvalue to
be found numerically by searching all G €S to determine the

optimal C, and C,,to minimize (25).
To overcome the difficulty of calculating x,(S¢), we have
consider the following theorem:

Theorem 2. Define
1 -1
ﬂozmaXimax(G-i-GT), M: CoMll CaMlz
C/M; C'M;,
then £, (S5) <0 is satisfied, if there exists C, and C,, such that
ﬂ’max (M) < _ﬂ’o (2 7)

668



Ji.e, M+ A, is negative definite.

Let A be a square matrix that the following equation is true
for any scalar c,

A(A+cl)=2(4)+c (28)
It implies that (27) can be rewritten as
/Imax (M'i_/lol) <O (29)

Clearly, 4., (JT/I+/?01)<0<:>M+/101 i. e, M+l is negative
definite. It should be pointed out that the solution of (27) is
much easier than checking 1,(S¢)<0. It’s because that the

control parameters C; and C,, are not shown in A and the
aerodynamic derivatives are not shown ins

IV. SUBOPTIMAL NONLINEAR £/ ANALYTIC SOLUTION

To satisfy M + 4,/<0 and achieve the minimum of C2+(C2,
the values of C,, C, is required to be determined. If we can
obtain the ranges of C, and C,, first, it will be convenient to
predict the optimal solution of the system. (24) can be
applied to find the suboptimal solution and modified as

M M,
{ . 1?} <0 (30)
M 12 M 22

where

M, =1(i2—i2]cjl3 + 2Py 4 C G,
AV 4

MI*Z = %Cam.xs(zn)"' CaGilz

*

MZI = Jcam.xs(zﬂ) + C{oGizl’

2
. 11 1 1
Mzz :5[777P73JC513 75CA)11‘\/15T(Q())

1 1 -
_ECIUS(QO)I/V[ + pr]M +C,G,
We apply the following property of matrix inequality:

*

M, M, . e
{ ! ‘f}<0ifandonlyif M;, <0, My, - My;M;7'M;, <0 (31)
le M22

Now, let
+ || — + || —
|G max[G,]. G |=maxGi.]
G €86 G,€8
G :max"G " ||G+ ":max"G "
" A5, 172 2|5 s 2

It can be shown that if the following equation exists, then
M, <0,

%[%— plz )cjg +%13 +C, |Gl <0
L
=

’ 11
7]
In a similar manner, we can shown that if the following
equation exists, M,, — M, M, ‘M, <0 is satisfied:

1
S(A-1)-c a2l
207 ) T 4
T ekl o)
1 1cjmf2:20+lC§mA S(ZO)HHG;H
_ZPMHIMH 1 1 1 : mp,
5(7_chj+f+cauqu

This leads to the range of C,. Compare (32) with the
solution of C, for nonlinear H-- controller in [7]:
m p oy’
2 ( y? - wi )
The former is conservative obviously. The fact is that (32)

C > (34)

contains an extra term HG{1 to increase the range of C;. It can

be also observed in the solution of C,. Up to this stage, we
have shown that £(s,w) given in (21) is truly a qualified

solution of the HJPDI, and those constants C,, C,, in
E(o,w)can be determined analytically in (32) and (33). After
having obtained the solution of E(g,w), we can compute the

desired control forces and moments from (16):

A 1 oE 1 "
up=|fy =~ —-=-—5Co=-—¢C,
pym, 0o p, Py
/- v (35)

v
! p

1 OF 1 1
uy =\ m|=- 11f'0—:7 C,0=-—C,| q

Moo pl o,

Fig. 1 shows the closed loop system after the application of
controller (35) to the open loop system (14). Note that the
resulting controller ensures more than Lyapunov's stability.
This simple proportional feedback control can guarantee that
the nonlinear flight control system is stable in the sense of

Lyapunov and has L, -gain lower than yas well. Inspecting

the penalized output z in Eq.(19) with control u“ given by (35),
we can find that the only state for z=0 is the equilibrium state
(0,0)=1(0,0), i.e., z is zero-state observable. Therefore, from
the LaSalle's theorem the closed loop system with d=0 is
asymptotically stable. The states (a,p,0,0) are always

located over the flight envelope with the upper-bounds
computation of u’, the stability of the closed-loop system is
also with respect to the range.

V. CONTROL SURFACE INVERSE ALGORITHM

Since general flight vehicle has only four or five control
surfaces, it is not possible to exactly implement the control
commands % which has six independent components. Let 2"
be the actual forces and moments that can be generated by
flight vehicle control surfaces. We will determine the best
deflection angles of the control surfaces such that 1” can be
close to u°. The mechanism of determining the best deflection
angles is based on the minimization of the following
command tracking error
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o = (0 —u") (Quu° —u") (36)

where weighting O, is used to filter the commands of forces
and moments u such that control surfaces can operate in their
unsaturated regions. The required forces and moments u”
created by control surfaces can be expressed as a compact
matrix form with control surface deflections &, 5[5, 8 ']

e (A Al
ul[, ul* A51 A5m é‘l
A E R R (37)
s " Au Au 5
s 2| AS, AS, |-
or in an abbreviated form:
u’=u"+ A6 (38)

u” consists of gravity, forces and moments with respect to ",
etc. A is the derivative matrix about 3". In this paper, we
explicitly characterize the two matrices 1" and 4 using F-16
aerodynamic data. The optimal control surface deflection can
be found by Moore Penrose inverse formulas as
5" =(4"4)" 4" (Qu —u) (39)

The details can be referred to [11]. It is worth noting that the
linearity assumed here is only limited to the way generating
aero data. There may exist some fitting errors by using
piecewise linear interpolation, but the global aerodynamic
model is still nonlinear, and the nonlinear equations of motion
can cover all the flight envelope of the vehicle. On the
contrary, in the conventional linearized model, aero data are
assumed to be fixed at some trim point, and no aero data
interpolation is required. Another important fact has to be
mentioned here that the closed loop system is not global
asymptotical stable when the control input is u”. Inspecting
the penalized output z in (14) with control u” given by Eq. (36),
we can find that the state for z=0 is not the only equilibrium
state over a large flight envelope, i.e., z is not zero-state
observable. Therefore, the resulting controller «” only ensures
Lyapunov's stability. On the other hand, the aerodynamic
coefficients are changing with the different flight condition or
the varying disturbance. The varying aerodynamic
coefficients are realized as uncertainty for linear model, but
are reflected to state variables and are considered as the
components of u, and u,,. To achieve the varying u, and u,,,
CSIA is applied to obtain the optimal control surface
deflections to ensure stability of the nonlinear model(14).

VI. CASE STUDY: F-16

The main objectives of the simulations are to validate the
robustness of nonlinear x flight control against wind gust and
compare with nonlinear H,, control. It is important to note that,
during the simulation, the aerodynamic forces and moments
are not constant, but are recursively computed according to
Mach number, altitude, angular velocity, angle of attack, and
side slip angle. Moreover, there is no reducing process for the

physical model of the F-16 aircraft plant. The computations
of Sg, 11,(Sg), and A can be referred to the aero data of F-16
[13]. F-16 has five control surfaces d;, d,, 9,, s, 9, to produce
aerodynamic control forces and moments. CSIA is applied to
get the five control surfaces. Considering the difficulty of
computing 1,(Sg) and A o, we solve the suboptimal solution of
C, and C, by (32) and (33).To find the control forces and
moments from (35), we need the mass and moments of inertia
for F-16 aircraft: m=636.6 slug, I,,=9496 slug 'ftz, 1,=55814
slug * f£', 1.=63100 slug * f*, and I.=982 slug * f’. The trim
condition is set toZ=[U, V, Ws]'=[800 0 0]"(ft/sec), and
Q=[Py Oy Ry]'=[0 0 0]"(rad/sec) at altitude=3,000ft. The
upper bound of the L, gain is selected to y=2; the weighting
coefficients p (see (19)) are all set to / and command prefilter
O.=p.W, p/~=1. To get the ranges of force derivatives, the
flight envelops are chosen as 600 =V, (aircraft resultant
velocity) =800 (ft/s), -10°<a =35, -15°<p=<10" -1=p=1
(rad/s), -3 =¢ =3 (rad/s), -1 =r=1 (rad/s). After searching in
the flight envelops, we have

|G| =1.135%10* | |

The nonlinear inequality solution of (30) is given by (32)
and (33) wherein one of the normalized solutions can be
chosen as C,=1.66 and C,=12.9. Fig.2 shows the comparison
of state responses between nonlinear g controller and
nonlinear H -~ controller. It can be expected that the

+
Gl2

=3.1749x10" |

=2.143%x10"

+
GZI

=3.125x10", |G;,

performance with nonlinear u controller is better than that of
nonlinear H - controller, as can be seen in Fig.2. It is
recognized that the control gain C,~=1.66 and C,=12.9 for
nonlinear x controller is larger than the control gain
C,=2.47 and C,=2.81 for nonlinear H- controller (see [11]).
As a consequence, the airplane more robust to wind gust in
nonlinear u case. Fig.3 shows the control surface deflection
angles for both control cases. The observation from Fig.3
reveals that the variations of control surface deflections for
nonlinear H-control are larger than nonlinear 4 control. Fig.4
depicts the variation of L,-gain due to change of turbulence
scale length. It’s well known that a physical constraint on
control surface movement gives rise to the performance
deviation from the theoretically predicted value. For example,
the commanded J,;,” may be round —30 degree, but the actual
deflection angle of speed braker J,,"" is limited to a positive
angle in [0,60]. This also explains that the maximal
L,-gain=2.4 is greater than the specified value L,-gain=2.

VII. CONCLUSION

In this paper we have demonstrated the possibility of
applying nonlinear x flight control theory to flight vehicle
whose six degree-of-freedom nonlinear motions with coupled
longitudinal and lateral dynamics and varying aerodynamic
coefficients are considered directly. The suboptimal
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nonlinear y controller derived from the Hamilton-Jacobi
partial differential inequality is with simple proportional
feedback structure and is very easy to implement. Another
key feature is to obtain control surface angles from force and
moment commands by control surface inverse algorithm. The
simulation results illustrate the robustness property of
nonlinear u flight control, being able to maintain stability and
performance in the presence of exogenous disturbance over
large flight envelope. The simulation also reveals that
nonlinear u controller is better than nonlinear H- in stability
and robustness. While the former with larger gain has to pay
more control energy.
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Fig. 3. comparisons of surface deflection angles between nonlinear
H-controller (dashed) and nonlinear g controller (solid).
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Fig. 4. Variation of L,-gain for nonlinear y flight control due to wind gust.
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